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INTRODUCTION

This paper is part of a series [FS2. .. 7] proving the asymptotic formula announced
in [FS1] for the ground-state energy of an atom. Our goal here is to give precise

estimates for the sum of the negative eigenvalues of an ordinary differential operator

(1) H = a2 + V(z) on an interval Igyp .

We denote this sum by sneg(H).

The potentials of interest to us are large and slowly varying. A basic example is
(2) V(z) = Vi(z) on Igyp=[-1,1],
with Vi a fixed smooth function and X a large parameter. We suppose
3) WVi(0)<o, V/(0)=0, V/!>ec>00n[-1,1], {V1 <0} CcC (-1,1).

For such potentials, a standard approximate formula for the eigenvalue sum is

(4) sneg(H) ~ _3% (~V(@)¥ do,

Isve
where t5 = ¢* if t > 0, ¢ = 0 if ¢ < 0.
Unfortunately, (4) is too crude for our purposes. To give a sharper approximation,

we set

5)  ¢(0) = (~V(@)/ dz, ¢'0)= (~V(@),"* dz, and
Isvp 2 Isvp

(6) x(t) = min {[t — (k +

i 2) ——} forteR.

Our basic result for potentials of the form (2), (3) is as follows.

Theorem 1. The sum of the negative eigenvalues of H is given by

(7)

sneg(H) = 2 (-V(z ))3/2d + 1 V" (x) (—V(a:)):rl/2 dx
37T Igvp 24m Igvp
+g(¢’(o))‘lx(%¢(o) - %) + Error ,



with |Error| < C:\¢. Here, C. may depend on e > 0 and on Vy, but not on .

On the right in (7), the first term has size ~ A3, while the next two terms are
~ A

To motivate Theorem 1, we recall the textbook derivation of (4). At the heart
of the argument is the WKB approximation (see Erdélyi [E]). According to WKB

the eigenvalues Ej, of H satisfy

(8) ¢(Ex) ~m(k+1/2) for integers k , with
) B~ [ (E-v@) .

Defining FE(t) as the solution of ¢(E) = 7 (t + 1/2), we rewrite (8) as Ex ~ E(k),

which gives

1 1 1 1
1 ~ itha = —¢(minV) — =, b= —¢(0) — = .
(10)  sneg(H) Z E(k) , with a 7r(;S(mln V) 5 b 7rng(O) 5

k€[a,blNZ

It is reasonable to guess that

b
(11) S E®) z/ E(t)dt .

k€[a,bNZ a

Elementary manipulations show that f: Et)dt = -5 [ (—V(x))f’/ ? dz. Hence,

the usual approximation (4) for sneg(H) follows from (8) and (11).
Our previous papers [FS2,3] prove refinements of the basic approximations (8)

and (11). Specifically, the eigenvalues Ej, satisfy

(12) $(Ey) + 4_18¢(Ek) ~ n(k+1/2) , where

1) wE=tm{ [ V@E-VE) - gE))

6—0+
E-V(z)>6



and ¢(F) is defined to make the limit finite in (13).
Equation (8) holds modulo errors O(A™1), while (12) holds modulo errors O(A*~2).
(See [FS2].) Regarding (11), we studied >  f(k) for general, slowly varying

k€ZN[a,b]
functions f. We showed in [FS3] that
k 1 1
(14) Y Sk %/ F@&)dt = f(0)x_(b) = f(a)x, (a) + 5 £ (0)x(b) — 5 /' (a) x(a)
k€ZN[a,b] a
with
(15) x_(t)=(t—k—1/2) for k = (greatest integer <t );

(16) x,(t) =(k—t—1/2) for k = (least integer >t ); and x(t) given by (6) .

Here we take f(t) = E(t). Equation (14) then holds modulo errors O(1), while (11)
merely holds modulo O(A). Using (12) and (14) in place of the crude approximations
(8), (11) in the derivation of (4), we arrive at the sharp formula (7) for sneg(H).

This concludes our introductory remarks on Theorem 1.

To understand atoms, we need to deal with potentials having a Coulomb singu-

larity

N

(41
(—;)——-l-EOnearx:O.
T T

(17) Viz) ~

In our application [FS4,5], we have Z >> 1, E° ~ Z*/3 and ¢ = O(Z'/3). When
¢ << Z/3, the potential (17) is too singular to allow us to apply Theorem 1. Hence
we need a more general result. In [FS2,3] we studied potentials V (z) satisfying

estimates

d )aV(a:)‘ < CoS(z)(B(z)) " whenz €I,

(18) () V@) <

for suitable weight functions S(z), B(z). Here I is an interval containing {z €

Igvp: V(z) < 0}. Hypothesis (18) lets us treat all the potentials we need, simply by



picking the proper weight functions S(z), B(z) and interval I. For instance, when

V is given by (2), (3), then (18) holds with S(z) = A2, B(z) =1, [ = Igyp. If V is

given instead by (17), then we take I C [e(g-qz-l) ,00) and pick S(z) = Z , B(z) ==z

x

in the region where (17) holds. Here again, V satisfies (18).
The first main result of this paper is a version of Theorem 1 for general potentials
satisfying (18). In the setting of (18), the natural analogue of hypothesis (3) is as

follows.

(19)
V(z) takes its minimum at an interior point zo € I ,and V (zg) < —cS(xp) .

For |z — 9| < ¢1B(zo) we have V' (z) > ¢S (z)(B(z)) ?. while for

2 — o] > e1B(wo) we have |V (2)| > eS(x) (B(a))

The number that plays the réle of A in Theorem 1 is

dx -1
(20) A= (/V(x)<0 (S(z))" 2(B(a:))2> ’

as explained in [FS2]. Now we can state our first main result, modulo technicalities.

First WKB Eigenvalue Sum Theorem. Let V satisfy (18), (19) and various
technical conditions; and suppose A is large. Then sneg(H) is given by (7), with
|Error| < C.A~2|V (z0)].

For a precise statement of the result, we refer the reader to the relevant section of
this paper.

When V satisfies (17) with relatively small £, we can make a crucial improvement
over the preceding theorem, by comparing the eigenvalue sum for Vwith that of the

Coulomb potential

(21) Ve(z) = + E°.

LL+1) B g
2 x



We set H. = —% + Ve(z) on (0,00). Our second main result is as follows.

Second WKB Eigenvalue Sum Theorem. LetV satisfy (18), (19) and various

technical conditions; and suppose A is large. Assume also that
(22) V(z) = Ve(x) for all x € (0,z,] ,

with xg << T, << 73, Then

sneg(H) — sneg(H.) = _% Om(_v(x))im d
+ ﬁ Ooo V' (2) (< V (2)) "/ da + g(¢’(0))_1>2(%¢(0) _ %)
+ % Ooo(—Vc(av)):r?’/2 dz — ﬁ OOO Vc”(x)(—Vc(m))er dr
(23) B 2(E;)3/2>2(2(Ef)1/2 —VIl+1) - %) + Error ,
with
Error| < C€A6—2(£) |

Again we refer the reader to the relevant section of this paper for a precise statement
of the result.

This paper contains additional results on sneg(H) under various degenerate hy-
potheses, but we omit them from the introduction. In [FS5] we will apply the results
of this paper to radially symmetric three-dimensional Schrodinger operators.

We are grateful to Maureen Schupsky for her skill and patience in Texing our

manuscript under difficult circumstances.



REVIEW OF EARLIER RESULTS

Here we gather results from [FS2,3] which we will need in this paper.

A. The WKB Eigenvalue Theorem.
Set-up.

We are given the following: A potential V' (z) defined on a (possibly unbounded)
interval Igyp; two positive functions S(z), B(z) defined on a subinterval I C Igyp;
two real numbers Ey < E,; positive numbers ¢ < ti-, K > 1 and N > Ke~1%. We
define N’ = [eN/500] and N = 2eN' — K — 33.

Our goal is to understand the eigenvalues of the self-adjoint operator H = gde +

V(x) on L?(Igyp), with Dirichlet or Neumann conditions at the endpoints.
Hypotheses.

Assumptions on V(x), S(z), B(z) in I

(Hyp0) If 2,y € I and |z — y| < cB(z), then ¢ < 2% < C and ¢ < % < C.

B(x) 5(z)

(Hypl) For z € I and o > 0 we have |(%)O‘V(az)| < CoS(x)B~%*(x).

(Hyp2) The equation V(z) = Fy has two solutions ey < ;4 in I, and they satisfy
dist(z1eft, 01) > cB(Z1eft ), dist(zyg, 01) > cB(xyt).

(Hyp3) For Zie; < & < Ziegy + €1 B(T1ef) We have —V' () > ¢S(T1ees) B~ (T1ett), and
for z,4 — c1B(zrt) < o < xp we have +V'(x) > ¢S(x4) B7 ().

(Hyp4) For zies, + c1B(21eft) < < xpy — c1 B(zr) we have ¢S(z) < Ey — V(z) <
CS(x).

To state the remaining hypotheses, we establish some notation. Set A(z) =

S/2(z)B(x) for z € I. Then set

Biety = B(Zieft),  Steft = S(Tieft),  Aleft = A(Tleft) -

Brt = B(xrt); Srt = S(xrt); )\rt = )\(xrt) .



For |E — Ey| < ¢Sefs, let Zier; (F) be the solution of V(x) = E nearest to Ziefs,
and for |E — Ey| < ¢Sy, let x4 (F) be the solution of V(z) = E nearest to .
—1
Define Spin = infy, ,<z<az, S(z) and A = (fmlzt“ W) }

Our remaining hypotheses are as follows.

Assumptions on V(x) in all of Igyp.

(Hyp5) If |E — Ep| < c2Smin and E < E,, then V(z) > E  for all
x € Ipyp\|[Tiett (F), Tr(F)].
(Hyp6) If z € Igyp satisfies z < Zjef, — %)\{gftBleft then V(z) > Eoo + ﬁ, and

if z € Igyp satisfies > x4 + %)\ffBrt, then V(z) > Es + . 1($)(r)t|2

Technical Assumptions.

(Hyp7) maxzer S(x) < M, Siers and maxger S(z) < AE Sy
(Hyp8) [, sifsy < A min(Sjo/* Biest, Sr; /Bt

Hyp) Ll 570 57| Unn, 575 ) < A”

WKB Condition.

(Hyp10) A is bounded below by a positive constant depending only on ¢, K, N,
and on ¢, C, ¢1, ¢z, Cy in (Hyp0). .. (Hyp4).

Definitions and Basic Properties of Phases.

Assume hypotheses (Hyp0). .. (Hyp10). For |E — Ey| < ¢4 Smin, define

zrt (E)
$(E) = / (E—-V(z)Y%dz and
zleft(E)
$rt(E)—6

$(E) = lim [/ V" (2)(E - V(z))"% dz — q(E)§~*/?

0—0+ left (E)+0

with ¢(F) uniquely specified by demanding the finiteness of the limit.



Lemma Al. For |E — Ey| < c4Smin we have

‘(%)%&(E)‘ < Ci o S%_ﬁ(m) dr and

Tleft

) =8 [ st

Tr d dé(E) T d
Also C# fillle:‘t SI/Q;C(LE) < dE < C# f-’lile:‘t SITLE(QC)

The constants cy, Cu, ch depend only on e, K, N, ¢, C, ¢1, ca, C, in the
7 # #

hypotheses (Hyp 0). .. (Hyp 4).

WKB Eigenvalue Theorem. If (Hyp0)...(Hyp10) hold, then there is a function
®(FE) on [Eo—c4 Smin, Eo+C4Smin] and there are numbers Ey_, , Ex . 11,...,E}

max

< Eo with the following properties.

(4) O(E) =25 + $(E) + %0(E) + derror(E), with

d \P Irt dz
g error < Cﬁ A_1/ 1 s all >0.
‘(dla) Peror| = G mer S27F(2) B*(2) 0=

(B) {kmin, kmin + 1, .. , kmax} 15 ezactly the set of integers k for which |®(E) —
k| < C#A_N” for some E € [Ey — iC#Smin, Ey+ iC#Smin] N (—o00, Ex].

(C) If kmin < k < kmax, then Ey is an eigenvalue of H.

(D) If k = kmax, then Ey is either an eigenvalue of H or equal to E.

(E) For kmin < k < kmax we have |Ex — Ey| < c4Smin and |®(Ey) — wk| <
CyuA—N".

(F) Every eigenvalue of H in the interval [Eg — %4 Smin, Eo + ¢ Smin]

N (=00, E] is one of the Ex (kmin < k < kmax)-
The constants cy, Ci depend only on e, K, N, ¢, C, ¢1 ¢ca, Cy in (Hyp0). .. (Hypb).
Remark.

Perhaps Ej, ., or Ey_._or both lie slightly outside

1 1
[EO - ZC#Smina EO + ZC#Smin] .



Note that the choice of sign in (A) affects only the indexing of the eigenvalues, not

the content of the theorem.

B. The WKB Theorem on Low Eigenvalues. Let ¢, K, N > 0 be given, with
eN > 100. Let V(z) be a potential defined on a (possibly unbounded) interval Igyp.
Let S, B be positive numbers, and let zo € Igyp be given. Define A = S/2B. Let

E be a given energy, with E, > V(xp). We make the following assumptions.

HO0*) I = {|z — zo| < ¢B} C Ipyp

H1*) [(55)*V(z)] < CoSB™ in I

(45
d2
T

H2*) £,V >dSB~2in I

H4*) For z € Igyp\I we have V() > min{E.,, V (zg) + ¢’ X72¢S}.

H5*) For z € Igyp with |z — x| > 1AK B, we have V(z) > Eq + 20

|z—xzo|? "

(HO™)
(H1%)
(H2%)
(H3*) V'(z9) =0
(H4%)
(H5%)
(H6™)

H6*) ) is bounded below by a positive constant depending only on ¢, ¢/, ¢, C,

n (HO*)...(H4*),and on ¢, K, N.

Let H = —% +V(z) on L%(Igyp) with Dirichlet or Neumann conditions at the
endpoints.

For V(zg) < E < V(zg) + X726, define zie (E) < 24 (FE) to be the two values
of z € I at which V(z) = E. Then define

Zrt (E)
aE)= [ (B Vi) s

left (E)

Y(E) = lim [ / V" (2)(E - V(z))™%/?dz — q(E)6_1/2]

6—0+

zel
E-V(z)>6

LErt(E) 6rt
= 1 V'V E — V() =32 d — 512
wlim [ V) - V) g ()53

~ au(B)0; ]



with ¢(E), qess(F), ¢ +(F) uniquely specified by demanding the finiteness of the

limits.
Lemma B1. The phases ¢(E), (FE) satisfy the estimates

() #®] < oo

() v < cpps
d ~1
EQS(E) > cu S
for V(zo) < E < V(mg) + A728S.
The constants cy, Ci depend only on ¢, ¢' ', Cy, €, K, N in hypotheses (HO¥). ..
(H6* ).

WKB Theorem on Low Eigenvalues. Assume (HO*)...(H6*). Then there is

a finite sequence Ey, E1, ..., Ey with the following properties.

(a) Let w = ¢(E.) + 1x¢(Ey) with E, = min{ Ex, V(z0) + cgA™2S}, and let
m be the largest integer with (M + 1/2) < w. If mingey |lw — w(k+ 1/2)| >
Cu X724 then kyax =T. In any case, |kmax — 7| < 1.

(b) If 0 < k < kmax, then Ej is an eigenvalue of H.

(c) FEither Ej

= FE, orelse By is an eigenvalue of H.

max max

(d) Ewery eigenvalue E of H satisfying E < Ew, |E—V (x0)| < cxgA™2¢S is one
of the Fy,.

(e) For 0 < k < kmax we have V(zo) < Ex < V(zo) + 2cxA™2¢S and |¢(Ey) +
LB — nk+1/2)] < CyA2+e,

The constants cy4, Cy depend only one, K, N, c, ¢, ¢, Cy in hypotheses (HO*). .. (H6* ).

C. The Basic Hypotheses for Potentials.



Set-Up: We are given positive numbers ¢, K, N, ¢; two intervals I C Igyp (possibly
unbounded); a point o € I; a potential V(z) defined on Igyp; and two positive

functions S(z), B(x) defined on I. Our assumptions are as follows.

Assumptions Concerning V' (z), S(z), B(z) on I.

(Z0) If z,y € I and |z — y| < ¢B(x), then ¢ < % <Candec< gg; <C.

(Z1) If z € I and « > 0, then ‘(%)QV(JJ)‘ < CoS(z)B~*(x).

(Z2) The set {x € I | V(z) < 0} is a non-empty interval (Zief, Zri), With
dist (Z1es, O1) > cB(x1e) and dist (x4, 1) > cB(xy).

(Z3) We have V(zo) < —cS(z0), V'(xo) = 0; and for |z — z¢| < c1B(zo) we have
V"(z) > ¢S(x0)B~2(x0).

(Z4) For mepy < = < x9 — c1B(wo) we have —V'(x) > ¢S(x)B~!(z); and for
xo + c1B(z0) < x < ms we have +V/(z) > ¢S(z) B~ ().

Define A\(z) = SY%(z)B(z) for = € I, and set

Lrt dx -1
A= / )
zer, () B(2)
Assumptions Concerning V(z) on all of Igyp.

(Z5) We have V(z) > 0 for all x € Igyp\[Zlefs, Trt)-

(Z6) For all z € Igyp with z < Ziep; — AKX B(21e8), we have V(z) > 1299 - and

= |z—@1es]??

