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Abstract

In this paper we obtain an estimate for the Thomas—Fermi density which plays a role in the
analysis of the atomic energy asymptotics. Such estimate has obvious number—theoretic
features related to the radial symmetry of a certain Schriodinger operator, and we use
number—theoretic methods in our proof. From the technical viewpoint, we also simplify
and improve some of the original estimates in the proof of the Dirac—Schwinger correction

to the atomic energy asymptotics.

1 Introduction.

We denote the Thomas—Fermi potential for an atom of nuclear charge Z by

~V.Z(|z|), and the Thomas—Fermi density by pZ,, solutions to the Thomas—



Fermi equation
AVL = dm pf,
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In this paper we will be concerned with the density function defined by
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where p(t) =t — [t + 3], ([s] denotes the greatest integer < s), and

o= L [ (vaw - 1HE0)
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Here, and throughout this article, we set
{ =% ifx>0
0 if x <0.

Finally, £max is the greatest integer such that V.Z:(r) — £(£+1)/r? is positive

somewhere.

The main result of this paper is the estimate
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Here, the Coulomb norm denotes

Hf”Coulomb = //][{3 o % dx d’y.

If one removes the oscillating term u(¢,) in the definition of pN*, it is easy
to see that (1.1) above fails: it would hold with v = 3 and this cannot be



improved. For p™ however, it was proved in [FS6] that (1.1) holds for ~
slightly smaller than g The problem here lies in obtaining (1.1) for v < %

The relevance of (1.1) in atomic physics is as follows: denote the atomic
ground state energy by E(Z). It is conjectured (see [Fef]) that E admits the

large-Z asymptotic expansion given by
E(Z) = —crr A 172° + cps Z% U(Z) + error terms, (1.2)

where U above is a certain oscillating function of size comparable to Z%,
which displays similar number theoretic features to our p™" above. This
conjecture follows naturally from the proof of the 75 —term given in [FS
1 — 8]; ¥ was analyzed in [CFS1] and [CFS2]|, where in particular it was
also shown that ¥ contains classical mechanical features reminiscent of the
Feynmann path integral formulation of quantum mechanics. We also refer
the reader to [E], [ES1] and [ES2] for a physical discussion of oscillatory

corrections to atomic energies.

The first three terms above are known rigorously (see [LS] for the first, [Hug]
and [SW 1 — 3] for the second, and [FS 1 — 8] for the third; see also [IS]
for the molecular case); their physical derivation dates back to [T] and [Fer],
[Sco], [D] and [Sch] respectively. What remains to be done to establish the
asymptotic formula (1.2) is to prove that all error terms are of size Z7 with
v < 3. Tt is here that the left hand side of (1.1) comes in, as one of those
error terms. Moreover, (1.1) has the special feature that its nature is es-
sentially number—theoretic, as opposed to the other error terms which are
purely analytical and have to do with more or less accurate approximations
to eigenvalues and eigenfunctions of certain Schrodinger operators, and with

the analysis of electronic correlations.

Estimates such as (1.1) enter into the study of radially symmetric 3-
dimensional Schrodinger operators as they quantify non-degeneracies among
the different angular momentum channels. These non-degeneracies are re-
lated to the measure of closed trajectories of the corresponding classical

Hamiltonian flow.



The number theoretic nature of estimate (1.1) is easily seen as follows: con-

sider the related sum given by

em ax

> ule), (1.3)

=1

which is essentially just [ pNT. If we think of ¢, as a curve parameterized by
£ € R which encloses a domain D C IR2, (1.3) corresponds to the error N — E
in estimating the number N of lattice points of Z? inside D, by the volume
FE of D. If ¢, were a circle, this would correspond to the circle problem,
closely related to the number of representations of an integer as a sum of two
squares: the radius R of the circle plays the role of our number /,,,, above.
It ¢, were a hyperbola, it would correspond to the divisor problem, equiv-
alent to estimating the average of the number of divisors of large integers.
Very powerful techniques have been developed for these problems (see, for
instance, [CI], [Hux], [IM], [GK]) but an optimal answer, expected to be of

the form (surface length)z ¢, is yet unknown.

