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Consider the Hamiltonian for a nucleus of charge Z and N quantized electrons,

N Z1 1 1
Hzn = Z (=8z) — — | +5 Z — = A1 Voouomb.
2 it [z; — 4]

=1

The ground state energy is then

E(Z) = ljr\lffE(Z7 N) = l]I\lff igqf{ (Hz,N v, )

l¢lle=1

where H = AN, (L?(R3) ® C9) is the space of antisymmetric wave functions with ¢ spins.
Throughout this paper we will simply refer to them as “antisymmetric” wave functions.

For each Z, call N(Z) the smallest number for which E(Z) = E(Z, N).

It is an interesting problem to obtain sharp estimates for N(Z). The sharpest known
result appears in [8], where the reader will find a discussion of the history of the problem.
In particular, N(Z)/Z — 1 as Z — oo, although there were no estimates for the rate of
convergence. Our main result is the following:
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Theorem : -
N(Z)=7Z+0(Z%) fora:%

We announced this result in [1]. We are grateful to V. Bach for pointing out a minor error
in our announcement. The rest of the paper is devoted to the proof of this theorem.

For the proof we will be interested only in the case Z < N < 2Z. Lieb ([6] and [7]) has
given a simple argument to handle the case N > 27.

Thomas-Fermi theory will play a central role in the proof. We recall a few fundamental
facts. For a nice detailed discussion see [5].

1. E(Z) ~ Crp 7% as 7 — co.
2. Let prr be Thomas-Fermi density. Then:
a. [pspre(z)dz =2
b. For |z| > Z= %+, pr(z) < Clz| 75,

c. f|w|>R pre(2) dz < Cprp R™3 for R> Z~ 7, for some constant Cp.

PTF

1. Key Estimate

Fix N pomts in R3, z1,...,zn. Take a radially symmetric function ¢, supported in

B(0, 5552~ /3) [¢=1,sup|¢g| < CZ? and set ps,,.. 2y () =D, Sz — z;).
Observe that the subharmonicity and positive-definiteness of the Coulomb potential implies
that

Z // Pzy,.. ,wN(x Pzq,.. ,fBN( ) dxdy—CZ% N
|z — ‘TJ| z —yl
_ 1// (Por,.in — Pre) (@) (Par . zn — Pre) () dz dy

m—m

// Pzy,.. ,mN pTF d dy — _// PTF PTF dmdy CZ%’ N
|z -y |z -yl

_ e / €12 Py (€) — prw ()2 de
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+ZW($J // prx () pTF dx dy—CZ"% - N

|z =yl

with
|z =yl
Let’s set
K($1,..., // p$1, HTN pTF)|( )(pw|1, HITN pTF)(y) dr dy
x R—

and note that K > 0 pointwise. This provides the operator inequality

N 7 ]

Hzn> K+ Z[(—sz) - ] // pre () e (y d:v dy—CZ".

=1 |-Tz| |'T - y|

for N < 27.

We point out that similar inequalities were used in [2] and [4].

Let A1, Ag, - - - be the negative eigenvalues of

and let

-1 ] 45
It follows then that

Hyzn > E(2) +0(2")
for all N between Z and 2Z. From [3] we know that for some b between %5 and %3 we have
E(Z)> CrpZh + gz2 + (2%

A careful exposition of Hughes’ proof appears in [10].
Similarly, it follows from [9] that

E(Z,N)< Crp ZF + %ZQ +O(Zk?)

forall N > Z.



Putting all this together we see that
E(Z) > E(Z,N)+0(Z"?)
for any N between Z and 2Z. In particular, we have
Hzn > Eo(Z)+ K(z1, ..., 2N) — Cusw(Z57?) (1)

for

Ey(Z) = inf  E(Z,N)

N<(1+€t)Z

where e will be picked later, and some constant Cyey.
The constant b plays a crucial role in the analysis of the best possible power of Z for the
excess charge. From [3] and [9] it follows that we can take b = ¥g: this implies that we
can take a = 75 in the statement of the theorem. Notice however that this value of b
has been obtained using a much stronger result, namely the correct asymptotics for the
energy. It is clear that one can do better and maybe one can take b = %5, which would
allow us to take o = %.

2. Estimates for a Ball

What we are planning to do now is conclude that if the number of electrons a particular
state puts inside a ball is too different from what Thomas-Fermi theory predicts, then this
state will have too much energy. This will be then generalized to random variables other
than the number of electrons inside a ball. We need a few definitions.