>~ __1000

for all z € Igyp with > z¢ + AKX B(zy), we have V(z) > oz ]?
Polynomial Growth Assumptions on S(z), B(z), 1.
(Z7) We have max,cr B(z) < AX minger B(x); maxzer S(x) < AK minger S(z);
and |I| < AK -ming¢; B(x).

Smallness of the Constant ¢.

(Z8) The constant ¢ is bounded above by a certain small, positive number deter-

mined by €, K, N, ¢, C, ¢, C,.



The WKB Hypothesis.

(Z9) A is bounded below by a certain large, positive number determined by ¢, K,
N, ¢, C, c1, ¢, Cy,.

Let Ej and ug(x) be the eigenvalues and (normalized) eigenfunctions of —% +

V(x) on Igyp, with Dirichlet or Neumann boundary conditions. In [FS3] we studied

the density p(z) = 3 |ug(z)|? under the assumptions (Z0)...(Z9). Our result

E,<0

was called the “WKB Density Theorem.” This paper will study sneg(H) = Y. Fj
E,<0

under the same assumptions.

Remark.

We have kept hypothesis (Z8) from [FS3|, even though the constant ¢ plays no

role in this paper, simply to keep the same hypotheses as before.

D. The WKB Eigenvalue Theorems for Potentials with Weak Turning

Points.
Set—up.

We are given an energy Fy and a potential V(z) defined on a (possibly un-
bounded) interval Igyp. The interval Igyp is partitioned into subintervals It 1eft,
Dieft, Lcenter, Irts Lfar vt With Igay 1efr to the left of Iief, Jiers to the left of Icenter, etc.
Here, Ifar1ers and Igar right may be empty. On Icenter We are given positive weight

. d _
functions S(z), B(z). Set A(z) = S/?(z)B(z) and A = (flmter Wg(w)) 1. We

make the following assumptions.

Hypotheses.

(HO) Igenter is non—empty, and for z,y € I.enter With |z — y| < cB(z) we have
¢ < B(y)/B(z) < C and ¢ < S(y)/S(z) < C, and |Icenter| > cB(x).

(H1) For & € I epter we have (£)>V(z)| < CoS(z)B~%(z) and cS(z) < Ep —
V(z) < CS(z).



(H2) A is bounded below by a large number depending only on ¢, C, C, in (H0),
(HI).

(H3) Leg, Iyt are non—empty. If Icenter = [Tleft, Zrt|, then we have |Ie| <
CB(Ziett), |Irt| < OB(@1t), AM(@rees) < C, Axre) < C.

(H4) If Degs = [Ttar 1eft, Tieft), then we have |V (z) — Eo| < C|Lets| ™1 (@ — Ztar 1efs) "
in Degy. Here Tgar 1ofs < Tfar lofy With strict inequality unless Ipap 1o, = 0.

(H5) For z € I; we have |V (z) — Ey| < C|I¢| 2.

(H6) For x € Itar 101y We have V(z) — Eg > c|liegs| 2. V(z) is C* in the interior
of Itar 1eft-

(H7) For x € Ipa; v we have V(z) — Eg > =10

(z—2e)”
Our goal here is to understand the eigenvalues of H = —% +V(x) on L*(Igvp)
with Dirichlet boundary conditions.
Denote by Cyx a constant depending on ¢, C, C, in (HO), (H1). Denote by C, c,
etc. constants depending only on ¢, C, Cy, ¢, C in (HO)... (H7).

Note that Ijes and I4 don’t play completely analogous roles in our hypotheses.

Theorem D1. Under the assumptions (HO). .. (H7) we have

1
|(Number of eigenvalues of H < Ey) — —/ (Eo — V(t))1/2 dt| < Cy .
T Icenter

As an application of this theorem, we study the following situation.
Set—up.

V(z) is a potential defined on a (possibly unbounded) interval Igyp. We are
given a subinterval I C Igyp and weight functions S(z), B(xz) > 0 defined on I.
Set A(z) = SY2(x)B(z). We are given an energy Ej.

We make the following assumptions.

Hypotheses.



(HO) For z,y € I with |z — y| < ¢B(z) we have ¢ < Bgyg < Cand c< % < C,
and || > c¢B(z).

(HI) For z € I we have [(£)2V (2)| < CoS(z)B~%(z).

(H2) {z € Ipvp | V(z) < Eo} = (%1eft, Tright) C I with dist(21ese, 01) > cB(@1est),
dist(Zright, 01) > cB(Zright )-

(H3) In [Ziefs, Trefs + c1B(T1ers)] we have —V'(z) > ¢S (Zies)/B(Z1ett), and in
[Zright — €1 B(Zright); Tright] we have +V7(x) > ¢S (2right)/B(Zright)-

(H4) In [Ziery + c1B(Zieft), Zright — €1 B(Zright)] we have ¢S(z) < Eq — V(z) <
CS(z).

(H5) In [Bsrior 0 (—oo, zieg ), V(2) is decreasing and C.

(H6) A = ( fww:ffht @) B(m))_1 is bigger than a large positive number depending

only on ¢, C, ¢1, Cy in (HO)... (H4).

Let H= —-2; + V(x) on L?(Igyp) with Dirichlet boundary conditions.

dx2

Theorem D2. Under assumptions (HO)... (H6) above, we have

1
| (Number of eigenvalues of H < Ey) — —/ (Eo— V()Y 1/2 dt| < C..
s

Ipvp

The constant Cy depends only on c, C, c1, Cq in (HO)... (H4).

Properties of Degenerate Potentials.
E. From the section “The Density for Degenerate One-Dimensional Potentials I11”
in [FS3], we recall the following results.

We are given a potential V' (z), smooth on (0, 00). We take B(z) = x, and let S(x)
be a positive function on I = [zq, 1] C (0,00). As usual, we set A\(z) = SV/2(z)B(z)
on I. In addition to zg, x1, we are given other points Zsmall, Tvig, Terits T« € (0, 00),
with

1 1 1
(1) 0 < Tgman < %0 200 < Terip < g Tx + T < T y 201 < Tnig -



Set H = —% + V(z) on (0, 00) with Dirichlet boundary conditions. Let Fy, ug(z)
be the eigenvalues and (normalized) eigenfunctions of H.

In addition to (1), we make the following assumptions.

Hypotheses.

If z € I, then |(£)%V (2)| < CoS(z)B~%(x).
If z € I, then V(z) < —cS(z) and V'(z) > ¢S(x)B~(x).

A= (J; %)_1 is greater than a certain large, positive number deter-
mined by ¢, C, Cy in (Z0)...(Z2).

For = € (0, Tgman] we have V (z) > cxy?

For & € [Tsman, To] we have |V (z)| < Czy?

(24)
(25)
(Z6) We have zpig < Czy and V (z) is increasing in [z1, Tpig)-
(27)
(28)
(29)

Z7) For x € (2L, Zig), we have |V (z)| < Cz72.
Z8) For x € [Tpig, ), we have V(z) > 0.
79) For E € [V (z,),0] we have
J (B = V@) dw < 5[5 (B - Vi) e

We denote by cx, C4, etc. constants that depend only on ¢, C, Cy; while ¢y, C

etc. denote constants that depend also on ¢, C.

Lemma E1. Set Ey = 0, Icenter = [T0,T1); liett = [Tsmalls To), It = [Z1, Tbig),
Ttar tefe = (0, Tsman, Trar vt = [Tbig, 00). Then the hypotheses (HO). .. (H7) of Theo-
rem 1 in the section on WKB Theory with Weak Turning Points are satisfied. The
constants called ¢, C, Cy in (HO)... (H7) may be taken to be of the form Cy. The
constants called ¢, C in (HO)... (H7) may be taken to be of the form C,.

Lemma E2. Suppose 2zy < & < 2z1. Set E = V(&), and define: V(z) =

V(z) — E, Eg =0, Ienter = @0, % — C’#)\_Q/?’(i:) - I] with C’# picked large enough,



Doty = [Zsmant; To), Itar 1ot = (0, Tsman), L = [E—CuA"2/3(2)-&, 2+CuA~2/3(3) 7],
Ttarrs = [& 4 CpA™23(E) - #,00). On Ieenter, define B(z) = min(z, & — z),

( )=S(z) - (z ’:) Then f/(x), Eo, Itar teft - - - Ltar ot S’(x), B(a:) satisfy hypothe-
ses (HO)...(H?7) in the section on WKB Theory with weak turning points. The
constants called ¢, C, Cy in (HO)... (H7) may be taken to have the form Cy. The
constants called ¢, C in (HO). .. (H7) may be taken to have the form C,.

F. From the section “The Density for Degenerate One-Dimensional Potentials IV”
in [FS3], we recall the following results.

We are given a smooth potential V(z) on (0,00). We take B(z) = z, and let
S(z) be a positive function on I = [zg,z1] C (0,00). Let A(z) = SY2(z)B(z) as
usual. We are given T, T«, Tpig, satisfying

1 16
(1) 16:170 < Zerit 716-73crit < =Zx s

10 10:13* <z,16x1 < Thig -

Set H = —dd% + V() on (0,00), with Dirichlet boundary conditions. (We have
changed notation slightly from [FS3]; our present z, differs from that in [FS3] by a

factor of ten.) In addition to (1), we make the following assumptions.
Hypotheses.

Z0") If z,y € I and |z — y| < $B(z), then ¢ < S(y)/S(z) < C.
Z17) If z € T and a > 0, then ‘(—ﬁ) V(z)| < ChS(z)B~*(z).

72") If x € I, then V(z) < —cS(x) and V'(z) > c¢S(z) B~ ().

(Z07)
(Z17)
(Z27)
(z3") A = (/; @) B(w))_l is greater than a certain large, positive number deter-
mined by ¢, C, C, in (Z0%)...(Z21).

(Z4") |V(x)| < C/(zoz) for = € (0, z0).

(Z5%) V(z) is increasing and negative in [ZL, zpig], and satisfies there |V (z)| <
Qa:l_z. Also, Tpig < Cx;.

(Z61) V(z) > —107%272 for z € [Tpg, 00).



(Z7T) For E € [V(%5),0], we have
oy (B = V(@) e <5 [57(B - V(w)
We denote by cy, Cy, etc. constants that depend only on ¢, C, Cy, in (Z07)... (Z77);

while ¢, C,, etc. denote constants that depend also on C.

Lemma F1. Set Itariers = 0, et = (0,%0), Icenter = [Z0,Z1], It = [%1, Tbig),
Itar vt = [Tbig, 0), Eo = 0. Then the hypotheses (H0)...(HT), from the section
on WKB with weak turning points, are satisfied. The constants called ¢, C, Cy in
(HO)... (H7) may be taken of the form Cy. The constants called ¢, C in (HO). .. (H7)

may be taken of the form C,.

Lemma F2. Suppose E = V(&) with & € [&2y, 1], Take V(z) = V(z) — E,
S(z) = S(z) - (Z=2), B(z) = min(z,% — ), Ey = 0, Itar 1o = 0, Lege = (0, z0],
Lenter = [0, JZ—C’#A_2/3(§:)-5:] with C’# picked large enough, Iy = [i—C’#A_2/3(£)-
B, % + CyA™23(&) - &), Itar e = [& + CpA~23(&) - #,00). Then the hypotheses
(HO)...(H7), in the section on WKB with weak turning points, are satisfied. The
constants called c, C, Cq in (HO)...(H7) may be taken of the form Cu. The con-

stants called ¢, C in (HO)... (H7) may be taken of the form C,.

G. In the section “The Density for Degenerate One-Dimensional Potentials II” in
[FS3], we studied the following class of degenerate potentials.

Set-Up. We are given a potential V(z) defined on a (possibly unbounded) interval
Igvyp; positive functions S(z), B(x), defined on a subinterval I C Igyp; a point

Zerit € Igyp; an energy Foi¢ < 0; and a number § strictly between 0 and 1.
Assumptions.

(Z0) For z,y € I with |z — y| < cB(x), we have ¢ < Ey) < Cande< Sgy) < C,

and |I| > c¢B(z).
(Z1) For z € I and a > 0 we have |(i)"‘v($)‘ < CoS(z)B~%(x).



(Z2) For Eeiy < E <0, the set {zx € Igyp | V(z) < E} is a non-empty interval
(2166 (E), 24 (E)) contained in I, with dist(zeg;(E), 0I) > c¢B(z1es(E)) and
dist (4 (E), 0I) > cB(z(F)).

(Z3) For E.q < E <0, we have —V'(x) > ¢S(x)B~(z) for
T € [T1ees(E), Tiets (E) + c1 B (21685 (F))] and +V'(z) > eS(x) B~ (z) for z €
[2e4(E) — c1B(2x(E)), Tee ()]

(Z4) For Eqit < E <0, we have ¢S(z) < E —V(z) < CS(z) for z € [z (E) +
c1B(21ef(E)), 26 (E) — c1B(zr(E))]

(Z5) V() is decreasing and C™ on [RIor 0 (—oo, yer(0)].

(Z6) For Egny < E <0, we have e (E) + ¢B(Z1et(E)) < Terig-

(Z7) For Egiy < E <0, we have

/ (E-v@) < 6/ (E-v®) " a
IgvpN(—00,Zcrit] Igvp

—1
(Z8) A = ( f;l:t(?g) W) is greater than a certain large, positive number

determined by ¢, C, ¢, C, above.
Here, A(z) = SY/?(z)B(z) as usual.
Note that (Z0)...(Z8) imply the hypotheses (HO)...(H6) of Theorem 2 in the

section on WKB Theory with weak turning points, for any Ey € [Feis, 0]

H. Approximating Sums by Integrals.

(From [FS3] we recall the following result.

Lemma on Riemann Sums. Let f(t), o(t), 7(t) be defined on a non—empty

interval [a,b]. Suppose o(t) > 0, 7(t) > 1 in [a,b]; and assume that whenever

t1,ta € [a,b] with [t; — ta| < c7(t1), we have ¢ < :gi; < Candc < 283 < C.

Finally assume |(Z)™f(t)] < Co(t)T~™(t) fort € [a,b]. Then ) ZZ[ b]f(k) =
fbf(t)dt—f(b)x_ (b) = fla)x, (a) + 3. (B)x(b) — 3. (a)X(a) + Error with |Error| <

a



C'o(a)T72(a)+C'a(b)T=2(b)+Cly f:O'(t)T_N(t)dt. Here, C'" depends only on c, C,
Cm; and C depends only on ¢, C, Cy,, N. If f(t) = 0 to infinite order at t = a,
then we have the sharper estimate |Error| < C'o(b)T72(b) + Cly f:O'(t)T_N(t)dt,
with C', Cy as before. Similarly, if f(t) = 0 to infinite order at t = b, then
|Error| < C'o(a)7%(a) + C) f:a(t)T_N(t)dt. If f(t) = 0 to infinite order at both
t =a andt = b, then |Error| < C’j\,fba(t)T—N(t)dt.



TRUNCATED EIGENVALUE SUMS

We adopt the notation and hypotheses of (Z0). .. (Z9) of the WKB Density Theo-
rem, and let E, be a given energy strictly between zero and the minimum of the po-
tential. Our goal is to compute the sum of the eigenvalues in [F,, 0] modulo a small
error. We  assume  that the phase ¢(E,) differs from
- (integer) by at most A=2. Thus, ¢(E.) + ;5% (Es) is not close to m(k + 1/2)
for any integer k. We assume also ¢(E,) < ¢(0) — 1.

We use cx, Cy, etc. to denote constants that depend only on €, K, N, ¢, C, cy,
Cya, ¢ in the hypotheses (Z0)...(Z9) of the WKB Density Theorem.

Our first step is to use the WKB Eigenvalue Theorem and the WKB Theorem
on low eigenvalues to identify the eigenvalues of —% + V(). Later, we will use
the lemma on Riemann sums to compute the sum of the eigenvalues. We start by

checking the hypotheses of the WKB Eigenvalue Theorem.

Lemma 1. Suppose V(xo) + cxS(x0) < Ey < 0. Then the hypotheses (Hyp0)
... (Hyp10) of the WKB Theorems are satisfied, with Eo, = 0 and with 300K in
place of K. The constants called ¢, C, ¢, ca, Cy in (Hyp0)... (Hyp10) all have the
form Cy4. The number called A in (Hyp0)... (Hyp10) is greater than or equal to our

present A.

Proof.

This is just Lemma 1 from the section “Combining Microlocalized Results” in

[FS3] with p(E) =0 and C5=0. W

Lemma 2. Suppose 2-2mtVc,S(xg) < Ey — V(zg) < 272mcuS(w0), with
A3 (zg) < 27™ < 1. Set Sy, = 272™S(xg), B = 27" B(x), Im = {|z — 20| <

CyBm}. Then we can find an energy E,, < 0 with E,, — Eg ~ 272m S (zy),



mingez |¢(Em) — 7(k + 1/2)| > 2—10, and satisfying the following. The hypotheses
(Hyp0). .. (Hyp10) of the WKB Theorems are satisfied, with V(z) — Ep, in place
of V(x); Sy, and B, in place of S and B; I, in place of I; with Eo = 0; with

Ey — E,, in place of Ey; and with 300K in place of K. The constants called c,
C, c1, c2, Cy in (Hyp0). .. (Hyp10) all have the form Cy. The number called A in
(Hyp0). .. (Hyp10) is ~ 272™\(xy).

Proof.