This partial number-theoretic knowledge has the following effect on our es-
timates: the trivial estimate for (1.3) of the form C/,,x corresponds to
IN — E| < CR for the circle problem (a trivial geometric fact) and would
give us (1.1) with v = 2. This would be far from satisfactory, since it allows
the error terms in (1.2) to grow as large as the Dirac-Schwinger term. Esti-
mate (1.1) with y < 2,
of bounds for the circle problem of the type R%, with @ < 1. This is enough

(one of the results obtained in [FS6]) plays the role

for the proof of the Z”:—term in (1.2), but if one wants to single out ¥ in
(1.2) as the next asymptotic term, one needs (1.1) with v < 2, which raises
the question as to whether our current ability to analyze the circle problem
and its analogues is enough for (1.1) with v < 3. The best estimate possible,
yet unknown, for the circle problem, R/2%¢, intuitively corresponds to (1.1)

with v = % + €, which —luckily— is more than we need. The fact that the

3

standard techniques are enough to obtain (1.1) with v < 3, is therefore a

fortunate fact.



2 Background material.

The Thomas—Fermi potential —V,Z satisfies the perfect scaling condition
V) =2V (2%7),

for a universal function V' (r) > 0. We also have

v =10, o (%)

T 2

where y is the Thomas—Fermi function, solution of the Thomas—Fermi equa-

tion
3/2 )
" Yy (r)
y (T) - 7'1/2
2.1
y(0) =1 ( 21)
Ay =0

The constant a will be omitted in what follows.

Certain features of the Thomas—Fermi potential are most easily understood

through the function u(z) = z y(z). It has as main properties:
1. u(z) =2+ O(z) as z — 0;

2. Around infinity, u(z) = 1442724+ O(2727?), with a = ‘/?_7, and

u(™ () ~ ¢, 227,

3. u reaches a single maximum Q2 at the point r., and the equation
u(r) = Q2 has exactly two solutions 1 (Q) < r2(2) for Q € (0,£.).

In particular, £, ~ 7' Q..

We refer the reader to [L1] for an excellent account of Thomas-Fermi theory,
to [Hi] for basic details on the Thomas—Fermi function, and to [Hug], [SW2]
and [FS6] for many of the other properties needed for atoms.

The only number-theoretic ingredient in our proof is the following estimate

well-known to number—theorists:



Lemma (Number—Theory Lemma): Suppose that ¢(t) and f(t) are
defined on an interval [0,S] (S > 10), and satisfy the estimates

f@)| <C,  Varp s1f <C, bM™ < ¢"(t) <CM™, M=>S.

Let p be a periodic function of period 1, having average 0 and total variation
on [0,1] bounded by C. Then, we have the estimate

c
> FR)u(e(k)| < < M log M,
0<k<S

where C' only depends on C above.

PROOF: Proofs of different versions of this go back to Hardy, Van der Cor-
put, Vinogradov and others. A proof of this exact statement for f = 1 can
be found in [FS5], from which the case for f as above follows by summation

by parts. CE)

3 Proof of the Theorem.

Consider the following norm acting on functions defined on the positive real

> dR
2 2
2= [ ot -

In this way, since p™"* is a radial function, by Newton’s theorem we have that

Jioer?” (@) dxH : (3.1)

This identity, well known in quantum mechanics, can easily be seen as follows:

line

19" | contoms = |

for any radial function f(|z|), the harmonicity of 1/|z| in R® — {0} implies

0 Do =2 [ [ 10150 [ [ ot dote) dsar

:8«/000 /Orf(r)f(s) /|w|=T|%do(m) ds dr

= 16%2/002r2f(r)/rf(3)szds%.
0 0



The identity in (3.1) then follows by integration by parts, since the integrand
in the dr/r integral above equals (d/dr)(f; f(s)s®ds)?.