Consider a ball B(0, R). Define
Ng(z1,...,zxy) = number of x; € B(0, R)
Also, take a smooth function

1 for |z| <R
XZ10 for |z| > %R

that we will call xg whenever we want to make it explicit which R is being used, and let
Ny (z1,...,zNn) = Zgb * x(x;) = /le,...,mN(iﬂ) - x(z) dz
i
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Observe that Ng/s(w1,...,2N) < Ny(z1,...,2N8) < Nagr(21,...,7N), for all zq,..., 7N,

provided R > 37 _2/3, which will certainly hold in our case, since we will be working with
R>Z 5,
Define

N,Z’F:/pw(x)x(x) da.

Now, note that

Nx(mla .. -7$N) - N)’?F = /(p$1,-~~,$N - pTF) (.T)X(.’I?) dr = /(ﬁazh.-.,wz\r - ﬁTF) (&)X(g) d£
Hence
[Ny — NIFI2 < / R(E)? - €] de / (posrsan — bre) - €726 < CR- K(a1,.....,an)

therefore, (1) implies

<|NX - N§F|2¢7¢> .
R

for some constant C. In particular, Cauchy-Schwarz implies

Ny, ) = Ny
R

<HZ,N lp’ '¢> 2 EO(Z) + CK CHSW(Z%_b)'

(Hzn 1) > Eo(Z) + Cu Cusw (277) (4)

for any antisymmetric 9, |¢], = 1.

The previous argument can be generalized to yield the following result:

Lemma 2.1: Given any function o(z) € L2(R3), we have

(pp 6 = pre) s 0)|
Vel

<HZ,N 1/)71/)> > EO(Z) + Cx ‘< CHSW(Z%_b)

forp € H, [¥],=1.

Here,

Py = N/ [Y(z, 29, ..., 2N) P des. .. dey
in the case of a fully antisymmetric ¢ (i.e. ¢ = 1) and in general
N
plp(x) = Z/ |¢($15 ce ey Li—19 Ly Ljt-15 -« 'axN)|2 dej
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Now, we define a working variant of estimate (A).

Definition: We say that Estimate(€, €, R) holds if for a nucleus of charge Z at the origin
and N quantized electrons confined to the ball B(0, R) we have

(Hanb,0) > Bo(2) + S (N = (14.02)

for normalized ), where

Ey(Z)= inf E(ZN
0o(Z) oenatl, s (Z,N)

for €' to be picked later. By N quantized electrons confined to the ball B(0,R) we mean
that v = (z1,...,xN) is supported in the set x; € B(0,R) for alli=1,--- N.

Now it will be necessary to introduce two parameters y; and s, in the proof. They are

related to b by the relation
1. Y1 = b.

2. Y2 =

~jor W

The significance of 7, is that it represents the excess charge. Precisely
N(Z)=Z+0(Z" ).

On the other hand, v, is related to the radius of the largest ball for which we can obtain
favorable estimates for its excess charge. This is clearly seen in the following lemma.

Lemma 2.2: There exist constants Cy and co independent of Z, such that
Estimate(€ €, R) holds for

1. et >e>Coz™m
2. e<cogs™™Mm

3. R< CoZ~ st

Proof: Pick R, € and € within this range. Say ¢ confines N electrons to B(0, R).
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If N <(1+¢€)Z, then

(Hz NY,%) > E(Z,N) > Ey(2)

If N> (1+¢€)Z, then
(Nxt, ) > (1+€)2

for x = x2r- Since N;{F < Z,

2
[(Nyt), ¢) — NI F| - C IN — Z)? .o 67
2R “ 9R “ 2R
2
> C;KCCO Z7/3—(2’71+72) > ZCstZ%’_b
0

Cx

for Cy large enough; so,

N - 2]

(Hzn ) > Eo(2) + =

On the other hand,

N-ZzZ? &

To see this, observe that it holds trivially at N = (1 + €)Z, because the right hand side is
zero; if now we differentiate both sides with respect to N, we obtain for the left hand side

N -2) O
2R 2 R
and €Z/R for the right hand side. So Estimate(E, €, R) holds taking ¢y small enough.

Throughout the proof we will need a couple more conditions on Cy and ¢y that will force
us to take them to be larger and smaller respectively than what we needed for this lemma.