For V(zo) < E < V(x)+c4S(xo) we have ¢'(E) ~ A(z¢)S ™! (z0). Hence we can
easily find an E,, < 0 with E,,—Fq ~ 272™S(z) and mingez |¢(Ep)—m(k+1/2)| >

L
20"

in [FS3] shows that V(z) — Ep, Sm, Bm, Im satisfy hypotheses (Y0)... (Y11)

Lemma 1(B) from the section “The Density for a One-Dimensional Potential”

for a suitable ¢, (F). (For hypotheses (Y0)...(Y11), see [FS3]). Therefore, again
applying Lemma 1 from the section “Combining the Microlocalized Results” in

[FS3], we get the conclusion of Lemma 2. W

Lemma 3. For a suitable E with E — V(zg) ~ A 72¢(z0)S(zo), and with
ming ez |$(E) —m(k'+1/2)| > a5, the hypotheses (HO*)... (H6*) of the WKB Theo-
rem on Low Eigenvalues are satisfied, with V (z) — E in place of V (z); with S(z¢) in
place of S; with B(x) in place of B; and with 100K in place of K. The constants
called c, ¢/, ", Cy in (HO*)... (H6*) all have the form Cx. The number called A
in (HO*). .. (H6*) is equal to A(zo).

Proof.

For E — V(zg) ~ A™2¢(z9)S(z0) we have d‘zg) ~ A(z9)S™ (o). Hence we can

pick an E with E — V(zo) ~ A728(20)S(x0) and ming ¢z, |¢(E) —n(k' +1/2)] > 2_10'

With S = S(z¢), B = B(zy) and with V(z) — E in place of V(z), we check



(HO*)...(H6*). (HO0*) is trivial from zg € [Z1ef:(0), 2rt(0)] C I, dist(z1es(0), OT) >
cB (216 (0)), dist(z(0), 0I) > c¢B(x(0)). (H1*) is trivial from (Z1); (H2*), (H3*)
are trivial from (Z3).

To prove (H4*), we argue as follows. Since E — V(xg) ~ A~2(x0)S(x0), we
have V(z) = E atz = a:left(E) and at z = a:rt(E), with Ties (E) <z < a:rt(E),
1oy (E) and zo(E) in {|z — zo| < C4A™(x0)B(20)}. Now V(z) is decreasing in
(1666 (0), Z1eg (E)] and positive in Igyp N (—00, Ziee (0)], so V(z) > E for z € Igyp
with & < Zyee(E). Similarly, V(z) > E for z € Igyp with > z(E). Hence,
V(z) — E > 0 for z € Igyp\{|z — zo| < C4A~%(x0)B(20)}, which is stronger than
(H4*) since we take E., = 0.

To prove (H5*), we pick E, with E, —E ~ E—V (z0). The proof of (H4*) above
shows that V(z) > E, outside [Ziet(E+ ), Zrt(EL)]. For [z — x| > 1A (z0) B(z0)

we have = & [Ziegs (F), T (Ey)], 50 V(z) — E > EL — E > A=25(20)S(z0) > 200

= |z—z0|?
as needed.
. . . 40008
To see the last inequality, we write |m1_022|2 < AQK(Q?(?)OE,Q(M) = 2K +2((iz)) <

A"2%¢(x0)S(xp). The proof of (H5*) is complete.
Finally, (H6*) is immediate from A(z¢) > cxA and the WKB hypothesis (Z9).

The proof of Lemma 3 is complete. |

We want to use the above Lemmas, together with the WKB Eigenvalue Theorem
and the WKB Theorem on Low Eigenvalues, to give a precise description of the
negative eigenvalues of —% +V(z). To carry this out, and also to be able to apply
the lemma on Riemann sums, we need to understand how the phases ¢(FE), ¢(E)

vary with E. For V(z¢) < E < 0, define

(1) Smin(F) =inf{S(z) |z € I,V(z) < E} and
2) (E) = Suin(E) - /I (B - V()" do.



For E > 0, define Siin(E) = Smin(0) and T'(E) = T'(0). Note that

(3)  Smin(E) ~ S(zo) and ['(E) ~ A(zo)

when V(zo) < E < V(zo) + c4S(z0) -
Also, note that
(4) I'(E) > cpA for all E € (V(z),0) .

To see this, we need only consider E € (V(zo) + cxS(20),0], in view of (3) and
the definition of I'(F) for E > 0. For such E, we have Spin(E) ~ S(z.) for
some z, with [z, — cxB(z4), 2z« + cpB(z.)] C {z € I | V(z) < E}. Hence (2)

gives T'(E) > [cxS(wy)] [C4S@)] ™ daw = ¢, 8V2(w.)B(z,) =

flw—w*|<C#B(fﬂ*)

cyA(zs) > ¢ A, proving (4). We have used (4) several times already in [FS3]. For
E € (V(0), +¢#Smin(0)] we have

) () 6(m)| < ogrm)shm) (82 1)

© |2 w(m)| < CEAT(B)SIE(E) (B2 1)
d -1

(7) [(5)6(B)| = ey T(B)Soi(E) -

In fact, for E < V(z¢) + cxS(zo), estimates (5) and (6) are contained in Lemma 6
in the section of [FS2] on Eigenvalues Near the Minimum of the Potential, by virtue
of (3) and Lemma 3 above. We leave the proof of (7) for E < V(z¢) + cxS(z0) to
the reader. For E, € (V(xo) + c45(z0), 0}, we apply Lemma 1 above, and Lemma,

1 in the section on the WKB Theorems, to get

® () o(8)| < CET (S (Bo) (8> 1)
) () 6(E)| < CRrE)SAEIA (B>1)



(10) 20 > cpT(Bo)Sh (o)

for |E — Eo| < ¢4 Smin(Fo).

Taking Eo = 0 in (8), (9), (10) proves (5), (6), (7) for E € [0, c4Smin(0)]. Taking
Ey = E in (8), (9), (10) gives (5), (6), (7) for E € [V (zq) + cxS(z),0], which
completes the proof of (5), (6), (7).

Note that for |Ey — Ey| < ¢ Smin(Eo). E1 and Eg € (V(20), ¢4Smin(0)], we have
(11) Smin(El) ~ Smin(EO) and F(El) ~ F(Eo) .

This is easily verified by looking separately at the cases Eq € (V(z¢),V(zo) +
cxS(x0)] and Ey € (V(20) + c#S(%0), ¢4Smin(0)]. From (5), (6), (7) we see that

(12) E o &(E) = %qs(E) + ﬁw(E) _ %

is strictly increasing on (V (%), ¢ Smin(0)]-

(From (5)...(11) follow these quantitative results:

Suppose Eq > Eg + c4Smin(Eo) , with Ey, Fy € (V(xo), c#Smin(O)] .
(13)
Then (I)(El) Z (I)(EO) —+ Ci#_r(Eo) .

Suppose Eq1 < Ey — ¢#Smin(Eo), with Ey, Ey € (V(xo), c#Smin(())] .
(14)
Then (I)(El) S (I)(E()) — C;#F(Eo) .

From (13) and (14) follows at once

Suppose Eo, E1 € (V(20), c#Smin(0)] and |®(Eo) — ®(E1)| < c,T'(Eo) -
(15)
Then |E1 - E0| S C#Smin(EO) .



For |E — Ey| < c4Smin(Eo) we have ®(E) ~ S} (Eo)T'(Ep) by (11) and (5), (6),
(7). This and (15) yield the following.

Suppose Eo, E1 € (V(0), c4Smin(0)] and |®(Eo) — ®(E1)| < cu'(Eo)
(16)
Then |Ey — E1| ~ Smin(Eo)T ™ (Ey) - |®(Eo) — &(E1)] .

Now we can start to control the eigenvalues of —% + V(z). Let kp; be the

greatest integer < ®(0) + CxA*~2 for a suitable, large Cy.

Lemma 4. For 0 < k < kp; — 1, there is an eigenvalue E < 0 with |®(E) — k| <

C#A46_2.

Proof.

As E varies from V(zo) to 0, ®(E) varies from —3 + O(A™!) < k to ®(0) >
kni — CgA*™2 > kp; — 1 > k. Hence there is some Ey € (V(wo),0) for which
O(Ey) = k.

We distinguish three cases:

(A) Eo — V(o) = cS(z0o)

(B) cgA™26S(z0) < Eg — V(o) < c5(o)

(C) Eo — V(o) < cp A™2¢(30)S(w0).

First suppose we are in Case A. Lemma 1 shows that the WKB Eigenvalue
Theorem applies. Note that our present phase function ®(F) is slightly different
from the phase function called ®(E) in the WKB Eigenvalue Theorem, which we
now call ®wkp(F). In fact, Pwkp(E) is defined for E € [Ey — ¢4 Smin(Fo), Eo +
C4Smin(Eo)] N (—o0, 0], and satisfies there |Pwkp(E) — 7®(F)| < CxA~2. This is
a part of the conclusion of the WKB Eigenvalue Theorem. Let E, = min(O, FEy +
c#Smin(EO)), E_ = Ey — c#Smin(Ep). These are the endpoints of the interval on

which (I)WKB is defined.



We shall check that k lies in the image of ®wkg, by examining ®wxks(E4) and
QWKB (E_) Let’s start with (DWKB (E+) Either E'_|_ =0or E+ = E0+C# Smin(EO)-
If E, =0, then

(16bis)

1 —
_(I)WKB(E+) > (I)(O) - C#A_2 > [khi - C#A45_2] - C#A_2 > khi —1> k s
™

1
SO _(DWKB(E—l—) > k.
™

If B4 = Eo+ cgSmin(Fo), then (5), (6), (7) give 2®wkp(Fy) > ®(E;)—CypA=2 >
®(Ey) + c;#I‘(EO) — CuA=? > ®(Ey) = k, so again %@WKB(EJF) > k. Hence in all
cases ~®wkp(F4) > k. On the other hand, 1®wkp(E_) < ®(E_) + CxA™2 <
®(Ey) — uT(Eo) + CpA™? < ®(Ey) = k, so 2Pwkp(E_) < k. Therefore,
mk € CDWKB([EO — ¢ Smin(Fo), Eo + ¢4 Smin(Eo)] N (=00, 0]) as claimed. The WKB

Eigenvalue Theorem then asserts that
|(I)WKB(E) — 71'1{?‘ < C#A_N” ,

where F is either an eigenvalue or 0. In particular

(17) |®(E) — k| < CuA™2.
Since

al 4e—2 1 1
(18) @(O)Zkhi—C#A >(khi—1)+52k+§,

(17) cannot hold with E = 0. Hence FE is an eigenvalue. Also (17) and (18) yield
®(E) < ®(0), so E < 0. We have proven (17) for a negative eigenvalue E. Thus
the conclusion of Lemma 4 holds in Case (A).

Next suppose we are in Case (B). Define an integer m by

(19) 272m Ve, S(wp) < By — V(z) < 272™cy S (o) -



Since we are in Case (B), we have
(20) cud "2 (mg) <272 < 1.

Lemma 2 above lets us apply the WKB Eigenvalue Theorem to the potential
V(z) — Ep, with weight functions 2-2™S(xzq), 2-™B(x) in place of S(z), B(z);
with {|z — 29| < Cg - 27™B(z0)} in place of I; with Ey — E,, in place of Ey; with
E. = 0; and with 300K in place of K. Here, E,, — Ey ~ 272y S(zo). The

WKB Eigenvalue Theorem tells us the following: There is a smooth phase function

Pwks(E) defined on [Ey — ¢/, 278 (x0), Eo 4 ¢427>™5(20)] and satisfying there
(21) [Pwin(E) — 7®(E)| < Cy (272 A(z0)) " -

If 7k belongs to ®wks ([Fo — ¢4272™S(x0), Eo + ¢/ 272™S (20)] N (—o0, E,,)) then

we can find E = either an eigenvalue of —% + V() or E,, satisfying

(22) Bwis(E) — k| < Cy (272 Axo))
Since E,, — Eg ~ 272mcy S(x0), we have
(23) [Eo — cS(x0)27%™, Eo + ¢3S (20)27>™] N (—o0, E,]

=[E_,E,] C (V(xo),c#Smin(O)]

with
(24) (Ey — E_),(Ey — Eg) ~ 272™8(x0) .

From (19), (20) we get I'(Eo) ~ A(20), Smin(Eo) ~ S(z0), s0 &' (E) ~ T'(Ey) S (Eo)

~ M@9)S™ (o) for |E — Ep| < c4S(z0), hence for E € [E_, E.]|. Therefore, (24)

implies

(25) D(Ep) — ®(E_) ~272™N(zg) , P(Ey) — ®(Ep) ~ 272 A(zo) -



Note that 272™\(zg) > cgA'~2¢(zg) >> 1 by (20), and recall that ®(Eq) = k. Then
(21) and (25) imply Pwiks (E_|_) >k > Owks (E_), so that wk € (pWKB([E—: E—I—])
Thus we can find E = E,, or an eigenvalue, satisfying (22). From (21) and (22),

we get

(26) B(E) — k| < Cu (272 A(w0)) >

In particular, since ®(FEy) = k, we see from (25), (26) that ®(F) < ®(E, ), hence
E < E, < E,,. This shows that E # E,,, so E is an eigenvalue of —% + V().
Also since E < E,,, < 0, we get E < 0. Hence (26) holds for a negative eigenvalue
E. From (26) and (20), we get |®(E) — k| < Cy ()\1_26(530))_2 < C;#A45_2. Thus,
the conclusion of Lemma 4 holds in Case (B).

Finally, suppose we are in Case (C). Lemma 3 above lets us apply the WKB
Theorem on Low Eigenvalues to the potential V(z) — E, with S(z¢), B(zo) in
place of S, B; with E,, = 0; and with 100K in place of K. Here, E — Ey ~
A2¢(2)S(z0), and E < 0. The WKB Theorem on Low Eigenvalues provides the
following information:

Suppose %¢(min{E, V(o) + cgA™%(20)S(w0)}) — 3 > k + 1. Then there is an

eigenvalue Fj < E with

(27) ®(Eg) — k| < Cy (Mz0))*

To check the condition on k, we mnote that V(zo) + cgA™2¢S(z0) > Ep
+ y A7 (20)S(20), provided we take the constant cy in the definition of Case

(C) small enough. Since also E > Fj + A% (x0)S(wo), we have
(28) E, = min{E, V(zo) + cu A~ (20)S(z0) } > Eo + A7 (z0)S (z0) -

We have V(z9) < Eg < E4 < V(x0) + cg A2 (20)S (w0), s0 ¢'(E) ~ A(wo)S ™ (zo)



for E between Ey and E,. Hence, (28) implies

8B = 5] > [6(F) - 5] + X1 ™ (z0)
= B(Ey) — 48%11)(150) +ep AT (2g) > B(Eo) + A (ap)

(since |1h(Ep)| < CuA™" << 1 << A7 (20)) = k + du AV~ (z0) -

This verifies the condition on k, which implies (27) for an eigenvalue Ej, < E < 0.

From (27) we get in particular |®(Ex) — k| < CxA* 2 for an eigenvalue Ej, < 0.



Thus the conclusion of Lemma 4 holds also in Case (C). The proof of Lemma 4 is

complete. |

Corollary. If ®(0) > kp; + 6#/&45_2, then there is an eigenvalue E < 0 with
|(I)(E) — kh7,| < U#A4€_2.

Proof.

As E varies from V (z) to 0, ®(E) varies from —3 +O (A7) < kp; to ®(0) > k.
Hence there is some Eg € (V(aco), O) for which ®(FEy) = kp;.

Now we can repeat the proof of Lemma 4, using k; in place of k, and making the
following modifications. Instead of (16 bis), we note that I ®wkg(E;) > ®(0) —
CyA=2 > [kp; + CpA*™2] — CuA~2 > kp;. Instead of (18), we note that ®(0) >
kni + CuAte=2.

With these minor changes the proof of Lemma 4 goes through. [ |

Lemma 5. If Ey < 0 is an eigenvalue of—%—{—V(m), then |®(Eg)—k| < CyA*—2

for an integer k (0 < k < kp;).

Proof.

We distinguish three cases:

(A) Eop — V(z0) > cS(zo)

(B) caA™2(x0)S(z0) < Eo — V(z0) < cpS(z0)
(C) Ey — V(o) < cpA™2¢(20)S(x0).

First suppose we are in Case (A). Lemma 1 and the WKB Eigenvalue Theorem
show that |®(E)—(integer)| < CuA~? for any eigenvalue E € [Eo—clySmin(Eo), Eo+

¢/ Smin(E0)] N (=00, 0]. In particular, |®(Ey) — (integer)| < CuA~>.



Next, suppose we are in Case (B). Define an integer m by 272(m+ ¢y, S(z0) <
Eo—V(z) <272m¢cyS(zp). Since we are in Case (B), we have cyA™2¢(zq) < 272m
< 1. Lemma 2 and the WKB Eigenvalue Theorem show that |®(E) — (integer)| <
Cy (272 A(z0)) 2 for any eigenvalue E in the interval [Eo — (2728 (o)), Eo +
cly (2728 (20))] N (=00, E,,). (Here E,, > Ej is as in Lemma 2.) In particular, for
Ey itself we have |®(Ep) — (integer)| < Cy (272 A(x0)) > < Cyp(A=2(z0)) > <
Cphte—2,

Next, suppose we are in Case (C). We apply Lemma 3 and the WKB Theorem for
Low Eigenvalues. This shows that |®(E) — k| < Cy ()\(xo))4€_2 for any eigenvalue

E satistying
(29) E< min{E, V(o) + cpA % (20)S (o) } -

(Here E > Ej is as in Lemma 3.) In particular, £ = E satisfies (29), provided we
pick cx small enough in the statement of Case (C). Hence, |®(Ep) — (integer)| <

Cy ()\(mo))46_2 < CyA**~2. We have proven in all cases that

(30) |®(Ep) — k| < CxA*™2  for an integer k .