Next, we use the perfect scaling of the Thomas—Fermi potential to rewrite

p~" as follows:

w@w) =wy(e), QF=2Z MU+, U =—F+3V1+402 7%,

1™ oo = 2 / Sk o)

L 0

Accordingly, we define

R 1 o) 1
A(Q,R) = /0 (u(z) — 92); " rds, P(Q) = /0 (u(z) — 92); " vds,

F(Q,R)=VZ="+4Q2 . A R) P(Q) = l/(u(gc)—m)lf d?"’,

P(Q) ’ s
to obtain
o ’ dR
1
”pNTuéoulomb = Z/() ZF(QE7 R) M (Z & ¢(Q£))‘ R2
¢
=Z |57, (3.2)
where
Lmax
PR =D F(QR) - u (2% 9() .-
=1

At this point we will loose track of constants, and we adopt the convention
that C and C’ denote irrelevant large constants, ¢, ¢’ denote irrelevant small
constants, and C; and c¢; denote carefully chosen large and small constants,

respectively.



Lemma 3.1: Given 1 < Qs < Q. and R > 0, we have

Var gc[o,,0,]ALR) <2 sup P(Q)+CQy%,  all R>0,
0, <0<

where C' is universal, independent of the €); and R.

PROOF: We change variables in the integral as follows: Consider the in-

creasing function

— (@2 —u(r) " ifr <7,

tr) = !
(Qg — u(r)) 2 ifr >,

which satisfies
Th_r)r(l) t(r) = —Q,, Tli)rgo t(r) = Q,

and its inverse r(t), which is also increasing and satisfies

lim 7 (t) = lim 7(t) = oo.
WA r(t) =0, lim r(t) = o0

Set D(Q2) = /2 — Q2. We then write

my ol
A(Q,R) = /_ b (D2(Q) —12)] " w(t)dt, (w(t)=r(t)r'(t) > 0) (3.3)

H(R)/D .,
_ / (1—)7" w(tD)dt. (3.4)

-1

As we prepare to obtain regularity properties of w(t), note that, if € is small,
Q. — t(1/e) < Cu(1/e) < Ce?, which implies Q. — 2 < #(C'/e), which in
turn implies

r(Qe—e) <C'e ", ¢ small enough. (3.5)

When t is close to ., we use r'(t) = —2t/u’(r(t)) to obtain

—27(t) 42 2tr(t) r'(t) u(r(t)) 6
+ S+ 5 < Cr°(t),
) T WO T (i) "

t> (1 _Cl) Qc.

w'(t)] =




Therefore, since w'(t) is clearly bounded for t < (1 — ¢1)Q¢, (3.5) yields
W' (Q. —¢€)| < Ce™3,  €€(0,29Q.). (3.6)

Next, in order to compute the total variation of A, since D is a decreasing
function of 2, we may just as well consider A is a function of D, which will
not change the total variation of A. Thus, we differentiate (3.4) with respect

to D to obtain
0A(Q2, R)
oD

2\ — % t(R)/D .
—~ (1— t(li) )+ w(t(R)) g? +/_1 (13 " w'(tD) ¢t

The first term above is negative when R > r., and positive when R < r., by
(3.3); in other words, as a function of D, it does not change sign. Therefore,
) (1—12)7 " |w'(t D)t dt

+ bl

#(R)/D
< sign (r. — R) QAL R) +2 /

oD 1
which yields

/Dml) dA(Q, R)
D(£2)

oD

D() Y

< |A(Qq,R) — A(Qa, R |+2/ / (1—¢*)" " |w'(tD)t| dtdD.
D(22)

ap

Thus, it remains only to analyze the last double integral above. In order to
do that, observe that ¢ D, over the domain of integration, satisfies

Q—tD>Q0— (2 —-02)">cQP=c (02— D?) > (Q D).
By (3.6) we then conclude that w'(t D) < C/(Q, — D)3. Hence,

D()
/ / (1—1¢*)" |w'(tD)t| dtdD

D(Q2)
D) ot
/ (1—t%)~ o dt dD

D(9s) (Q —D)
_oD(1)
< (0= D) 1q)
<CO?,

as needed. QP



Lemma 3.2: Let 7 < <Qy<109,. Then,
|F(Q,R)| S CQQ, Var QE[ﬂ1,Qg]F(Q’R) S CQZ,

for a universal constant C, independent of Z, R and the ;.