Lemma 2.3: LetR= Z_1/3+72, and x = xr- Say that for a number Y,
(N, ) = Z + Y21~
Then, for some universal constant c;

2 _
(Y| =)} 2272m
4R

<HZ,N¢5 ¢> 2 EO(Z) + CK — CHSWZ7/3_b



Proof:
Observe that we have
N)?F =7 /| |> 5. pTF('T) de > Z — SCPTFZl_?”Y2 =27 - SCPszl_’YI
T 2 2

and NIF < 7

Thus,
2

(N, ) = NP (N ) = NET)L ()] 222
R - R - R

and
2 2 -
[Ny, ) = NI (N = Ny 9) (-Y —8Cy, ) 22770
R - R - R ’
Applying (A) to both cases and averaging the resulting inequalities, we get

(_Y - SCPTF)i_ + (Y)i C Z7/3_b
R — Unsw

(Hz Ny, ) > Eo(Z) + C 222

Elementary calculus says that

(o= + @z TSR

and this implies the conclusion of the lemma.

The previous estimates could have been done for R of the form 7 ~ %+ for v < 79, with the
only effect of decreasing v; and thus worsening a little the estimates for the excess charge.
However, they cannot be carried out with these techniques for v > 5, since whatever term
we want to estimate will give a contribution so small to the energy that it will simply be
lost in the O(Z7~). For radii this big we need a different approach in which we use in
a more direct way the properties of the Coulomb potential. The goal of next section is to
analyze how estimates for a given ball imply corresponding estimates for its double.

3. Estimates for Spherical Shells

In this section we consider a system of N quantized electrons confined to B(0, R), and
N’ electrons confined to B(0,2R) — B(0, %). That is, we will be considering wave func-
tions ¥ (z1,..., TN, 2}, ..., T’/ supported on the set z1,...,xxy € B(0,R), x},..., 2\ €
B(0,2R) — B(0,%,). We have to impose the extra condition that for fixed ), ..., 2\, ¢ is
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antisymmetric in the z1, ..., zx and viceversa: that is, we will be considering vector-valued
1, with domain z}, ..., 2\, € B(0,2R) — B(0,%), and values in H and vector-valued 1,
with domain z1,...,zy € B(0, R), and values in H.

To stress the different role of the two sets of electrons, we rewrite the hamiltonian as

HZ,N+N’ = HZ,N + Hextra, = (_Awl,...,wN + V) + (_Aextra, + V:axtra)

with
Aextra = Aa;’l, :I;EV,
Z 1 1
R >
it Tl 2 i — g
Z 1 1 1
Vxtra Yo S Y o=t Y o
i=1,...,N’ 3] i=1,...,N’ |xi_$]| 2 i=1,...,N' i — 25|
7 j=1...'N j=1... N/
1#£]

Also, we restrict our attention to the case R > CyR, = CyZ — stz

The content of the following lemma is as follows:

We know from previous estimates that approximately Z of the electrons will organize
themselves to be close to the nucleus; this will have the important effect of “screening” the
nucleus. That is, all the other electrons will hardly feel any negative electrostatic potential;
this has as a consequence that a lot more than Z electrons will only make the energy of
the system grow above the ground state energy.

Lemma 3.1: Assume that N+ N' > (1+6)Z for
CoZ™ M <6< (14107%) Coz™ .

Then, for some constant c,

07
<V'extra'¢)a ¢> 2 %NI

or else

(Hznenth, ) > Eo(Z) + cZ P

Proof: We will assume that N’ # 0 or else there is nothing to prove.
Recall that R, = Z~ /472, Let X = XR, -



Note that

Ny= Y x=o@)+ Y. x*o@)= > x*d)

i=1,...,N j=1,...,N’ i=1,...,N

/.

as operators on our space of functions, since x * ¢ and 1 have disjoint support in the z}

variables.
—_ / !
Let Vextra = Zj Vi(z1,...,xN, 2, ..., z) for

,,,,, N/
i#j
Note that
N
S b oyl g o)
el B ] el ek ] BB 2]
z = Z_NX X*¢(xz)
/ - / 7
[ EA | |2
and write
Z — N
Vi(@1, .., eN, Ty, -, X)) = — o X
J
N
1- X * (b(mz)
+
i:zl |z — i
1 1
+ 5 ‘ Z |.’I), _CCI‘
i=1,..., N/ J
i#j

=T +T+T3+ 1T,

Let’s analyze this term by term:

) () > 2= %"”’W

) Ty > % pointwise.
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) (Tap ) > Nem L,

Therefore

(T + T Ty gy 2 LEN = W) 21617 = (N ) = 1

L 8220 |7~ (Nywh, )| +©
- IR

for Q = N+ N' —0Z — Z. Note that by hypothesis, Q > 0.
Summing over all j we obtain

NI

Z<(T1 +To +T3)th, 0p) > i

j=1

Z-2017 - (N, $) +9

R 3)

If we could prove that |Z — (N, 9)| < ¢Z*~7* for some constant independent of Cy, then
we would have

67 =20 |Z = (N, )] + ©
IR

(Th + T2 + Ts)p, ) >

> =
~ 10R

by simply taking Cj large enough.