As E varies from V(z¢) to 0, ®(Ey) varies from —% + O(A~!(z¢)) to ®(0). Hence
(30) implies

(31) —% AN (1) — CpA2 < | < B(0) + Cyh®e .

Since k is an integer, (31) implies
(32) 0 <k <®0)+CpuA*?,

provided we take C'y larger then the Cy in (31) .
Then from (32) and the definition of kp;, we see that 0 < k < kp;. Thus, |®(Fp) —

k| < CygA*~2 and 0 < k < kg, provided we also take C4 larger than the Cy in



(30). The proof of Lemma 5 is complete. [

Lemma 6. Suppose Ey, E; < 0 are eigenvalues of —% +V(z). If |®(Ep) —
¢<E1)| S C#A46_2 then EO = El.

Proof.

Suppose not. We may suppose E; < Ey < 0. Then (16) implies
(33) Ep — CySumin(Eo)T HE)A* 2 <E, <Ey<0.

We distinguish three cases:

(A) Eg — V(o) > cuS(wo)

(B) cgA™268(z0) < Eo — V(z0) < cS(z0)

(C) Eo — V(z) < cg A2 (x0)S (xo).

Suppose first we are in Case (A). Take Ey = Fy, and apply Lemma 1 and the
WKB Eigenvalue Theorem. Thus, the eigenvalues in £ = [FO — ¢y Smin (Eo), Eo +
c;#Smin(Eo)] N (—o0, 0] are among the Ej described in the WKB Eigenvalue Theo-
rem, and distinct Ey, have |®(Ey)—®(Ey)| > 1—CxA~2. Since (33) shows that Ey,
Eq € &, it follows that |®(Ep) — ®(E1)| > 1 — CxA~2, contradicting the hypothesis
of the Lemma.

Next suppose we are in Case (B). Define an integer m by 272(m+Uc,S(xg) <

Eo — V(x0) <272™cyS(0). Since we are in Case (B), we have
(34) cpd 2 (zg) <272 < 1.

Take Eg = Fy, and apply Lemma 2 and the WKB Eigenvalue theorem. Thus, the
eigenvalues in £ = [Ep — ¢, 2728 (x0), Eo + ¢, 27>™ S (a9)] N (—o0, E,,] are among
the Fj, described in the WKB Theorem, so that distinct Ej have |®(Ey) —®(Ey/)| >

1-Cy- (2_2’")\(3:0))_2. (Here E,, > Ey is as in Lemma 2). In particular, (33) and



(3) show that Ey — CuS(z0)A " (z0)A*2 < E; < Ey < E,, < 0, which implies
Eo, E; € € by virtue of (34). Therefore, |®(Eo)—®(E;)| > 1—Cy (272 A(z0)) ~~ >
1-— C%&)\“_Z(xo) > %, contradicting the hypothesis of the Lemma.

Finally, suppose we are in Case (C). We apply Lemma 3 and the WKB The-
orem on Low Eigenvalues. Thus, all the eigenvalues in & = [V(z),V(zo) +
e A2 (30) S ()] N (—o0, E)] are among the Ej, described in the WKB Theorem on
Low Eigenvalues, and distinct Ey, satisfy |®(Ex) —®(Ey)| > 1—CuA**~%(z). Here
E < 0is as in Lemma 3, so that £ — V(o) ~ A=2%(z0)S(x0). Since we are in Case
(C), we have Eq < E and Ey < V(z0) + cx A~ (x0)S(z0), provided we take the c4
in the statement of Case (C) small enough. Thus Ey € £. Since V(z) < E1 < Eg
we have also E'; € £. Hence |®(Eo) —®(E1)| > 1—CygA*2(z0) > 3, contradicting
the hypothesis of the Lemma.

In all three cases (A), (B), (C), we have reached a contradiction, starting with

the assumption E; < Ey. The proof of Lemma 6 is complete. [ |

Lemma 7. The non-positive eigenvalues of —d‘% + V(z) are Ey,En,... ,Eg_, .,
with

(35) |[®(Bx) — k| < CpA*2,

(36) kmax = greatest integer < ®(0) 4 wy; ,

and

(37) wpi| < CpA*™2.

Proof.

This follows from Lemma 4 and its corollary, and from Lemmas 5 and 6. We

take kmax = kni or kp; — 1, depending on whether there is a non-positive eigenvalue



E satisfying |®(FE) — kp;| < 6#/&45_2. For 0 < k < kmax, we can find exactly
one non-positive eigenvalue Ej satisfying (35). (That follows from Lemmas 4 and
6.) Moreover, every non-positive eigenvalue is one of the Ej, by Lemma 5. If
kmax = kni, then we take wp; = CxA* 2, so that (36) and (37) hold by definition

of kp; and wy;. If instead kmax = kpi — 1, then
(38) ®(0) < kpi + CyA*2

by the Corollary to Lemma 4. Hence we may set wp; = —CxA* =2 so that (37)

holds by definition and (36) amounts to saying that
(39) kpi — 1< (I)(O) — 6#A4€_2 < kpi -

Since kp; < ®(0) + CxA*~? by definition of kj;, the first inequality in (39) is
obvious. The second inequality in (39) is the known fact (38). The proof of Lemma

7 is complete. |

Corollary. The eigenvalues of —% + V() that belong to [E,, 0] are precisely the
Ey for (I)(E*) <k< @(0) —+ Wh; -

Proof.

We must check that Ej € [E,,0] if and only if £ > ®(FE,). Since ®(-) is strictly
monotone, Ey > E, if and only if ®(Ey) > ®(F,). We know that ®(Ej) is near to
k, and that ®(E,) = L¢(E,)+O(A~") — 3 is near (integer — 1), hence not too near
to any integer. (Here we use our assumption that - ¢(F,) is near to an integer.) It

follows that ®(Ey) > ®(E,) if and ouly if ¥ > ®(E,). Thus, Ex > E, if and only
ifk>o(E,). N

We prepare to use the above Corollary and the lemma on Riemann sums to com-

pute the sum of the eigenvalues Ej € [E,,0]. Define (tmin,tmax] = Image of ® on



(V(20), ¢4Smin(0)]. For ¢ € (tmin, tmax), define E(t) to be the solution E of the
equation ®(E) = ¢; and define o(t) = Swmin (E(t)), 7(t) = T(E(t)). Estimates (5),
(6), (7) show that

(40) ‘(%)mE(t)‘ < CRo(t)r™(t) for t € (min, tmas]

when m > 1. We check that (40) holds also for m = 0, which amounts to saying

that
(41) ‘E‘ < C#Smin(E) for F € (V(iL‘O), +C#Smin(0)} .

When E € [0, 4¢4Smin(0)], then (41) holds since Smin(E) = Smin(0). When E €
(V(z0),0], then for z € I, V() < E we have —CyS(z) < V(z) < E <0, so
|E| < C4S(z). Hence, |E| < Cyxinf{S(z) | z € I,V(z) < E} = C4Smin(E),
completing the proof of (41). Thus, (40) holds for all m > 0. Note also that

(42) O'(tl) ~ O'(to) and T(tl) ~ T(to) for t(), t1 € (tmina tmax] ,
|t0 — t1| < C#T(to) .
This follows at once from (11) and (15). From (4) we get

(43) 7(t) > cpA for t € (tmin,tmax] -

From (5), (6), (7) follows also

dE(t
(43 bis) _E%EZC#anria) for ¢ € (tmin, tmax) -

Because of (8), (9), (10) with Eq = 0, we have tmax = ®(cSmin(0)) > @(0) +
c,I'(0) > @(0) + ¢z A (by (4)). Therefore, setting

(44) a=®(E,), b=®0)+ws

with wp; as in Lemma 7, by = ®(0), and recalling that |wp;| << 1 << c;;A, we

obtain

(45) tmin < @ < b <tmax, and a<bg < tmax -



(To see that a < b, by we use the assumption ¢(F,) < ¢(0) — 1, which we made at
the start of this section.)

By definition, Sy, (E) is constant for E > 0 and monotone decreasing for E < 0.

Hence,

(45 bis) Smin(E) < Smin(Ey) for E>E,
so that

(46) o(t) < Smin(Ey) for t€la,b].

Let {Ex} be the non-positive eigenvalues of —d‘% + V(z), as in Lemma 7. Then

(35) and (40) imply
(47)  |Ex — E(k)| = |E(®(Ey)) — E(k)| < [®(Ex) — K|

dE(t o
-sup{ % k| < \@(Ek)—k|} < Cphie—?

sup{Cuo(t)T ' (t): [t — k| < CpA*?} .
Now (42), (43) imply that
(48) o(t)7~(t) has constant order of magnitude for |t — k| < 1.
Putting this into (47) yields
(49) |Ex — E(k)| < CyA* 2o (k)T (k) .
Putting (48) into (43 bis), we get also
(50) / (%(t)) dt > cyo(k)r™"(k) - length([a,bo] N[k — 1,k + 1])
[a,bo]N[k—1,k+1] Gt

for k € Z N [a,b]. Our assumption ¢(E,) < ¢(0) — 1 implies that [a, by] has length

> cy, so length ([a, bo]N[k—1,k+1]) > cly provided distance (%, [a, bo]) < CyA*2,



For k € Z N [a,b] we have dist(k,[a,bo]) < CuA*2 since [b — by| = |wpi| <

C4A* =2, Therefore, (50) implies

/ (ﬂ(t)) dt > cpo(k)r=1(k) for k€ ZN[a,b] .
[a,bo][k—1,k+1] * 4

Combining this with (49), we find that

R C#A%_Z/ (@) dt for k€ ZN[a,b] .
[a,bo]N[k—1,k+1] dt

Summing on k, we get

Y |Ex— E(k)| < Cun®e? /bo (%ft)) dt

keZN[a,b] a
= CypA*?(E(bo) — E(a)) = CxA*%(0 — E.)

(by definition of a, by, E(-)). Thus
(51) Y |Ex— E(k)| < CylEA*? .
kE€ZN[a,b]
We apply the Lemma on Riemann sums to compute >  FE(k) modulo a small

k€eZN[a,b]
error. Estimates (40), (42), (43), (45) show that the hypotheses of the Lemma on

Riemann sums are satisfied, and therefore:

(52) Y. Ek)= | E()dt—E®)x_(b) - E(a)x,(a)
k€ZN[a,b] a
2 5a e X0 3 S50 |, X+ ron.
with
b
(53) [Errorg| < Cyo(a)r™%(a) + Cyo(b)T2(b) + C#/ o(t)T~N(t) dt .

Let us estimate |Errorg|. We have

b b
/ o(t)T71(t)dt < Cy di—it) dt (by (43 bis)) = (E(b) — E(a))Cyk .



Since E(a) = E, and E(b) € (V(20), +¢4Smin(0)], it follows that
b
/ ()= (1)t < CpSmin(0) + Copl Ba| < CopSomin(Ew) -
by (41) and (45 bis). Therefore,
b
(54) / o(t)yr=N(B)dt < CyA N Sin(EL) , by (43) .
Also,
(55)  o(a)772(a) ,o(b)T2(b) < CpSmin(E.) - A2, by (43) and (46) .
Combining (53), (54), (55), we get
(56) |Errorg| < CySmin(FEx) - A2 .

Also, CyA*?|E,| < ClA*?Spin(EL), so (51), (52), (56) imply

(57)
b 1d N
> Bu=| E@dt—E@®x_() - E@x, (@) +5 ZE®) | X0)
keZN[a,b] a -
1 d §
—3 %E(t) ‘t:a x(a) + Error;
with
(58) [Error;| < CuA** ™28 (EL) .

Let us study in turn each of the terms on the right in (57). Regarding the integral

in (57), we note that

b bo
/ Bydt— [ B(t)dt| < sup{|E(t)]:t between b and by} - b — bl
<sup{|E(t)|: [t —bo| < CpA* 2} - CpA* 2 < Cpo(b)A*?

< CyA*72S(E,) , by (45) and (46) .



Thus,
b bo
(59) / E()dt= [ E(t)dt+ Errors, with [Errors| < CpA*2Suin (E.) .

We wait until later to analyze f:o E(t)dt.
Next, note that |E(b)| = |E(b) — E(bo)| < sup{|“EZE|: ¢ between b, bg}-|b—bo| <
Cyo(b)T71(b)A*~2 (by (40)) < CpSmin(Ex) - A*73, by (43), (46). Throwing away

information, we conclude that
(60) [E(b)x_ (b)] < CA**Spin(Ex) -

Next we study —FE(a)x, (a). By definition of E(t) and of a, we have E(a) = Ej,
and a = ®(E,) = L1¢(F.) + &=9¥(Es) — 3. Our assumption on F, was that
L$(E,) = m+ & with m an integer, and |¢| < A™2. Since |[¢p(E,)| < CxA™t, we see
that a = m — 1 + ;2-¢(E.) + £ lies near to m — 3. Hence k = (smallest integer >
a) = m, and so by definition we have x, (a) =k—a—% =m— (m— 3+ ;L ¢(F,)+
) — 3 = — 2=V (Fs) — & Therefore, —E(a)x, (a) = —Ey - (— 2= (Fx) — ). Since
|Ey - €] < CpA™2Smin(Ey) by (41), this may be rewritten as

(61)

E, .
—E(a)x, (a) = +48 Y(E.) + Errors ,with |Errorz| < CxA™2Smin(Fs) .
s

Next we study the term +3E’(b)x(b). Recall that X(-) is Lipschitz continuous,
and that b = 2¢(0)+ 55-1(0) — 5 +wpi, with |wp;| < CxA**~2 and [1(0)| < CA~.
So

1 1

$(0) — 5)| < C#|48%T¢(0) +wpi| < CyuAt.

(62) 7(0) - x( =

™
Also, (40), (42), (43) and |b — bo| < CyA*~2 imply |E'(b) — E'(bg)| < Cylb —
bolo(b)772(b) < CuA**~20(b)T=2(b) and |E’'(b)| < Cpo(b)T~1(b). {From (43) and

(46) we have therefore

63 E'(b)| < C4A"1Smin(E,) , and
#



(64) |[E'(b) = E'(bo)| < CpA™ ™ Srnin () -

Applying (62), (63), (64), we get

65) |5 B'OX0) - 5 Beox(-60) - 3)| <
B0 [50) - 2260 - 1)+ LB G - Bto)| [x(260 - 1)

~1
By definition of E(t), we have also F'(t) = (AQ(E) ‘ ) . Since E(by) = 0,

dE

E=E(t)
this means
(66) E'(by) = (diEop(E) ‘E=O>_1 = (%aﬁ’(o) + Ew’(o))_l
= n(¢/(0)) " (1 + 41—8‘;;'((8)))_1 .

From (6), (7), we get

¥'(0 . P’ (0)y—1 —
1< Co (4 97 1] < . e

(66) implies
(67) |E" (bo) = m(¢/(0)) 1| < CpA™?|E (bo)| < CyA %0 ()77 (b) ,

by (40), (42), (43) and the fact that |b — bg| < CxA*~2. Applying (43) and (46)
to (67), we get |E’(bo) — w(¢'(0)) ™! < CeA™3Smin(Fy). Combining this with (65),
we conclude that

(68) +5 B | %0)=+7(¢0) 7 R(Cp(0) - 1) + Brrony

with [Errory| < CA™2Smin(Ey) -
1

Next, we examine the term —5E’(a)x(a). Since E(a) = E,, we have (as in (66))

that
P =(E | ) = (Com) g m)
(69) = r(¢'(B)) " (14 %)_1 -



Again, (6), (7) imply 5

P’ (Ex)
o'(E

< CygA~2, so that (69) yields

(70) |[E'(a) — (¢ (Ex)) | < CpAT?|E (a)| < CHA™>Suin(Es)
since

(71)  |E'(a)| < Cyo(a)77(a) < CpA™ " Suin(E,) by (40), (43), (46) .
We turn to ¥(a) = x(+¢(Ex) + z5-%(Ex) — 1), using again our assumption

1
—¢(E,) =m+ ¢, with m an integer and [¢] < A™2 .
s



We have therefore (by definition of x)

%(0) = X(m— 3+ $(E)+E) = inf |(m— 3+ (B +E) = (ht5) [~
= (@«ME*) £ o with [$(B,)| < CpA"
Hence
(72) %(0) + 75| < OpA
Applying (70), (71), (72), we get
S E @) ~ () (x (¢ (E) ) (—1—12)\
< B (@)~ m(@/ (B)) 7 [2@)] + 5 (6 () [%(0) + 75

< Cyp A3 Smin(Ey) + Cy A~ 1smm( L) AT < CyA™ 3Smm( L) -

That is,

d T -1
- _E Ry, =+—(¢'(E,
(73) 5 P@ | _ X(a)=+5;(¢(B.))  + Errors
with |Errors| < C#A_3Smin(E*) .
We can now substitute (59), (60), (61), (68), (73) into (57), to obtain the following
result.

(74)
S Be= [ B+ (B + 5 (00) T RG60) - 5) + o (¢(B)

1

+ Errorg , with
(75) |Errorg| < CuA**™2Smin(EL)

Next we calculate the integral in (74). Changing variable from ¢ to E = E(t) in

that integral, we obtain
bo 0
(76) E(t)dt:/ Ed dE = / +—¢( ))dE

=(71r¢( )+—¢( ) - }OE*—/ (71T¢(E) %d)(E))dE

——/ $(E dE——/ W(E)dE .