PROOF: We use the product formula

Var (f -g) < Var f-supg + Var g - sup f.

For P, we use a result obtained in [CFS2], which says that P(Q) > ¢Q~3
and P®)(Q) < C, Q3F for all k > 0.

For A(Q2, R) we use Lemma 3.1, together with the obvious fact A(Q2, R) <
P(Q).

The lemma then follows from the product formula with the equally obvious
fact:

d
VZ= 4402 <8Q, — 7% 4+ 402| <10. QP

dQ2

Once the regularity for the amplitude function F' has been settled, we would
like to go ahead and use the Number Theory Lemma. However, ¢” does not

satisfy the right regularity bounds: it was shown in [CFS2] that

cQ*l <@ <O, [FQ))<C,  a=YEET (37)

In particular, if we use the number—theory lemma directly, the discrepancy
between the size of ¢’ near 0 and near ). will cause error bounds to blow

up. Therefore, we will need an extra localization argument.

Theorem 3.3: We have

2 13
1™ [ coutomp < C Z & log2 Z.



PROOF: By (3.2), it will be enough to estimate |p""|.

Set L = C4 Z'" . Construct a partition of [L,fnax] given by {U,} for v =
0,1,...,Vmax, such that

Uu = [a,,,b,,], a, = 2_1/_1 'Zmax; bu =2"". Zrna,x;

and break up pN" into

PN (R) = prrovian(R) + Z pv(R), (3-8)
with
ﬁTRIVIAL(R) - Z F(QE;R) u <Z1/3 ¢(Ql)> ’
1<e<L
p(B)= Y FuR) - n(2%9()).
a,<t<b,

We first estimate prrviap trivially —of course- as follows: each term in the
sum is 0 when R < r1(€). Therefore, the sum is taken over £ such that
£(6+1) < u(R) Z™", and hence contains at most min {L AL RI/Q} terms,

each of which is trivially bounded by C' Z ~s [, Moreover, R > r1(£2;) >
7%, Therefore,

L2z oo
dR 2, dR
~ 2 2 4 rz—%/
HPTRIVIAL H <C /Z—2/3 L f +C [ L>zZ—" ﬁ
<CZ" logZ. (3.9)

The rest of the p, will be estimated using our elementary number theory. In
preparation to use the Number-Theory Lemma, note that the total variation
of F(Qy, R) as a function of £ € U, is the same as the total variation of
F(Q, R) as a function of Q € [€Q,,,, ], since we obtain one from the other
by composition with a monotone function. Since, for Q € [Q,, ,Q, | we have
Q~Q,, ~Qp,, Lemma 3.2 implies

Var Qe[Qau ,Qbu]F(Q7 R) S CQaU-



We now turn our attention to ¢,:

d*¢(Q) _ (L4 5)? ¢' ()

_ " 7 _ Z—1/3-
dl? f(ﬂ + 1) ¢ ( é) 4 (e(g_i_ 1))3/2

Ife>C7 1/9, the last term above is bounded by Z —s | Moreover, if we take
C1 large enough, since 1 < (£2 4+ £+ 3)/(¢* +£) < 2, by (3.7) we obtain

d*$(Q)

ae?

cQy e 77 < <cQ itz

Since any Q € [Q,, ,Qp, | is comparable to €2, , we use the Number—Theory

Lemma with

Qp,,
Qe

S =b,—ay, MZbu'( ) ; f([):Q;VI-F(Q£7R)’

to conclude that
2a
3

u(R)| < CQE T . 2% log Z. (3.10)

Note that if r1(¢) > R, then F(Q, R) = 0; therefore p,(R) = 0 when
R < % Q2 and we only need to use (3.10) when R > Q2 . In this way we

obtain

w_4a [°° dR
o2 < C 2% log? Z - O / Rz
toz

<C 7% 10g2 7 3, (3.11)

Hence, putting (3.11) and (3.9) into (3.8) we conclude

Vmax

|| <0 2% (og2)™ +0 Y 27 7% 10g Z
< AL log Z.

Then, (3.2) finishes the proof. QP
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