So, the result will follow if we can prove that either

7
<HZ,N+N’w7 ¢> > E()(Z) —+ cZ/3_7’Y2

or else:

WA

> Ty, ) <ﬁN’

J

and
| Z — (N, )| < cZtm

with ¢ independent of Cy.
In order to analyze this, let’s define

wm’l,...,mgv,(xla -- '7-7;1\7) = w(xh -- 'axN7xll7 -- 'axQV’)

together with its normalized version

-1

’ 1

N/

im'l,...,a:’N, (-Tla cee axN) = ‘ d)w'l,...,w'N, (-Tla IREE HZ‘N)

L2(d$1 --~d$N)
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defined on the set

,(pw’l,...,x’N, ‘ ) ?é 0} .

E = {(J;'l,,xﬁv,) | ‘

Also, as in Lemma 2.1, define

N
pi/’x’l ..... z! ,(y) :Z/‘w(xl""’xi_l’y’xi‘i‘l"'"xNamlla---,J??V,)‘z dey
) = i

N
P, W) = Z/ (@1, Bi1, Yy Tigts - TN, T T [ Hd:cj
17N im1 oy

Note also that since p, and x are radially symmetric

/ <|;1;/1_y| - ‘.,1;1/|> pTF<y) X(y) dy=20

Then

Ydry ... doy =

/T4|¢($1,---,$N,$I1,---,$§VI)
1 1
:/ (|w'~—y|_|xf.|> (xx @) W eg,, .. ®)dy
J 9 1 N!
1 1
://<|a:'.—y| B |a;f,|> x(2) oy = 2)py,, . (¥)dydz
J 9 N/
1 1
:// <|x,_ T ‘x,_‘> x(2) ¢y — 2) Piur ..t (y) dy dz
J 7 N/
_// - x(2) oy — 2) py (y) dydz
|x; — 2| ‘37; — Val el
1 1
:/ (|g;/. —yl W) x() <¢*Pwm,1 _____ y )(y) dy
J J N/

1 1
_// (|-T,—Z‘ B ‘.’L’I—y|> X(Z) ¢(y_Z)pd—)$’1 ..... iy (y)dydz
J j -

Now observe that
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-----

fEmNM/wz_mX@ﬁﬂy—@dz

Summing over all j we obtain that

1 1 Zl/s ,
Z// o =2 | x(z) oy —2)pg, ., (y)dydz <255 N
J

j—y|

1 N
Note that
Zl/3 Z2/3 —72 57
N < N<3phV (4)

as long as 2/3 — 72 < 1 — 373, that is, v9 < 1/6, orb< 7/6, which certainly holds in this case.
So,

/) 2
Z/T‘l|/¢($17---;xN,$’1,...,$9V/)| dCUldCUN <
J
1 1 P
< - x(y (p-, , *¢)(y)dy +2=— N/
;/(m;_m |.’1:;‘) ) Vol el R2

1 1 , |
N ;/ (Iw;—y| - |x;.|) x(y) (Pwm; ..... o *¢(y)—pTF(y)) dy| +255 N

_ Z 1 1 ) ch— +2ZI/3 e
— |£U; — y| ‘3;;‘ X ’OT/’m’l ,,,,, m'N, Prr 72

J

So, if we define




we have

- 2
Z/T4|¢(az1,...,a:N,a:’l,...,xQV,)| dr, ... dzn | <
J

In particular

2
_ VAL
Z/T4 (1, mN, T, Thy) 2 dry ... doy | — 2 7 N'| <
J +
2
<o o)
Lol
Next, observe that
( CN'
& — P for |y| < R,
j
< C C
Vel (\a;’. —y|? + R R) N’ for R. <|y|<2-R,
7 *
L 0 for |y| > 2 R,
In any case,
CN'
<
therefore,
2 R*
IVy0ls < ONP 22
By Lemma 2.1 applied to 1, we have for (z},...,2'y) € E,
<HZ,N J)w’l,...,w;\], ) '@Bw’l,...,x’N, > >
R? 2 _—
ZEO(Z)‘l‘CIW ‘<Pz/;m, o *¢—PTF7<P> _CHSWZ/S_
. et
R? — - Z1/3 , i To—b
! _
> Eo(2) + C' S Zﬂ%;,...,%,wm;,...,%, —255N'| = Cusw 2"
j
+
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in other words,

<HZ’N '(,[)x’l,...,x;\],atbx’l,...,x’lv,> >
R2
> ‘ N”2R,

! !
¢m1,...,a:N,

2
‘2 . (EO(Z) - CHSWZ7/3_b + C’