Thus, we have to integrate the phase functions ¢ and . To integrate ¢(E), we

simply write

/EO $(E)dE = / /(E — V() ?dz dE

E.<E<0
V(z)<E
_ / /(E ~ V(@) dzdE - / (E - V()" *dzdE
E<O0 E<E,
V(z)<E V(z)<E

— [ Sv@) o [ 2(B - V@)l

as follows from doing the dE-integration first. So

1 [° 2 3/2 2 3/2
77 ——/ $(E)IE = — = V(@) dr + — E,— V(@) ds .
(77) —— . (E) a3 IBVP( () 3 IBVP( )Y
To integrate 9 (F), we use the following observation.
Lemma 8. The limit defining ¢(FE), namely
—3/2

— q(E)6~ /2
S dx — q(E) ,

(78)  (E)= lim [/E_V( . V(@) (B - V(z))

exists uniformly for E € [E,,0]. Also, q(F) is continuous on [E,,0].

Proof.

It is enough to establish uniform convergence and continuity of ¢(E) for F €
[E,, 0] in a small neighborhood of a given Fy € [E,,0]. Because E, is assumed to
be strictly greater than the minimum of the potential, we can make a partition of
unity V"’ (z) = Gies (2) +Geenter () +Grt () in a neighborhood of [Zies (Fo), vt (Fo)],

with the following properties:

Geenter () is C* and is supported in {Ey — V(z) > o}

(79) for some small, positive dp .



Giegs () is C* and is supported in a small neighborhood of

(80) x = Tiers (Eo) -

(81)  Gyg(x) is C* and is supported in a small neighborhood of x = x4 (Fy) .

We write 1(E) in (78) as a sum of Yres,(E), Yeenter (E), s (E) by replacing V" (z)
respectively by Gies(2), Geenter(z), Grt(z). In place of ¢(E) we have functions

Gieft (), Geenter (E), ¢rs(E). Evidently, for E near Ejy, the limit

Yeenter (B) = lim [ /E v 5Gcenter(x)(E - V(x))_3/ 242 — qeenter (E)6 ™12
i T >

exists uniformly, and geenter () = 0. The discussions for s (F) and 9 (E) are

analogous, so we just study

o e -3/2, 1y
(82) wleft(E)_55%1+[/15—V(x)>5Gle&($) (E - V() dz — qert (E) 2]'

For (z, E) near (xie(Fo), Eg), we make the smooth change of variable (z, E) —
(&, E),§ = E —V(zx). (Since —V'(z) > 0 at £ = zier; (Ep), this is a smooth change
of variables. Here we make crucial use of our assumption E, > V(zp) = minV.)
The change of variable is well-defined for x € supp Gl and E near to Ejp, and
produces || < A for such (z, E). Here A is some positive number independent of

x, E. Therefore, using £ in place of z as the independent variable in (82), we get
A
) () = Jim [ [ 06, B) €7/ = ()57
b

for a smooth function 6(¢, E'). Writing

A A A
/ 9(&E)-€‘3/2d£:/ [e(f’E)EH(O’E)}S‘I/MH@(O,E)/ ¢3¢
[ S p

we see that the limit in (83) exists uniformly, and that gqeg (F) = 26(0, E) is con-

tinuous. Since the quantity in brackets in (83) is equal to that in (82) the proof is

complete. |



Lemma 8 gives

(84) /E 0 H(E)dE = 513&[ / / V(@) (E = V(z)) " dodE

E.<E<0
E-V(x)>d

—/0 q(E)dE-6_1/2] .

E,

In particular, the limit in (84) exists. We have

/ / V" (z)-(E=V(2))”**dwdE = / / V(@) (E-V(z))”**dzdE
E<O

EE—*;(]?;)<>O¢S E—V(z)>6
- / / V'(2)- (B - V(z) " dodE
E<E,
E-V(z)>4

_ /V s V' (z) [ /V (m)H(E—V(a:))—z/sz}da:

E,
- / V" (z) [ / (E-V()™ 2dE] dz
V(zr)<E.—§ V(z)+48

I / V() - (=V ()" de + 2571/ / V' (2)da
V(e)<—6 V(z)<—6

+2 / V(@) - (B — V(z)) 2da — 267112 / V"(z)dz .
V(z)<E.—6 V(z)<E.—6

Putting this into (84), we find that

(5) /E $(E)dE

_1/2d$

= lim |— "x)-(— 3;_1/21; ") (By—V (z
gl v ve) e Ve E-ve)

0
+5—1/2{2/ V”(x)dx—/ q(E)dE}] .

In particular, the limit in (85) exists. As 6 — 0+, we have

/ Viz)- (_V(l’))_md:v — V' (z)- (—V(x))il/de
V(z)<—46

Isvp
/ V' (@) - (B = V(z)) Vdo — V(@) (B~ V() de
V(z)<Ey—5

Isvp

/ V(@) de = / V" (@)dz + O(5) .
Bu—0<V (z)<—5 B, <V (2)<0



Hence, the limit in (85) can exist only when

(86) {2/E<V( )<OV”(x)d:c—/E ¢(E)dE} =0 ;

and when (86) holds, then (85) simplifies to

/E ‘”(E)dE:—?/I V(@) (=V ()] de +2/I V" (@)- (B V (@) do

Putting (77) and (87) into (76), we find that

bo
E(t)dt = ——¢>( «) — .)
2 3/2 2 3/2
- — dr + — E, -V d
3m Igvp ( V( )) " 3T Isvp ( (x))+ !
1 " 1/2 1 " 1/2
— = - (E — d
+ 2ir |, V"(x) ( Vix )) dx 2ir |y V" (x) ( V(m)) T .
Substituting this into (74) and noting the cancellation of the terms %(f*), we get
2 3/2 2 3/2
Y Ep= —5 (=V(@){ do+ o~ (B. = V(2)) dz
k€[a,b] Igvp Igvp
1 " 1/2 1 17 1/2
. (= - E,
Toan ) V(@) (=V(2), "dr - 5 - V' (x) - (Be = V(2)),
_ By LT T, -1
— (B + 5 (¢(0) X(=0(0) = 5) + 57 (¢/(EL))
(88)

+ Errorg , with Errorg estimated by (75) .

The Corollary to Lemma 7 and the definition (44) of a, b show that the left-hand
side of (88) is the sum of the eigenvalues of —% + V() belonging to [E,, 0].

We record our results (88), (75) in the following lemma.

Lemma on Truncated Eigenvalue Sums. Suppose we are given ¢, K, N, ¢,
zo € I C Igyp C R, S(x), B(x), V(z) satisfying hypotheses (Z0)...(Z9) of the
WKB Density Theorem. Let E, € (V(x0),0], and assume that ¢(E,) < ¢(0) —

and that ~¢(E,) differs from an integer by at most %A‘Q. Let H = —% + V()



on Igyp, with Dirichlet or Neumann boundary conditions. Let X denote the sum

of the eigenvalues of H belonging to the interval [Ey,0]. Then

2 1 " -
¥ — — . (—V(a:))i/2da: 4 e - Vi (z) - (—V(x))+1/2d$
2 1 7] -
+ar f, B VE) e g V@) (B = V) e
T, -1 FE, T -1_,1 1
+ 57 (0(B)) T = (B + 5 (4(0) T x(-(0) - )

+ Error , with
[Error| < CxA*™2.  inf S(z).
zel
V(z)<E.

The constant Cy depends only one, K, N, ¢, C, c1, Cy, ¢ in hypotheses (Z0). .. (Z9).



THE FIRST WKB EIGENVALUE SUM THEOREM

Our setting is as in the WKB Density Theorem, and we assume the hypotheses
(Z0)...(Z9) of that result. Thus, H = —% +V(z) on Igyp, with Dirichlet or Neu-
mann boundary conditions. Let sneg(H) denote the sum of the negative eigenvalues

of H.

First WKB Eigenvalue Sum Theorem.

2 3/2 1 " —-1/2
sneg(H) = —— V(x) dr + — V' (z)- (-V(z) dr
371' IBVp( ) 247r Inve ( )‘|‘
T 1,1 1 )
+ 5(915 (0)) X(;fb(O) — 5) + Error , with
|Error| < A2V (z0)] .
Recall that V (z) attains its minimum at z = x, and that ¢(0 fI _— (=V(z) )1/2 de,

~1 o )
¢'(0) = %levp (—V(.’L‘))+ & dx, while x(t) = mingey [t — k — —\2 — .
Proof.

Take F, = V(o) + 72 with 7 very small, apply the Lemma on Truncated Eigen-
value Sums, and let 7 — 0. The hypotheses imposed on FE, in that lemma are
E, € (V(20),0], | £¢(E.) — integer| < LA=% and ¢(E,) < ¢(0) — 1. These hypothe-
ses hold trivially, for 7 # 0 small enough. In fact, %gb(E*) — 0as 7™ — 0, so the
hypotheses on F, follow, once we check that ¢(0) > 2. However, contained in the
hypotheses (Z0)...(Z9) is the fact that V(z) < —cxS(zo) for |z — z¢| < cpB(zo).
(Here we use cy, Cx as in the previous section, to denote constants depending only

one, K, N, ¢, C, c1, Cq, ¢ in the hypotheses (Z0)...(Z9).) Therefore

#(0) = / (-V(z )):_/2 dz > / c48V2(x0) dz = 0%51/2($0)B(:c0) =

Ipvp |z—z0|<cy B(zo)
cuA(wo) > clyA > 2 as needed .



So the Lemma on Truncated Eigenvalue Sums holds for
(1) E, =V (x9) + 72,7 small but nonzero .

Since all the eigenvalues of —% + V(x) are greater than V(xg) + 0o for some
small, fixed dg, it follows that X = sum of eigenvalues of H belonging to [E,,0] =
sneg(H) for 7 # 0 small enough. Hence the Lemma on truncated eigenvalue sums

gives for small non-zero 7 that

2 1/2

1 _
o) =~ [ (V@) et g [ Vi) (V)
2 1 n —
+ 3_7r IBVP (E* B V(m))B/Q d B E Iva V (x) ’ (E* - V(ZL'))_|_1/2 d:L‘
4 E, 11 1
+ %(QSI(E*)) - 7¢(E*) + g(flj’ (0)) 1X(;¢(0) — 5) + Error(7)
(2)
with
(3) [Error(7)| < CyA*2. 1I€1fI S(z) .
V(@)<V(a0)+7?

We study what happens to the various terms on the right-hand side of (2) when
7 — 0. The first two integrals and the term involving x are of course independent
of 7. Also, —EZ=¢(E,) and Jron (Eyx— V(:C))j’_/2 dx evidently tend to zero as E, —
V(zo)+ i.e. as 7 — 0. The terms that require a little work are i(gb’(E*))_l and
__5%; j}BVP L/”(Jﬂ '(12*-_ ‘/(x))

1
247

1/2 dz. We shall see that

V'(2) - (Bo— V() "/* dz} = 0.

Igvp

Assuming (4) for a moment, we can pass to the limit in (2), to derive the equations:

sneg(H) = —— (~V(@)*? do + 1 V(@) (~V(@)," da

247'(' Isvp
1.,1

+g(¢/(0))— X(;MO) — %) + Error , with



(6) [Error| < CxA**™2. limsup { inf S(z)}.

E.—V(zo)+ V(;)€<IE*

The right-hand side of (6) is dominated by CyA*~2S(z0) since xg € I, V(zp)
< E.. Since the inequalities V' (zo) < —c#S(zo) < 0 are contained in the hypotheses

(Z0)...(29), it follows that S(zo) < C%|V(x)|. Therefore, (6) implies
(7) |Error| < C;#A4€_2\V(x0)\ < N2V (z0)] .

Equations (5), (7) are the conclusions of the First WKB Eigenvalue Sum Theorem.
Thus, our Theorem is reduced to proving (4).
To prove (4), it is convenient to make a change of variable, which we prepare to

define. Since V'(zg) = 0 Taylor’s theorem gives
(8) V(z) = V(zo) + h() - (& — 20)”

for a smooth function h(z) defined in a neighborhood of zy. Differentiating (8)
twice, we find that V" (xo) = 2h(xo). Hence, h(xg) > 0, so h has a smooth square
root f(x) defined in a neighborhood of zg, with f(zg) = (%V”(xg))lm. Setting

&(x) = f(z) - (x — zp), we obtain
(9) V(z) = V(zo) + (¢(=))
from (8), and

(10) Er) =0, €(a0) = flm) = (5V"(z0)"* > 0

from the definition of £(z).
Here, £(z) is smooth in a neighborhood of zy. Our change of variable is s = £(x),

which is inverted by a function x = y(s), satisfying

—1/2

(1) y(0) = zp | y'(O):(%V”(aEO)) > 0.



The function y(s) is smooth in a neighborhood of the origin. Changing variable

from z to s = £(x) gives E, — V(z) =72 — s by (1), (9), so that
(12) / V" (z)(Eys — V(a:)) V2 g = /00 V" (y(s)) - (7% = 52);1/23/'(3) ds

Ipvp —o0

and

(13) ¢'(Ey) = %/I (Ex — V(z) 1/2 / (% - 1/2 y'(s) ds .

For a general function 6(s) smooth in a neighborhood of the origin, and for small,

nonzero 7 we note that

/oo (72 — $2)7/20(s)ds = 6(0) - [/Oo (7 — )7 /2as]

— 00 —00

+ / T (2= 700s) - 0(0)) ds|

The first integral on the right is identically equal to m. The second integral on the
right is dominated by C [%_[s[(72—s?)] 245 < C|7| = s%) 245 = Crl7).

It follows that lim, o [°_0(s) - (12 — 52)7 "/

ds = m6(0 ) whenever 6(s) is smooth
near the origin. Taking 6(s) = V" (y(s)) - ¥'(s) and 6(s) = y'(s), we see from
(12), (13) that lim, o [, V"(z)- (B — V(z )) Viy = V" (y(0))y'(0) and

im0 ¢'(E4) = 54'(0). Substituting (11), we get

(14)
lim J, V() (BamV (@) 77 do = 7V (a0)- (V" (@) 7 = (V" ()
and
1y —1/2 m " -1/2
(15) fim (F) = 5 (5V" (o) = 2o (Vo)

Hence, (4) is reduced to checking that

™

il 750 ) = S [V ) ] =0,
which is correct.

The proof of the First WKB Eigenvalue Theorem is complete. |



Low EIGENVALUES IN A POTENTIAL WITH A COULOMB SINGULARITY

In this section and the next, we prove a variant of the first WKB Theorem on

Eigenvalue Sums, which applies to potentials that look like

) Vi) =D g, 2

near x = 0. Here, we show that if V(z) is given exactly by (1) near the origin,
then the low eigenvalues of —% + V(z) on (0,00) are very close to the familiar
eigenvalues of —% + V.(x). In the next section, we combine this information with
the Lemma on Truncated Eigenvalue Sums, to compare the eigenvalue sum for
—% + V(z) with that for —% + V.(z). We begin with a slight variant of the

Agmon Lemma from [FS2].

Lemma 1. Suppose —%u +Vu = Eu on (0,00), with ||ul[z2(0,00) = 1. Suppose

also that V is smooth on (0,00), and that
1
Viz)— E > §‘E*| forxz >z, .

Then

[ullf2 (20, 00) < On (eX1E)) ™M {1+ 2L  sup  |V(2) - B}

T« <T< T

and

14122 (2. 00) < Onai (@3] EL) ™Y {1+ 22 sup  [V(z) - B[}

L. <L

with Cn depending only on N.

Proof.

We may assume u is real. For y > 0 we have Avpy /s y|ul® = %||u||%2(y/2 y) < %

Putting y/4 for y gives also Avy, /g, a7|ul® < %. Hence we can find z1 € (¥, {) and



z2 € (¥, y) with |u(z1)? < 2, lu(z2)|? < 2. The mean-value theorem produces an

2
y
T € [r1,22] C (§,y) with 2u/(z)u(z) = M, hence

T2 —T1

o/ (z)u(z)| <

Putting y = z,, we obtain an zo € (%, r.) with

(2) lu' (o) u(zo)| < 20,2 .
Instead letting y — oo, we obtain a sequence x, — oo, with
(3) o' (x,)u(z,) = 0.

Now suppose ¢ € C*°(0, 00). Integration by parts yields

Ty d2 z,
(4) 0= /zo €¢U{—ﬁu + (V- E)u}dm = —e¢’uu']w0

+ /wu e?{(u)? + (V — E)u? + ¢'uv/Ydz

Zo

> —ePu/]”" + /wu eqs{l(u’)2 + (V. — E —100(¢')*)u?}dz

o . 9

since ¢'un’ > —1(u')? — 100(¢’)%u?.

We want to take ¢(z) = 0 for = < z,, ¢(z) = 1073 E,|/?(z — z,) for z, < z < ¥,

$(x) = 1073|E,|*/?(y — x,) for y < z. Here y is a given point with 2z, < y < z,.
Although ¢ is not C*°, we can find ¢. € C™ with ¢.(z) — ¢(x) and ¢.(z) —

¢'(z) for x # x4, y; and with |¢.|, |#L| bounded uniformly in €. Applying (4) to ¢

and passing to the limit, we obtain (4) for the desired ¢.

For z < x, we have ¢ =0, ¢' = 0.

For z, < x we have V — E —100(¢')? > V — E — 107*|E,| > %|E.| > 0. Hence (4)

implies

T

[u(zo)u (wo)| + \e""(”””)U(wu)U’(:vu)H/ V(@) - B u(z) Pde

Zo

> [ e {502 + 1B @)}



Note that ¢(x,) = ¢(y) since z,, > y, and that

[ @ - Eluelde < sw Vi) - Bl ul?

0 TE(T0,Tx)

< sup |V(z)—-E|.

T <z<TA
Hence

[u(zo) (zo)| + [e?Pu(z, )/ ()| +  sup  |V(z) — E]

1
8T x <T<Tx

Ty 1 1
> / e¢{§(u')2 + Z|E*|u2}d3: .

The expression in curly brackets is non-negative everywhere, and ¢(z) > 1073|E, |*/?x,

for x € [2z4,y] C [z, x,]. Hence,

(5) [u(@o)u'(zo)| + [e?@u(z,)u' ()| +  sup  |V(z)~ E|

1
T+ <T T

v o1 1
> {E(UI)2 + Z\E*\(u2)}dx -exp(1073|E, |1 /%z,) .
2T,
In (5) we fix y > 2z, and let v — co. We obtain from (2), (3), (5) that

exp(—1073|E, [ %z,) - {20z;*+ sup |V(z)-E|}

. <z<z,

L | 1
> [0 S+ B (w)?}da .
2, 2 4
This holds for any y > 2x,, so we can let y — oo to get:

(o]
/ (u/)zdm < 4095*—2{1 +22  sup V(x) — E|} ‘eXp(—10_3|E*‘1/2(1}*)
2

T s %w* <LT<L T«

| wrde <o) {1402 s V() - B} -exp(-10-0 B[ 2)
2

T 3 Tu<T<Tw

These estimates are much stronger than the conclusion of the Lemma. [

Lemma 2. Suppose Vi (z) and Va(z) are smooth potentials on (0, 00), with V1 (z) =

Va(z) for z < 10z,. Assume also Vi(z), Va(z) > SE, for x > z,, with a given



E, < 0. Define H = —% + Vi(z) and Hy = —% + Va(z) on (0,00) with

Dirichlet boundary conditions. Let F1 < E, be an eigenvalue of Hi. Assume also

that sup1,, cocq, Vi(z) — E1| < (|E(|z2)X|E,|, and that |E,|z? is greater than a
certain large, positive number depending only on K, N. Then there is a point Ey

in the spectrum of Hy, with

|Ey — Eo| < |Ei|- (|Ec|z2)™N .



Proof.

Let u(z) be the (normalized) eigenfunction corresponding to Fy. For x > z, we

have Vi (z) — E1 > $E, — E, = 1|E,], so Lemma 1 applies. In view of our estimate

ON SUP1, cpeq, |V1(%) — Eif, we get from Lemma 1 that

(6) ”u”%2(2w*,oo) S CNl ($3|E*|)K+1—N1 3 and

(7) 14|22 (2. 00) < Oy 2 (X[ B HM
for N; to be picked, depending on K and N .
Take x(z) satisfying x(z) = 1 for x < 2z,, x(z) =0 for z > 10z,, 0 < x < 1
everywhere, ‘(d%)mx(xﬂ < Cpz;™. Then set w = xu.
Note that [lwl| > [lull = [|(1 = x)ull = 1 = [(1 = x)ull > 1 = [Ju]lz2(20.,00) > 5 by (6),

if we take N7 large enough. Also

d2
(8) (Hy — Ey)w = (—@ + V2 — E1)(xuw)
d2
= X(—@ + Vo — Er)u—2x'u' — x"u

since Vo = V7 in supp ¥, and (H; — E7)u = 0.
Since x/, x”" are supported in {x > 2z.} and |X/(z)| < Cz;', X' ()] < Cz?, it
follows from (6), (7), (8) that

|(Hz = Ev)w]® < Co?[[u' |72 20, ,00) + O3 lullZ2 (26 00)

< Oy (@2|BL) TN = O, B (22 B SN
Taking Ny > K — 1+ 2N and assuming z?|E,| large enough, we conclude that

o I = Buul < 3B |@21E.) >



Since ||w|| > 3, it follows from spectral theory and (9) that |E1—Es| < |E,|(z2|E.|)™N

for some FE5 in the spectrum of Hs. This is the conclusion of the lemma. [ |

Corollary. Under the assumptions of Lemma 2, let u be the normalized eigenfunc-
tion of Hy corresponding to Ei. Then there is a function w on (0,00), satisfying

lu —wl| < (1B z)™ and |(Hx — Ev)w]| < |Ey| - (23] E.[) 7.



Proof.

The second estimate is (9) and the first is immediate from (6), provided we take

N; large enough and use the function w constructed in the proof of Lemma 2. |

Lemma on Low Eigenvalues in Coulomb Singularities. Suppose we are given
Ey, E,, Z, £, z, satisfying the following

(a) cZ*3 < Ey < CZ*/3

(b) —Z% < E, < —Z*/3

(¢) minpez | By — (Bo — Z3)| > 2750

(d) ¢ is a non-negative integer, and £ < CZ'/3

(e) |E |22 > Z100 and z, > 27!

(f) Z is greater than a large positive number determined by ¢ and C in (a) and
(d).

Let V (z) be a smooth potential in (0,00), equal to V.(z) = e(i—tl) + Eo—Z for
z < 10z,. Assume also that V(z), Vo(z) > 3 E, forz > z,. Let H = —% + V()
on (0, 00), with Dirichlet boundary conditions. Then the spectrum of H in (—oo, Ej)
consists of eigenvalues Fy — % + FError, for all integers n in the range £ < n <
and with | Error,| < Z=500.

__Z
Q(EO—E*)l/Q ’

Proof.

We start with a few preliminary remarks. For z > x, we have V (z) > %E* > E,,
and therefore the spectrum of H in (—oo, E,) consists at most of finitely many

eigenvalues. Also, note that V(z) > 1E, > —122 for > z,, while V(z) =
>

—Z _ 172 for all z € (0,00), which implies

Ve(z) > —Z for z < z,. Hence V (z) Z -3

that the lowest eigenvalue of H is greater than or equal to that of —% -2 — %Z2,

which is —%Z2.



If E < 0 is an eigenvalue of either H or H, = —% +Ve(z), then —32? < E < 0,

and
sup  |V(z) - E|=sup [|V(z)— E]
FT.<TLTN FT.<TLTH
Ll+1 A
< sup ( 5 )+Eo+—)+\E|
tr.<z<w. z
<CZB3g2 4 CZM3 + CZat + 222 <CZs
whereas (|E,|z2)¥ |E,| > 770 . 75 >> CZ%3 for large K .

Hence
(10) sup  [V(z) —E|=  sup  [V(z) — B| < (|E|a)"|Ed|

§ Ta <T <L §Tx<T <
as in the hypotheses of Lemma 2.
We will prove three statements:
(11)
Z2

Every eigenvalue E < E, of H may be written in the form £ = Ey— 2 + Error ,

7Z
2(Ey — E)Y2

where |Error| < Z7°° and n is an integer satisfying £ < n <

(12) If E,E < E, are eigenvalues of H , and if for an integer n satisfying

Z
L <n< S ALE we have F = E0—4—2+ Error and E = E0—4——|—Error

with |Error|, |Err0r| < Z7%0 then E=E .

(13)
VA
Given an integer n with £ < n < (o — B/ we can find an eigenvalue £ < E, of H |
Z2
which can be written as £ = Ey — 2 + Error with |Error| < Z7°9

Together these statements make up the conclusion of the lemma. First we prove

(11). We take Hy = H, By = E, Hy = H, = —%, 1V, and apply Lemma 2. (Note



that the hypotheses of Lemma 2 hold, by virtue of (10).) Thus there is an F5 in the
spectrum of H,, with |E — Es| < |E,|(22|E,|)™N < Z2.Z~ 1% < Z=5% for suitable
large N. In particular, Ey < E+ Z7°9 < E, + Z75%0 < 0 < E,. The spectrum
of H. below energy F( consists of the eigenvalues Fy — % for integers n > £, so
we have Fy = Ey — %, n > £. Hence |E — (Ey — %)\ < Z7500 Since F < E,
we have Ey — % < E, + Z75% 50 that by (c) we have also Fg — % < E,, i.e.
n < W Thus, £ < n < W and |E — (Eo — %)\ < Z75%0 This
completes the proof of (11).

Next we prove (12). Let u, @ be the normalized eigenfunctions associated to
E, E. Again we take Hy = H, E; = E, H, = H. and note that the hypotheses
of Lemma 2 hold, by virtue of (10). Hence the Corollary to Lemma 2 produces a

function w on (0, c0) with
(14) lu—w|| < Z~0 | ||(H, — E)wl|| < 22 - Z~ 15 .

Similarly, using E in place of E in the proof of (14), we get a function @ on (0, o),

satisfying
(15) i — || < 2770, ||(He — E)ib|| < 22 - 2770 .
Taking N suitable large and recalling that |lul| = [|a]| = 1, |E - (Eo — Z5)],

E — (Ey — %N < Z759 we conclude that

2 2

(16)  I(He ~ [Bo— oglull , [(He— [Bo ~ 1og)

Y| < 2-27°00
Let 9, be the (normalized) eigenfunction of H, corresponding to the eigenvalue
2

E,— Z

4.z- Then we can write

(17) w=a, + ¢ witha € C, ¢ L 9, ; and

(18) W=a+@ with aeC,p L, .



Z2

Note that the eigenvalue Fo — ;- is separated from the rest of the spectrum of H,.
by at least

cZ? VA _3

= s 72 — /Z—lE_E*3/2

RN sy A B (R

> C/IZ—l(Z4/3)3/2 —d'7 >1.

It follows by spectral theory that

Z? Z?
I(He — [Bo — 2wl = N(H ~ (B0 — 25Dl > el
Hence (16) implies ||| < 22759 and similarly ||@]| < 2Z7°%°. Thus, (17) and

(18) show that
(19) lw = atull , @ — G| < 227°%

On the other hand, ||¢,| = 1 and ||w||, ||@|| ~ 1 by (14) and (15), since ||u|| =
|@|| = 1. Therefore, (19) implies that |al|, |a| ~ 1. Putting this back into (19), we
conclude that ||w — a’w|| < CZ°% for a complex number a’ with |a’| ~ 1. Hence
by (14) and (15) we have also ||u — a’@|| < C'Z7%° << 1. If E, E were distinct,
then u L i, contradicting ||u — a'ii]] << 1. Hence E = E, which completes the
proof of (12).

It remains to prove (13). We invoke Lemma 2 with H, = H., E; = Ey— % < E,
(by our restriction on n), Hy = H. Again the hypotheses of Lemma 2 hold, by virtue
of (10).

The conclusion of Lemma 2 gives us an E € spectrum(H) with |E — (Ep —
%)\ < |E|(|Ey|a2)™ < 22. Z—100 < Z75% for suitable large N. In particular,
E < Ey — % + Z7°00 < E, by virtue of (¢). Since the spectrum of H below
FE, contains only eigenvalues, we see that F < F, is an eigenvalue of H satisfying

|E — (Ey — %)\ < Z759_ This completes the proof of (13) and with it, that of the

Lemma. [ |



THE SECOND WKB EIGENVALUE SUM THEOREM

Suppose we are given a smooth potential V(z) defined on (0,00), an interval
I C (0,00) containing {V(z) < 0}, and two positive functions S(z), B(z) defined
on I. We will say that V(z) has an exact Coulomb singularity with parameters

(¢, Eg, Z, x,) if the following conditions are satisfied:

CS1) V(z) = (az)z%—i—l@b—%for0<x<10x*

CS2) S(z) = Z and B(z) =z for z € I, z < 10z,

CS4) ¢cZ*3 < Ey < CZ*4/3

98 1

CS5 ~ 100 T <Z_%_100

(CS1)
(CS2)
(CS3) £ is an integer, and 0 < £ < (Zg; )1/2
(CS4)
(CS5) Z
(CS6) Z is greater than a large, positive constant determined by ¢ and C in

(CS4) above.

Strictly speaking, these conditions pertain to V(z), S(z), B(z) rather than just
V (), but this should cause no confusion.

In this section, we study potentials V(x) satisfying the hypotheses (Z0)...(Z9)
of the WKB Density Theorem, and also having an exact Coulomb singularity. We
set H = —% + V(z) on (0, 00) with Dirichlet boundary conditions. Our goal is to
make an accurate computation of the sum sneg(H) of the negative eigenvalues of
H. The First WKB Eigenvalue Sum Theorem gives a formula for sneg(H) with an
error dominated by A%—2| minge (0,00) V(7). However, for £ << Z 1/3 " a Coulomb
singularity has minge(o,00) V() very large, so that the error grows too big. We
will overcome this difficulty by comparing H with H. = —% + V.(z) and using
the known eigenvalues of H.. Thus, instead of computing sneg(H) directly, we will
compute sneg(H) — sneg(H.) and get an error small compared to that in sneg(H).
This trick has been used repeatedly in the literature, and is obvious to anyone

interested in Coulomb singularities.



We will pick a suitable cutoff energy F, < 0, and define:

(1) X = sum of the eigenvalues of H belonging to [F., 0]
(2) X. = sum of the eigenvalues of H, belonging to [E,, 0]
(3) Y = sum of the eigenvalues of H belonging to (—oc, E,)
(4) Y. = sum of the eigenvalues of H. belonging to (—oo, E) .
So

(5) sneg(H) —sneg(H,) =X — X.+ (Y = Y,) .

Using the results of the previous section, we will show that (Y — Y;) is negligibly
small. We will then compute X and X, using the Lemma on Truncated Eigenvalue
Sums. Putting these results into (5), we will get an accurate approximation to
sneg(H) — sneg(H.,).

To apply the Lemma on Truncated Eigenvalue Sums, we must pick E, so that
the phase ¢(FE,) is close to a multiple of 7. We compute ¢(FE) in the following
elementary lemma, whose proof we include for the reader’s convenience.

Lemma 1. Suppose E, £, Z are positive numbers, with Z*> > 44({ + 1)E so that

e(i—tl) + E — % is negative somewhere in (0,00). Then

[T D) e = o i)

2 z’)+

Proof.

For 0 < a < b, we compute

d

b
I:/ VarEn Gk

Multiplying together suitable branches of (z —a)'/? and (z — b)'/2, we get a single-

valued branch of F(z) = 1/(z — a)(z — b) defined for z € C\[a, b], with the following

properties:



F(z) ~ z for |z| large (rather than F(z) ~ —z);

F(t +140) = i/—(t — a)(t — b) and F(t —i0) = —iy/—(t — a)(t — b) for t € [a, b];
F(0) = —Vab.

Then define contours v, 4, I' in C as follows:

4 is a small circle about 0

I' is a huge circle about 0

« is a thin rectangle around the interval [a, b].

We suppose all these contours have counterclockwise orientation. Cauchy’s theorem

gives

(© O B L (B

If T has radius R, then

pr(Z —frZ\/l——) 1—2) %
= fr{1 - (“b) L+ 0(e )} dx = —(“;rb) comi+ O(R™Y) .

We will let R — oo in (6). Also
(8) $5F(2)— = 2miF (0) = —2mivVab .

To evaluate §,F(2)%, we write v = {(t +ic) [t € [a—e,b+e]}U{(t—ie) [t €
la—e,b+el}U{a—c+it|te[—e,+e]}U{b+e—+it |t €[—¢,e]} and let € — 0+.

In view of our formulas for F (¢ + i0), F(t — i0), we get

b
() %F(z)% - —22'/ V= a)E=D) % — 9l

Putting (7), (8), (9) into (6) we get I = m- (22 —+v/ab). Equivalently, if {t*—Qt+P

< 0} is a non-empty subinterval of (0, cc), then

/w(—(t2—Qt+P)>Z2 4 _ (@ _vp).

t



This shows that

(10) /Ooo<_(t£;_g+A))1/2dt:/ooo(_(At2_Qt+P))1/2%

+ +

Q
:W(m—\/ﬁ) when Q, A, P,Q? — 4AP > 0 .

The conclusion of the Lemma is immediate from (10). [

In view of Lemma 1, we will have

(11)  ¢c(Ey) = /OOO (Eyx — ‘/c<$))i/2daj = W(Q\/% —VEl(l+1)) =mm,

for an integer m,, provided we take

Z2
12 E, = Ey— ,
(12) O Am, + I )2
and provided
(13) 7% > 4L+ 1)(Ey — E,) .
We will pick
: 1 1/2
(14) m, = largest integer < 1—6(Z33*) ,
and check that (13) holds, since
Z2
YL+ 1)(Ey— E) =4(£L+1)-
(1B — B =t + 1) oy
<4L+1) Z =72
A[\/L(£+1))? '

Lemma 2. Suppose V(x) is smooth on (0, 0o) and satisfies the hypotheses (Z0). .. (Z9)
and (CS1)...(CS6). Assume also that £ > Z'/K 1+ 10°. Define E, by (12), (14).
Then all the hypotheses of the Lemma on Low Eigenvalues in Coulomb Singularities

are satisfied.

Proof.



The hypotheses (a)... (f) of that Lemma are as follows. (a) says that cZ%/3 <
Ey < CZ*3, which is (CS4). (b) says that —Z2 < E, < —Z*3. We have from

(12) that E, > — z’ > —Z2, which is the desired lower bound for E,.
A[m+4/L(£+1)]2

To prove the desired upper bound for FE,, it’s enough to check that

72 ,
(14 bis) > cZ3iTi0
Ay + /L(L+1)]2

ie. [my + VEL+1)2 < CZi~ 10, ie. my,f < CZ3~ 0. In fact we have by (14)
and (CS3) that m., £ < &(Zx.)/? < & (Z3-10)Y/2 = LZ5- 2 by (CS5). This
completes the proof of (b).