2

2
Il;bw’l,...,w’ ,H )
N {|o +>

1
Z/3 nrt
<‘<Z] T4¢w’1,...,w;v,aIlpw’l,...,a:;\],>‘ -2 RZ N'"- ‘

4
‘waz’l,...,w;\], 9
Ts—b ’
= (EO(Z) — CHSWZ 3 ) ‘sz’l,...,x’N, 9

2
2
Z/3
R2 <‘<Z] T4¢a:’1,...,:c’N,aIlpz’l,...,a:sv,>‘ 2N - "@bwl, SN 2)+
!
+ C N/2 R* 2
‘Ilpw’l,...,w’N, 9
Now, integrate with respect to (zi,...,2%/) € E to obtain

R2
N/Z R* )

(Hzn,9) 2 Eo(Z) = Cusw 27" + '

Zl/3 ! 2 2
‘<Zg T4¢$’1,...,w’N,,ww'l,...,wg\,,>‘ - 2—R2 N'. ‘qu’l,...,w;\ﬂ ‘2
/ 5 tdzl - daly
E
‘ Var,.at, ‘ )

Now use Cauchy-Schwarz and the fact that

@), ae= ([ sa) >0

to realize that

2

<ZT4¢ ¢> —2—N' <

+
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2
Zl/s 2\
< / <ZT4¢:1:’1,...,$;V,,'@bw’l,...,w;\],> -2 R2 N'. %'1, ,mN, dm,l e dmg\]’
E j 2
_I_
2
Zl/s 2\
< L <ZT4'¢$’1,...,$;V,awa:’l,...7q;;\],> -2 =2 N'. 1ﬁ$'1, ’wN’ . d:[,'ll e d.fL'QVI
J
+

I !
T

</l

2
‘2 dz’ - - dx}vl>

(3, Tuw 22 N 4
j 4 z’l,...,m’N,awz’l,...,m;\], — 4Rz : ’(pz’l, ,:I:N, 9 N
/E 5 dzy -+ dz'hy
‘wx’l,...,x’N, ‘ 9
<2 T 22 N %\’
j 4I¢w’1,...,az’N,a@bw’l,...,w’N,>‘ T 4TR2 ) ‘@baz’l,...,m;\l, ‘ 9
:/ _ £ dg) - daly,
’ [
LY 5o T 9
therefore
2
/ R? / Ya—b
(Hzw,9) 2 Eo(2) + C' s Zw ¥ —2—N — Cusw 2™
+
Recall that
Hz N + Hextra = Hz NN

to obtain

(Hanoni,0) > Bo(Z) + (Hoxrath, %)

2
, R? ' Ys—b
_+_

Using (3) we get

(Haiwr ) > Bo(z) + ZZ 2SN T8 <ZT4¢ ¢>

2

R2
* Cl NTR* <ZT4¢ ¢> - 2—NI - CHSWZ7/3_b (5)

+
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Similarly, since

(N, ) = / ( Nttty it ) s - iy,
if we let, for (z},...,z%\) € E,

<NX'§BJ:’1,...,$’N,;@w’l,...,w;\ﬂ> =7+ Zl—’YIY(ZEIl, .. '7:C9V’)

and
(N, ) = Z+ Y2~
then

2
Y:/ Y(z, ..., 2N) dzy -+ dz'y
E 2

Now, Lemma 2.3 implies that

! ’
T

<HZ,N'¢3:’1,...,:I:SV, 3 1!):1:’1,...,1:3\7,> > EO(Z)
Cx 7 7
+ TKZ/S_I) (|Y($I]_’ « e 7"1:3V’)| - Cl)i_ - CHSWZ/S_b
for (z},...,2%\) € E.
Arguing just as before we see that

2

(V] = 1)’ < (/EuY(xa,...,x;wn o)

2
, dry - da:ﬁv,>

/ !
’l/)wl,...,zN,
+

9 2
< ([ @il = e [ty | s - ot

2
2
g/ (¥ (o) = ) [y, | - iy
E 2

therefore,

<HZ’N¢,¢> 2 EO(Z) + (% (|Y| - Cl)i_ - C}Isw) Z7/3_b

and using (3) we see that

<HZ,N+N' Y, ¢> > Eo(Z) + Z-2)2 ;;wa’ )+ N’ + <Z Tuip, ¢>
J

C
# (G v )2 = o) 227

17



Therefore, averaging this expression with (5), we get that

<HZ,N+N' Y, ¢> > Eo(Z) + Z-%)2 ;;Nxzp’w T2y + <Z Tuip, ¢>
J

+(C' (Y1 = 1)} = Cusw ) 247

2
JR2[]1 AL
+Cm(1\,,<2jjm,¢> —2R2> (6)

_|_

possibly with a different constant C’.