2

(c) says that min, ¢z |E* — (EO — ZTi)‘ > 775090 e, min, ¢y ‘

4 Alma /D)
Z| > 2750 e
(15) mi% My + Ve +1)]7? =% > 4 27502
ne

We have \/£(€ +1) = /1 + -1 =4+ 1 +0(¢71). Since £ > Z1/K +10°, it follows
that [\/0({+1) — (£ + 1)| < 1&5. Thus, m, + €€+ 1) = (m. + £+ 1) + ¢ with
€] < 125- So in (15), the minimum is attained by n = m, +£ or by n = m, + £+ 1.
In either case we have § < |n — (ms + 2({+1))| < 1, so [[m, + /£(£ +1)]7% —
n=2 ~ n3 ~ (my +£)73 > c(Zz,)"3/? since we saw in the proof of (b) that

My, £ < 5 (Za:*)l/2 Thus,

min ([, + 2+ 1)) =07 > o(Za) 7 > (23 70) % 55 4z7502
completing the proof of (c).

(d) says that £ is an integer and 0 < £ < CZ'/3, which is immediate from (CS3)
and (CS5).

(e) says that z, > Z~1 and |E, |22 > Z10. Now z, > Z~L is contained in (CS5).

From (CS4), (12), (14 bis), we have |E,| ~ Hence, since £ < & (Zz,)Y/?% ~

Z2
A[m.+L]? "



2,2 2,2 2,2
Z x, Z x, Z x, 2

b ™~ Tz ™~ (7n) (by (14)) = Z=x,, so |E,|z? > cZ 0
by (CS5). This completes the proof of (e).

My, We get |Ey|z2 ~

(f) asserts that Z is large, which is just (CS6). Thus we have proven (a)...(f).

The remaining hypotheses of the Lemma on Low Eigenvalues in Coulomb Sin-
gularities are V € C*(0,00), V(z) = V,(z) for z < 10z, and V(z), V.(z) > 1E,
for z > x,. Since (CS1)...(CS6) include the second of these assertions, and we are

assuming the first, it remains only to show that

1
(16) V(z), Ve(z) > EE* forz >z, .

Now V() is decreasing for z < ¢ =

2
v < % < 35700 =

% and increasing for x > xy. We have

57Lx, 80 Ve(z) is increasing in [z,,00). Hence to

check V,(z) > 1E, for z > z, it’s enough to check that V(z.) = KD | By — f >

2
1 : \p _Z o lp . Z o l(E _E)— 2
3 E4. This follows from ;Ep — =~ > 5FE,, le. .- < 2(Eo E,) = St AT
l.e.
Zx,
(17) [me + VEL+ 1)) < ( g ).

Since m, < &(Zz.)Y? and E({+1) < £+ 1 < 2Z(Zx,)"/?, we have [m, +
VEIL+1)]? < (1%)2256* < Zg*, proving (17). So Ve(z) > 3 E, for z > z,.

To handle V(z), we argue as follows. There is a local minimum of V,(z) at

x = xp < x4; and Ve(zg) < 0. Since V(z) = Vi (z) for z < z,, it follows that V (z)
has a local minimum at the same xy, and V(z() < 0. Hypotheses (Z0). .. (Z9) show
that z is the global minimum of V' (x), which is also called z¢ in (Z0)...(Z9). From
(Z0)...(Z9), we have V(z) increasing in [xg, Zy|, and V(z) > 0 for > z,;. We
know that V(z,) = Vi(z.) > %E* Now suppose x > z,. Either z < x., in which
case V(z) > V(z,) > 1E,; or else > x,¢, in which case V(z) > 0 > 1E,. Thus

V(z) > %E* for all z > z,. The proof of Lemma 2 is complete. [ ]



By Lemma 2 and the Lemma on Low Eigenvalues in Coulomb Singularities, we

have
(18) Y =Y. < Z71  (See (3), (4).)

Next we prepare to compute X, X, using the Lemma on Truncated Eigenvalue

Sums.

Lemma 3. The hypotheses (Z0)...(Z9) of the WKB Density Theorem are sat-
isfied when we take V(z) = V.(z); Se(x) = Z, Bo(z) = =z, Ipvp = (0,00),
I. = [10_9%,10+9E£0], with £ and Eo as in (CS1)...(CS6) and £ > Z10") and
with K = 10° and é suitably picked. Moreover, with A.(x) = Scl/z(x)Bc(x) and

- 1
A, (fV <0 (z‘)lB (m)) , we have A, ~ 4.

Proof.

We provide the elementary details for the reader’s convenience. (Z0) says that

c<y/r<Candc< (%)/(%) < C for |z — y| < c|z|, which is obvious. (Z1) says

that | ()" {*49D + By — 2| < CoZz~'=* in L. In fact,

d

(19) ‘(%)a{é(z + 1)

2

}‘ =col(f+1)z™27@
_ Ca{é(eg 1)

Also, when & = 0 we have | ()" Fo| = By < 10%9Z in I, while (
a # 0. So

e} 2T T < CoZz T in ..

d_) FEy =0 for

(20) ‘(%)QEO‘ <10°Zz71% in1,.
Evidently,

d a Z 11—
(21) ()} < Cazamtme

Estimates (19), (20), (21) imply (Z1).



(Z2) and (Z5) follow when we show that {x € (0,00) | Vi(x) < 0} = (Zieft, Trt)
C I. with Zieg, oy € [10—6§,10+6E£0}. In fact, {z2V.(z) < 0} = {{(£+1) —
Zx + Egz? < 0} has the form (Zieg, Trt) With —00 < Tjey < Tpy < +00, since the
discriminant Z% — 4Eof({ + 1) is positive. (Recall By < CZ*/3, 4 < L(Zz,)'/? <

1
T 200, SO

ol

cZ

(22) El(f+1) < CZ%* 7. )

Z—\/Z2—4EoL(t+1)
2E,

We have ziee = > 0, 50 (Zyeft, Zrs) C (0,00). Note that

Z 422 — AEf(L+1) . Z

> cZ7 3
2E, 2B, ~ €

(22 bis) Ty =

For z < 10_6g we have e(i—tl) + Ey — % > m% @ - m} > 0, S0 (Tieft, Trt) =
{WH) % <0} C (10_6g,oo). For z > 10"‘6E£0 we have e(i—tl) +Ey — % >
Bofg — E%} > 0, 50 (%1, Trs) C (10_6%,10"'6]3%) as claimed. We have proven

(Z2) and (Z5).

(Z3) says that V.(zg) < —ci, V!(zo) =0, V"'(z) > cZ for |z — x| < c120. To

find z, set V!(z) = %(Hl) + Z equal to zero. Thus, z¢ = %(Hl) , 50 Vi(zp) =
£(£+1) _ Z £(€+1) E E 1z
+E - Z=2{"m + B 1t ie Velwo) = Z{3+ 2 -1} ~ -3 2

since 2920 ~ EOWH) < CZ 10 by (22).

Also for |x — zo| < 55520, We have

100

6U(¢+1) 27  6Z M+1 100 £(¢+1)
VII — o\ 7/ — _ - _ -
e (@) r? 3 23 { 3} a:3 {101 Zxo 3}
_6Z 100 1 1y cZ
N :1:3 101 2 x3
This proves (23) with ¢; = 55
(Z4) says that
cZ 99
Viz) < —2 for Tl < T < Tog%o ,and
7 101
VI(z) > +2 for —x0 < & < Ty -

x? 100



For z < 1003:0 we have
—26( 12 + 1) Z . 100 26(£+1) z
+ 1t < —{— . 1l=—-—— —
Vel — 22 { } x2 { 99 Zxg + } 99 72
For z > }8(1)560 we have
Z  —20(£+1) Z . 100 20(£+1) 1 Z
)= 22807 vy 2 0 N=+—2=
¢ :1:2{ A, 1> a:Z{ 101 Zzo +1} +101 x2’

which proves (Z4).
Next we compute A\ (z) and A, = (f;le; %)_1- We have A (z) = (£) 2,

x = ZY241/2 g0

3 Trt diE 1 —1/2 —1/2
Ac = / ZlT.CU?’ﬂ = (COIlSt) A (xleft/ — Tyt / ) )
z

left
Now Ziery = inf{z | Ve(z) < 0} < xo since Vi(xp) < 0 by (Z3). Thus ey <
%, while 2y > ¢Z~1/3. Since ¢ < 1 (Zac*)l/2 < CZ3 =0 , we have Tiery << Xyt

20(£+1)
Z

— 2
and therefore AJ! ~ Z_1/2q:lef1t/2. We know that % < Tlefy < , SO

Tleft ~ %, and thus
(23) Ao~ 22002 0,

We have already checked (Z5).

(Z6) says that V.(z) > =220 for 0 < & < Tiep; — Aﬁlog)xleﬁ, and that V,(z) >

[T —Z1eft |2

1 10
|x_0£3|2 for x4 + A£ )a:rt <z < o0.

9
The first assertion holds vacuously since Zjes; — A((;10 ).’L'left < 0. The second

assertion follows if we can prove that

(23 bis) Ve(z) > 52¥ for Agmg)mrt <z <oo.

In fact, V.(x) = “‘;1) + Ey — % > E(i—tl) for z > E%, hence for z > CZ /3, hence

for x > C'xy, by virtue of (22 bis). This implies (23 bis) since we are taking here

£> 7(197")_ So we have proven (Z6).



(Z7) says that (maxI,)/(minl,) < A%° ie. 10'8,Z— < C £(19°) by (23) and

22E,

the definition of I.. In fact, 1228EZ2 < g—z ~ Z2/3 while £19°) > 7. This proves (Z7).
(Z8) says that the constant ¢, which hasn’t yet been specified, is small enough.
Just pick ¢ small, and (Z8) is satisfied.
(Z9) says that A, is large, i.e. that £ is large. Here we take £ > 7(107°) with Z

very large. Hence £ is large. So (Z9) is proven.

Thus (Z0)...(Z9) are all satisfied. [

Now we know that both V (z) and V_.(x) satisfy (Z0). .. (Z9). To apply the Lemma
on Truncated Eigenvalue Sums, we still must check the assumptions made there on
E., namely lng(E*), Lgc(E,) are integers, qb(E ) < ¢(0) — 1, ¢e(Ey) < ¢e(0) — 1.
Here ¢(E) = [[*(E -V (z ))1/2daz ¢(E) = [S(E-V, (a:)) ?dz. Equation (11)
shows that %(ZSC(E*) is an integer. Moreover, for E < 1E, we have ¢.(E) = ¢(E).
In fact, Lemma 2 shows that V(z), V.(z) > 3 E, for x > z,, hence the region of
integration in the definitions of ¢(F), ¢.(E) may be changed to (0,z.). In that
region, V(z) = V.(z), so ¢(E) = ¢.(E) for E < 1E,. In particular, 1¢(E) is an
integer. To check that ¢(E,) < ¢(0) — 1 and ¢.(FEx) < ¢.(0) — 1, we prove the
stronger statements ¢(E,) < ¢(3E,) — 1 and ¢.(E,) < ¢.(3E,) — 1. These two

statements are the same, so we may just look at ¢., which is given by %gbc(E) =

W — £+ 1), by Lemma 1. Thus we must show that
Z VA 1
(24) ”2 (Ey — E,)" Y2 < %(EO—EE) 2 _q

in order to verify the hypotheses of the Lemma on Truncated Eigenvalue Sums.
From (14 bis) we have —F, > ¢Z3 710, hence —F, >> Ey. Therefore, (Eg— E,) >
3(Eo—3E.), 50 (Bg— 3E,)"Y2—(Eg—E,) Y2 > (Ey— 1E)~Y2-(1—(3)"Y/2) >
¢c|E,|7Y/2. Hence, (24) holds provided |E,| < Z2~ 0. Since m, ~ (Zz,)/2, we
have

Ve 72 VA 7Z
< < 5~ — .
Amy +LL+1)]2  Alme + 2L+ 1)]2 4Ami z.

(25) —E,=—FEo+



In particular, |E,| = —F, < 72~ 100 since z, > Z 100,
This completes the proof of (24) and allows us to use the Lemma on Truncated

Eigenvalue Sums. We get:

2 [ 1o _
X=—o| (~V (@) dz T (2) - (~V (@), dz
T, n—1_,1 1 2 [ 3/2
+ (0 0) X(;¢(°)‘§)+{37/0 (B. - V(@) s
(26)
1 ° " ! -
5 ), V" ) (B~ V() dm+2—7;(¢ (E.) "' = =¢(FE.)} + Frror
with
(27) [Error| < CpA*2 ian S(z) .
V(:)€<E*
__2 = _ 3/2 L " -1/2
Xo= o [T (V@) d+247r/V V(@)Y
_ 1
+2(040) R 60(0) - )
2 [ 1o
+{§/O (B. — Vel)) 2 - [ V@) (B - Vila)), Y2 gy
(28)
+ 57 (6L(B)) 7 - %qsc(E*)} + Error,
with
(29) [Error,| < CuAie—? inIf Sc(x) .
Vc(mme)<cE*

Here, Cy is as in the Lemma on Truncated Eigenvalue Sums.
We know that ¢(E) = ¢.(E) for E < 3E,, so ¢(E.) = ¢c(Ex), ¢/ (Ey) = ¢L(E.).
Also, V(z), Vo(z) > E, for > z,, and V(z) = Ve(z) for < z,. Hence (E, —

V(@) = (Ba=Ve(@) Y and V(@) (B.~V(2)) [ ? = VI (@) (B~ V()]



This shows that the expressions in curly brackets in (26) and (28) are equal. So
(26)...(29) imply:

2 [ 3/2 1 > —1/2
X Xe=—oo | (V@) drt g [ V@) (- V@), e
T 0N (L a(0) — L
+ T 0) 700 - 1)
2 [ 3/2 1 * —1/2
+3 i (—Vc(a:))Jr/ dr — o1r /., V! (z) - (—Vc(x))+ s
T -1_,1 1
(30) - §(gb'c(0)) X(—¢c(0) — —) + Error, ,
T 2
with
(31) [Error;| < CypA*™2 ian S(z) + CyAie2 léllf Se(x) .
V(5)<E. V. (2)<E.

Againrecall that V (z), V.(z) > $ E, for z > z,. Hence the inf’s in (31) occur over
subsets of (0, z.), where V(z) = V.(z) and S(z) = S.(z). Also, from (Z0)...(Z9)
applied to V and V., we know that V(z) < F, implies z € I, and V.(z) < E,

implies x € I.. Therefore,

(32) inf S(@)= if Sc(z).
V(JE)(E* Vc(w)<E=«

Let us compute the right side of (32). In fact, {V.(z) < E,} is a non-empty

interval (z_, x4 ) whose endpoints are obtained by solving e(t;_tn +(Eo—E,)—-Z =

Hence

Z VA
i f = ] f —_— = — = Z
a:lgIc Sc(a:) (acir,lu) x T4 [

Z—\/Z2 -4l +1)(Ey— E,)
20(¢+1)

4L+ 1)(Eo — Ey)y1/2 72 CLl+1)(Ey — Ey)
T2+ 1) [1_{1_ Z2 } } St 72
:CI(EO_E*)SC”‘(_E*)SC”IE,

T

by (25). Putting this into (31), (32), we obtain

Z
(33) [Error;| < Cy (A*72 +£%72) . = |

T



since A, ~ £. We can simplify (33) a little, because
(34) At >t

To see this, write

(35) A_]‘:/ dz Z/ dz
v@<oy A@)B(@) T Jiv@)<oino,e.) A@)B(T)

/ dz >/ dz
(Ve(2)<03n(0,2.) Ae(®)Be(®) = J{jo—so|<czotn(0,m.) LY 23/

> 3 [&(Zz) 2]
% < % < w = %x*, so {|z — zo| < cxo} N (0,24) =

Here, ¢ =
{|lz — xo| < cxo}, and (35) becomes A1 > ¢(Zxo) "2 = ¢(20(£ +1))"1/2 > o1,
proving (34). Hence, (33) simplifies to

4e—2 4
(36) |Errorq| < CpA*™*—

*

Our basic results are (5), (18), (30) and (36). We rewrite (30) using the fact that

%qﬁc(E) = 3@ E)1/2 — v/£(£+1). In particular, (gb’ (O))_1 = 1(%%(0))_1 =
_ 3/2 ~

%(4(EOZ)3/2) = —2EZ ) SO %((/52(0)) ( ¢c(0) — —) = 2E X(2E1/2 — VLl +1)—

1). Also, note that A4€_2£ > 0645_2£ >> 7100

Thus, (5), (18), (30) and (36) imply the following result, which strengthens the
First WKB Eigenvalue Sum Theorem when £ << (Zz,)'/2.

Second WKB Eigenvalue Sum Theorem. Suppose V(zx) is a smooth potential
defined on (0,00), I C (0,00) is an interval containing {V (z) < 0}, and S(x), B(z)
are positive functions defined on I. Also, lete, K, N, £, Ey, Z, x4 be given.

Assume the hypotheses (Z0)...(Z9) of the WKB Density Theorem, and assume
that V(z) has an exact Coulomb singularity with parameters (£, Fo, Z,x.). (That
is, assume (CS1)...(CS6)). Finally, suppose £ > Z(107").