Let’s say now that, for some numbers S and V
0ZN'
() st

R
N' = V5ZR— > CoVozZ

*

Thus V > 0.

Note that if |S| < %6 and |Y| is bounded above independently of Cy we are done. This
follows from the remarks following (3).
Observe that

Q=N +N-Z-6Z
> (N' + (Nyw, ) — Z — 67,

21Y
- (aw-2 1) a2
+

Using (4) we can rewrite (6) to obtain

<Hz,N+NI P, 1p> > FEo(Z)+ F(S,Y,V)- A
for

2 2
F(S,Y,V) = CoV 20 (1+107%) CoV Y|+ (

9 9

C3V? — 20, V|Y| — C2V
9 +

_g\2 _6\2
— (1+107%)* C3IS|V + ¢’ ((|Y| — 1) + (ColS| — 10 6)+) — Clsw
1
23 (Cgv —30CoV|Y |+ (CoV? = 2Co VY| = G3V) . — 10G3|S|[V
#0" (Y1 = )k + (GolS] = 109)2) - 9Cie,
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Observe that we can assume that C”” < 1 and ¢; is so big that

C%C” - ]-SCHSW > 2. (7)

The rest of the lemma is devoted to proving that either |S| < Y16 and |Y| < some constant
or else F' > some other constant. In order to understand why this is so, we deal with
different cases:

case 1: |S|>Ys |Y][<2a V<SS
Since |S| > Y1, for Cp > 64 we have (Cy|S| —107¢)2 > % CES?. Thus,
5 1" 5 1" ~2 Q2 ]' 1" ~2 Q2
9F > —50 c1Co|S| — EC CoS +§C CyS*® — 9Cusw
1
Z —400”610052 + EC”CSSQ — QCHSW
1
> C”COS2 (—4061 + ECO> — 9Cysw
CII

1
> 1—6200 (—4061 + ECO> — 9Chsw

and pick Cj large enough so that this is at least 1.

case 2: |S|>Y%s  |Y|<2a V>SS

9F > —60c,VCo + (C3V? — 4c,CV — C2V) 4 — 10VCE|S| — 9Cusw

Pick now Cj large enough so that

C//

(C3V? — 41 CoV — C2V) 4 > hCV? for V> 5416

then
y ~3v2 24005 o
9F 2 —60C1VC() + /QCov - WV CO — 9CHSW
—60-24 - 16¢ 240
> V2 ( ol 10() + 1/208’ — WCS) — 9Cqsw

and again pick Cy large enough so that this is at least 1 for V > %’1’6.
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case 3: All |S| Y[>2¢;  V <107%C”

If |S| > Y, observe that —10C2V|S| + ©"/C2|S|? is increasing in |S| as long as V <
C" /160, which is true in our case. So it is enough to consider the case |S| < Y. Observe

that
C3V —10CEV|S| > %C3V  if |S| < Y16
Y2
2 .
(Y[ =c1)} > T if |Y| > 2¢
therefore

1"

C
9F > %RCZV — 30C, V|V |+ —Y? — 9Cysw

4
2
cr 15C 900
= %C2V + ( TV - ﬁv) ~ G C8V? = 9Cusw
900
> Cg (%V — W‘ﬂ) — 9Cusw
> C2 (%V - gc,l,(,)m—ﬁc”v) — 9Chusw

> C3V (% —900-107°) — 9Cusw

Now, if V' > 100CuswCy 2 we are done. Otherwise,

1

3000C c
>y (2 masw &)
= ( 2¢1Co + 4 ICnsw

C” C% C”

2 ?YQ — QCHSW Z - 9C"HSW Z ]‘

by (7) and for Cj large enough.

case 4: |S|<Vs  |Y|>2a  10°B0"*CE >V > 1075¢"

If Y] > G, by (8)
CII
9F > —30C,V|Y| + TW — 9Cusw

1"
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Differentiate with respect to |Y| to realize that for Cy > 216 - 10736C”? the right hand

5
side is increasing for |Y| > C’O/s. So,

1" 1
C COO/S - QCHSW (9)

9F > —3-10"120"*C + =

and pick Cj big enough so that this is at least 1.
5
If, on the contrary, |Y| < CO/S, we have

205V Y|+ CFV < 1073¢" (263 + CJF) <3-1072C"*CF < $hoCV2

so, using (8) again

OF > —30CoV|Y| + O3V — 9Cusw > =300V + 1%C3V2 — 9Cusw  (10)

and pick Cj so that this is bigger than 1 for V' > 1076C".

case 5: [§|>Ys  |Y|>2a 1078070 >V > 10-6¢"

In this case, argue as in case 4, with the only difference that C2(V — 10|S|V + %C"S?)
need no longer be positive, and we have to include it in (9) and (10), which will be replaced
respectively by

" 1o
9F > —3.107120"2C + —Co B 4 C2(V = 10[S|V + %C"S%) — 9Cusw
and
9F > —3002V + Y%O3V? + C2(V — 10[S|V + %C"S?) — 9Chsw
Note that 100
CE(V —10|S|V + %C"S?) > —WCOZW (11)

since, for given V,

n|16§|n (V = 10[S|V + LC"|S|?)

is attained when 10V = C”|S|: so,

100
xﬂ;? (V = 10[S|V + %C"|S|?) > _WW

Therefore, in our range of V', (11) is at least —10_240”303/3 so, for Cy big enough it doesn’t
affect the result since V' is bounded below by a constant independent of Cj.
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case 6: Al [S| |Y|>2  107B¢"Ck <V

If |Y‘ > 26(,),(,)COV, and |S‘ < 1/167 by (8)

1"

9F > —30C,V|Y| + TW — 9Cusw

Again the derivative of this with respect to |Y| is positive for [Y| > 222CyV. So, plugging
in for [V the value Y| = 22C,V, we obtain
6000 10,000 4000
9F 2 03V2 <_ C” + C” ) - QCHSW Z W03V2 - QCHSW

If, | S| > %6, by (11) we have to subtract f¢CZV?2, that does not alter the result.

Now, if |Y]| < Z2C,V, observe that

40
C3V2 20, V|V | - C2V > C3V2 — C_,?cgw _C2V > YOEY?

for Cy big enough, since V' > 1. So, for |S| < Y16 we have

9F > —30C, VY| + }CiV? — 9Cysw

6000

and as usual we pick Cj so that this is at least 1.

If |S| > Y16, we have to subtract 29,(,) C2V?, which again is harmless for Cyy big enough.

This proves that either both |S| < %6 and |Y| < 2¢; or

<HZ,N+N' ¢,¢> > Eo(Z) + A

which concludes the lemma.

4. The Bootstrap
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In section two we obtained estimates for wave functions supported on balls, where the ball
was to be of a certain size. The estimates from the previous section will help us obtain
essentially the same kind of estimates for ball of twice their size, and by induction, to all
balls in R3.

Lemma 4.1: Let R>CoZ %+, e = cyZ " and
CoZ M <e<(1+1071%)Coz™™

If Estimate(€, €, R) holds, then Estimate(E, €',2R) also holds, with

2C
eERZ

6':6—|—

provided that € < et < 1.

Proof: We consider a partition of unity given by two smooth functions, y and 6, satis-
fying
1 if|z|<R/2
folw) = {0 if 2| > R
05 (x) + 6% () =1

Given a wave function ¥(zi,...,zy) supported on B(0,2R), and given any sequence
11,...,in of 0’s and 1’s, we define

Viy,oin = 0y (w1) -+ Oiy (TN) P (@1, .., TN)

Assume for simplicity that i; =0 for j =1,..., Ny and 4; =1 for j = N; +1,...,N; let
Ny =N — Nj.
We define ¢wN1+1,m7$N to be ¢ where the variables xy, +1,...,xn are fixed. It is thus an

. . . N . _
antisymmetric wave function supported on (B(O,R)) '. Since Estimate(€, ¢, R) holds,
we have

€/
<HZ,N1¢:I}N1+1,...,:EN7 ¢:1:N1+1,...,9:N> Z (EO(Z) + % (Nl - (]- + G)Z)) ‘|¢$N1+1,...,$N ||§

Integrate this against dxy, 41 ... dzN to obtain

€/
(i in) = (Bo(2)+ G M= (14 92)) Wi nls (12
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Our goal now is to prove that

€/
(v Vi i) 2 (Bo(2) 4 5 N+ N = (1+92)) W3 (19
This is trivial if N = Ny + Ny < (1 +¢€)Z, since € < ¢b.

If N> (14¢)Z, we can apply Lemma 3.1, with 0 = e.
If

7 —_
(Hz Ny 4Ny Win i s Yin i) > (EO(Z) +czh b) iy ,..in ||§

then, either

eZ
cZ%b > % (N = (1+¢)2)

in which case (13) is proved, or

cZhb < % (N=(1+¢)2) (14)

If this is the case, just like in (2) note that provided ¢y < ¢Cxk/(8Chsw) where ¢ is the
constant in Lemma 3.1 (we can assume ¢ < 1 and Cygw > 1),

IN - 27> ez
Ck———F>—-N-(1 Z). 15
c K 8CHSWR R ( ( +6) ) ( )
(14) then implies that
[N - Z\2 T3—b
C‘1K > 2CHSWZ 3 .

4R
Estimate (A) then with x = x2r implies that

IN - z|? 2
(Hz,Ny+NoWivoiing s Viryorin) = | Eo(Z) + CKT (K s

N -2z 2
> | Eo(Z2) + cCx i1 seerin

and (15) again implies (13).
The alternative left from Lemma 3.1 is that

ce/

2
<Hextra¢i1,...,iNa¢i1,...,iN> 2 fNZ ||¢7:1,...,i1v ||2 (]-6)
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Since
Hz ni+N, = Hz N, + Hexira

and ce > € (for ¢y < ¢-Cy), (12) and (16) imply

€/
<HZ,N1+N2wi1,...,iNJ/lz)'il,...,i]\]> 2 (EO(Z) + f (Nl + N2 - (1 + G)Z)) ) H/Il)il,...,iN ”g

and (13) is proved.
Putting all these estimates together, we see that

€Z
> (Hzmewbis,in: Vi in) 2 Bo(Z) + 7 (N + Ny = (14 9)2)

i10eiN

Now,

Z <V00u10mb1;bi1,...,iN7¢i1,...,iN> = <VCoulomb¢a1/))

15N

For —A, we have
Z (—Azi,.onWis,.ins Viryoin) =

10N
Z Z<_A£Ek¢i1,...7i1\r71/)1'1,...,1'1\{)

i1,in kK

Z Z <H 91'21' (33]) (—Ag, by, (x) V), (0z, (k) 7,b)>
i1,nin k \j#k

—ZZ Ay, (0, (z1) 1) , (B, (1) $))

=3 (07 (zk) (—Dg ) , ) + Y (0 (—Ag,0i(zx)) , 0i (1) 1)
i,k ik

~2) (V¥ Va,0i(wr), 9 0 (k)
ik

ik

The last term on the right is zero, since

vak P(@r) = Vo, Yy 07(zk) =
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Hence, if we define

W(z) = Z 0; (x) Ab; (z)

we get

Z <_A$17---,$N¢7:1,---77:N’ 1/)1'1,---,75N> = <_A¢7 ¢> - <Z W(xk)llpa Ilp>

B1yenyin

As a result, we get

(H o, 6) — <; W () w,w> > Bo(Z) + (N~ (1 +2).
Observe now that o
W)l < o

Thus it follows that

Thus we have

€ CN
(HznY,¥) > Eo(Z) + f(N— (1+€2) - Rz
So we are only left to investigate when
A CN _ eZ
—(N - (1 Z)———>-——(N-(1+€)Z 17
(N - (1+92) = 5 > (N = (1+€)2) (17)

Observe that the derivative with respect to N of the left hand side is bigger than the
derivative of the right hand side. This amounts to checking that

e _C e

R R?~ 2R
which is equivalent to
C €7
< Iz
R~ 2
which will hold as long as R > z_—g This certainly holds in our case, since

R> Z kv s z-14m

So it is enough to prove that (17) holds for the smallest value of N in which we are
interested. For N = (1+ ¢')Z, (17) is equivalent to

1 /
;6 <eZ(d —e)

C
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i.e.

C(1+¢€)
/
>
€ =T TR
So, Estimate(E, €/, 2R) holds with
€ =e+ 20
N EZR

Corollary: There exist &, € such that Estimate(e, ¥, R) holds for all R >
COZ—1/3+"/2

Proof: Define
€ = C()Z_’Yl

€) = C()Z_’Yl
Ry = C’()Z_I/S_PY2
2C

Note that
o
4C def
ST ,;) @Z2"R, ~ 0T °€

for Z large enough, provided b < %5 (which is true in our discussion), with C* <
(1+10712).

By Lemma 2.2 we see that Estimate(ép, €g, Rg) holds.
Therefore, by the previous Lemma, if we make & = €&, Estimate(&,€,, R,) holds for
all n, and the corollary follows.

This implies that
(Hz,nv,%) > Eo(Z)

and therefore
NZ)<Z+Z=27Z+0(Z'm).

From [11] if follows that
N(Z)>2Z

27



and therefore,
N(Z)=Z+0(zZ'"™)

which proves the theorem.
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