Set H = —% + V(x) on (0,00) with Dirichlet boundary conditions. Then the

sum of the negative eigenvalues of H is given by the equation

sneg(H) — sneg(H,) =

9 [ ) Lo »
g )y V@t g [V @) (V@) e
/ -1.,1 1 2 0o
@O0 = 3) + o [ (V@)
1 <, _ 932 oz )
- 24 J, Ve'(a)- (—Vc(a:))+1/2da: B ZO X(2E3/2 — Vel +1) - 5)
+ Error ,

with H, = —% +V.(z) on (0,00) subject to Dirichlet boundary conditions, Vy(z) =

{5 | By~ Z, and |Error| < A%=2Z  Recall that ¢(E) = [;°(E - V(x))lﬂdx)

_I_
§(B) =1 [&(B - V(@) do, 3(t) = mingez [t — b — 1 — &

2 12°




EIGENVALUE SUMS FOR DEGENERATE POTENTIALS

In this section, we derive crude versions of the Second WKB Eigenvalue Sum
Theorem that hold under weakened hypotheses. The idea is as follows. Sup-
pose H = —% + V(z) on (0,00), (Dirichlet b.c.) with V(z) having an exact
Coulomb singularity (i.e. smooth on (0, 00) and satisfying (CS1)...(CS6) for suit-
able (¢, Ey, Z,z,)). We pick E, € (-2 - 582 50 that

3T«
min |E, — (Eo — Z—2)| > 77500
neEZ * 4n? )

It V(z) > %E* for © > z,, then the hypotheses of the Lemma on Low Eigenvalues

in Coulomb Singularities apply. Hence, with H, = —% + Ve(x), Ve(x) = “‘;gl) +

FEy— %, we have

(1) (B = By = Y (B - By < 270,
k k

where {E}} are the negative eigenvalues of H and {Ef} are those of H..

Now let

N (E) = number of eigenvalues of H which are < E

N.(E) = number of eigenvalues of H. which are < E' ,

and suppose we can prove that

@) V() - %/ (B~ V(@) %ds| < C for E € [F.,0] .
0

We have also

3) NL(E) - %/ (E = Vo) 2| <€ for B € [E., 0],
0

by virtue of our explicit knowledge of the eigenvalues of H. and of the integral

0 1/2
wJo (B- Vc(x))+/ dz = W — VAL +1).



For each Ejy < 0, we have

0
By + (E. — Ey)y = _/ Xo, B .
E.

Summing over k, we get

(4) sneg(H) + Z(E — Ex) 4 / N(E
k
Similarly,
(5) sneg(H.) + Z(E e / N.(E
Subtracting (5) from (4) and using (1), (2), (3), we conclude that
B _ 1 1/2
sneg(H) — sneg(H,.) = E V(z dx dE
(6) + 1 / / (E = V() 24w dE + Brror,
TJE.Jo
—100 / 4
(7) |Error| < Z + C|E, | < C'—
Note that
! /O /OO(E V(@) drdE = L /Oo{/o (E - V(x))?dE)}dz
™ + T Jo +
/ { 3/2 (E' -Vi(z )3/ }da: and similarly for V.(z) .
Since V(x) = V.(z) for z < z,, while V(z), V.(z) > E, for > z,, it follows that
(Ex —V(z ))3/ 2 (Ex — Vc(x))i’r/2 everywhere. Thus

__// (E-V(2) dedE + - // (E - Vi(z))} *dz dE

Note that the quantity in curly brackets vanishes near r = 0, although (—V(a:)):;/2

fails to be integrable when V(z) ~ —Z near z = 0.



Putting (8) into (6), (7), we get

(9) sneg(H) —sneg(H,.) = / {(- 3/2 — (-Ve(= ))3/2}dx + Error
with

Z
(10) |Error| < Cas_ :

So proving (9), (10) for potentials with exact Coulomb singularities is reduced
to proving (2), which concerns the number of eigenvalues < E. To establish (2), we

use our previous results on degenerate potentials.

Theorem 1. Suppose V(z), S(z), B(x) satisfy hypotheses (Z0)...(Z8), and also
suppose V (z) has an exact Coulomb singularity (CS1). .. (CS6) for a given (Z, Ey, Z,z,).
Assume Eqiy < —3Z, with Eeiy as in (20). .. (Z8). Assume also V(z) > —3 Z for
x>z, SetVe(z)= e(i—tl)—}—EO—%. Then for H = —%—I—V(m), H.= —W—i-Vc(x)

on (0,00) with Dirichlet boundary conditions, we have

3/2

sneg(H) — sneg(H, / {(- — (=Ve(2) )3/2}dx + Error ,

with |Error| < C’%. Here, C depends only on the constants in (Z0)...(Z8) and in
(CS1)...(CS6).

Proof.

Take E, € (—22,-8 Z) such that min|E, — (Ey — Z5)| > Z75°. Then

* * n
Eu.it < E, <0, and V(z) > %E* for £ > x,. For E € [Ecst,0], and hence for
E € [E,,0], Theorem D2 from the section on WKB Theory with weak turning

points implies (2). Hence (9), (10) follow, and Theorem 1 is proven. [ |

For Hypotheses (Z0)...(Z8), see “Review of Previous Results”, part G.

Theorem 2. Suppose V(z), S(x), B(z) satisfy hypotheses (20)...(79), and sup-

pose also that V(x) has an exact Coulomb singularity (CS1)...(CS6) for a given



(4, Ey, Z,x,). Assume V(z) > —% for x > x,. Assume V(2xy) < —%, and

assume

(1) [ V@)Y - (G - V) e < .

where xy, T, are as in (Z0)...(Z29). Set V,(z) = e(i—tl) + Eo — Z. Then for
H= —%-I—V(:c), H.= —%—FVC(JC) on (0, 00) with Dirichlet boundary conditions,

we have

3/2

sneg(H) — sneg(H,) / {(- — (=Ve(z) )3/2}d1‘ + Error ,

with |Error| < C’%. Here C' depends only on C in (11), and on the constants in
(2)...(79) and in (CS1)...(CS6).

For hypotheses (Z0). .. (Z9) see “Review of Earlier Results,” section E.

Proof.

Take B, € (-52,-4%), such that min|E, — (B — Z)| > Z7%° Then
V(z) > 1E, for x > z,, and V(2z9) < E.. It is enough to establish (2) for
E € [E,,0]. Hence, it’s enough to establish (2) for E € [V (2zg),0]. Since N (FE)
is monotone, (11) shows that it’s enough to establish (2) for £ = 0 and for
E € [V(220),V(321)]. These follow from Theorem D1 in the section on WKB
Theory with Weak Turning Points, together with Lemmas E1 and E2 from the
section “Review of Earlier Results,” part E. Note that the semiclassical approx-

imation to N(E) is given in Theorem D1 as = [, E — V(:c))l/ dz. Since

center (

f(o 00\ Leenter (E - V() +/ dx < C here, the conclusion of Theorem D1 is equiv-

alent to (2). [

Theorem 3. Suppose V(z), S(z), B(z) satisfy hypotheses (Z0V)...(Z7). Sup-

pose also that V(x) has an exact Coulomb singularity (CS1)...(CS6) for given



(¢, Ey, Z,,). We take the same z, in (Z0V)... (Z7) as in (CS1)...(CS6)]. We

make the following additional assumptions:

Ty 3Z
(12) V) <o
4
(13) V(z) > ~3 7. for x>z,
(14) V(z) > —C’x%iga:_4 for x> xyig .
(15) [ V@)Y - (VG - V) e < .

with x1 as in (Z07)... (Z7).
Set Ve(z) = e(i—tl) + Ey — % Then for H = de +V(z), H. = d$2 + Ve(z)

on (0,00) with Dirichlet boundary conditions, we have
sneg(H) — sneg(H / {(- 3/2 — (-Ve(=) )3/2}da:+ Error ,

with |Error| < Z—*Z Here, C depends only on C in (15), and on the constants in

(Z0%)...(Z7"), (CS1)...(CS6), and (14).
For hypotheses (Z0")...(Z77), see “Review of Earlier Results,” part F.

Proof.

Take E, € (—3%, -3 1), with min | B, — (Eo— Z2)| > 275, Then V(z) > 1E,
for z > z,, by (13). As before, it is enough to prove (2), and by (15) we need only
look at £ = 0 and at E € [E,, V(521)]- By (12), [Ey, V(521)] C [V(Fz), V(521)]-
For E € [V(&z.),V(321)], Lemma F2 in the section “Review of Earlier Results”
applies. Therefore, Theorem D1 in the section on WKB Theory with Weak Turning

Points gives

T # 2/3 x
(16) N(E)=0() + / T v s,

+
Q



where V(%) = E, £z, <% <

(17) /Om (B - V(@) ds < / (=V (@) dz = 0(1) .

Lemma F2 shows that |[E—V (z)| < C(A~2/3(%)-2)~2 for z € [§—CuA~2/3(%)-%, i,
because that’s contained in condition (H5) in the conclusion of Lemma F2. This

and (16), (17) imply

(18) N(E)=0(1) + %/(E ~ V(@) dz .

0

Now (Z2"), (Z5") show that V (z) is increasing in [Z, Tpig] C [z0, T1]U[T1, Tig). Since
V(Z) = E, we conclude that V(z) > E for € [Z, zvig|. Hence, (18) is equivalent

to

(19) N(E):O(1)+% /0 BV )2

From (14) we get (E — V(ac))Jr < (=V(@)), < Cagya for > wpig, s0 :vblg( —
V(x))}?dz = O(1), and (19) implies N'(E) = O(1) + 1 [°(E ~V(2))"/*dz, which
is (2).

Thus we have proven (2) for E € [V({52+), V(521)].

To complete the proof of Theorem 3, we must check (2) for E = 0. Lemma
F1 and Theorem D1 from the section on WKB Theory with Weak Turning Points

together yield

(20) N(@©O)=0(1) + = /m (=V(2) " *dz .

From (Z47) we get [;° (—V(ar:))l/2

dx = O(1).
From (Z57) we get [™ (—V (2))%dz = O(1).
From (14) we get foo (-V(z ))1/2dx = O(1). Therefore, (20) implies N(0) =

+1 =V ) / dz, which is (2). The proof of Theorem 3 is complete. |



THE THIRD WKB EIGENVALUE SUM THEOREM

Suppose we are in the setting of the WKB Theorem on Low Eigenvalues, with
E+ = 0. We assume the hypotheses (H0*)...(H6*) of that Theorem, and we make

the further assumption that
(1) 2738 < V($0) <0.

Our goal is to control the sum of the negative eigenvalues of H = —% + V(z) on
Igyp, with Dirichlet or Neumann boundary conditions.

In view of (1), the minimum of the potential is relatively small, so the hypotheses
of the First WKB Eigenvalue Sum Theorem break down. However, the ideas used
in its proof apply here, with fewer technical difficulties.

We begin by quoting Lemma B1 from the section on the WKB Theorem on Low
Eigenvalues. For E € (Emin, Fmax] = (V(20), V(z0)+A72¢S], we have phases ¢(E),
Y(FE) with

2 () a(m)| < Ofrs

3) \(d%)ﬁ b(E)| < Chr1s
d 5

(4) TE0E) Z cxASTh

Throughout this section, cx, Cx etc. denote constants depending only on ¢, ¢,

", Cq, €, K, N in (HO*)...(H6*). Setting ®(E) = L¢(E) + 5-¢(F) — 1, we get
(5) ‘(i)%(E)‘ <CPASP
dE - #

(10062 2



for E € (Emin, Emax)-
Let (tmin, tmax] = <I>((E'min, Epax]). Then for t € (tmin, tmax], the equation ®(E) =t

has a unique solution E = E(t) € (Emin, Emax]), with

(7) ‘(%)mE(t)‘ < CRpSA™
d -1
(8) ZE(t) > ey ST

We pick E, € (V(z¢),0) with ¢(FE,) < A~2, and with F, less than all the eigenvalues
of H.

Let ag = ®(E,), and let by = ®(0). Since Emax = V(z0) + A7%S > 2A72°S by
(1), it follows from (6) that

1
tmax = ®(Fmax) > c4AS™" - SATS + (0) = cp A + b

Thus,

9) tmin < @0 < Do < tmax — cA' 7%¢,  and
1 -1

(10) |a0 + §| < C#)\ ;

Next, we control the non-positive eigenvalues of H, by applying the WKB Theo-

rem on Low Eigenvalues. The non-positive eigenvalues are Ey, E1,..., E_. , with
(11) |®(Ey) — k| < CpA* 2,

(12) {0,... ,kmax} =ZNJa,b] ,

(13) a = Qg

(14) b= by + wp;



(15) |whi| < C#)\45_2

1 ;=0 if min|by— de-2
(16) wpy =0 i Iknel%\bo k| > CuA

We leave to the reader the task of deducing (12)...(16) from the WKB Theorem on
Low Eigenvalues. Note that a < b. If |ag — bg| > CzA**~2, then this follows from
(9), (13), (14), (15). If [ag—bo| < CA**~?, then (10) gives [bo+ 3| < CLA™ << 1,
so mingez |bo — k| > 2 — CgA™" > 1, and (16) gives wp; = 0. Then (9), (13), (14)
show that a < b. Hence a < b in all cases.

We use (11)...(15) and the Lemma on Riemann Sums to control

kmax

sneg(H) = Z Ej .
k=0

Since tmin < ag = a < b < bg+ 1 < tmax by (9), we have [a,b] C (tmin, tmax],
so that each k from 0 to kmax belongs to the domain of E(t) by (12). Hence for
0 < k < kmax, we have

|E, — E(k)| <  max |%E(t)\ - |®(Er) — ®(E(K))

- te (tmin ytmax]

d
= max ] |%E(t)‘ . |@(Ek) — k| < C#S)\_l . C#)\4e_2

tG (tmin ,tmax

by (7), (11). Thus,
(17) |Ex — E(k)| < CgSA*™3 for 0 < k < Epay -
We estimate the number of Ej. Evidently,

kmaXSC#—i-(b—a)SC;#—i-(bo—ao)

dd
< C! -
S Cp+ Oy Be (B Brnar] | dE

< Cly+ CyAS™H- A28 < Oy~

(E)| : ‘Ema,x - Emin|



Thus,

(18) 0<b—a<CuA'™2  and

(19) Fmax < CpAl™2¢

kmax

From (12), (17), (19), we see that | >, Ex— Y. E(k)| < CgSA*72 ie.

k=0 keZN[a,b]
(20) sneg(H) — > E(k)| < CpSN*2.
k€[a,b)NZ

Since a < b, estimates (7) and the Lemma on Riemann sums yield

b
(21) S B = / E(t)dt — E()x_(b) - E(a)x, (a)
k€[a,b)NZ @
1 dE(t 1 dE(t i
2 di) Lzb x() =5 di) L:a x(a) + Erroro .
with
b
(22) |Errorg| < CuSA™2 + Cy / SA™Ndt < ClLSAT?

by (18). Combining (20)...(22), we get

b
(23) sueg(H) = [ E()dt ~ EG)x_ (1) - E(@)x, ()
+3E(DX0) ~ 57 (@5 (a) + Frron
with
(24) [Error;| < CypSA%*2 .

We study in turn each of the terms on the right in (23). Regarding the integral, we
have

b bo
‘/ E(t)dt — E(t)dt‘g max ()] - |b ~ bo)
a a

te(tminatmax

< CuA ™28 - Cpd®e2 = CuA> 28 | e

0



b bo
(25) / E(t)dt = E(t)dt + Errory , with |Errorg| < CxSA*72 .
a ag

We postpone discussion of the integral from ag to bg.

Next, [E(b)| = |E(b) — E(bo)] < maXie(tmn tmer] | T | - |b — bo| < CeSA~T-

C#)\4€_2 < C’#S)\4€_3. Throwing away information, we conclude that
(26) [E(b)x_(b)| < CypSA*~2.

Next we study —E(a)x, (a). Recall that E(a) = E, and a = ®(E,) = 2¢(E,) +

T

LoyB) -1 = ¢+ Loyp(B) — L with [¢] < A2, [p(E.)| < CxA~l. Hence,
k = (smallest integer > a) =0, s0x, (a) = k—a—1/2 = —{— 5= (E,) with [¢| <

A~2. We conclude that

E.y(E,
(27) B, (@) = + 0 | oy
with
(28) |Errors| < A7?|E,| < CpSA™2 << SA*72 .

Next we study E’(b)x(b). Recall that x(-) is Lipschitz continuous, and that

b= 26(0) + z57%(0) — 5 +whi = ;$(0) — 3 + & with || < CxA~". Hence

50) ~ X(-6(0) — 5)] < A"

e
Also,
|E'(b)] < CxSA™!  and

|E'(D) — E'(bo)| <  max _|E"(t)|-|b—bo| < CuSA™2- Cprte?

te(tminvtmax]

< CuSAt,

These estimates show that

(29) [SEO)R0) ~ 5B G (6(0) - )|
1 1

< SIE O] [%0) ~ XC-6(0) — 5)| + 5 1B®) B (o) - [(C-4(0) — )]

< CuSA1 - CuA™ ' + CuSA 1 < CuSA2 .



Also, by definition of ®(FE) and E(t), we have E’(by) = (®'(E) ‘E:E(bo))_l =
(36/(0) + g55¥'(0)) " since E(by) = 0. Thus,

1. _ Ty -1 1 4'(0)\~1
EE(bo)—g(Cb(O)) (1+@¢’(0)) :

From (3), (4), we get |1£,’§8;| < CygA™2 s0

1 .
|5/ (bo) = g(gb'(O)) N < CyAT2IE (b)| < CypA ™2 - SA™1 = CySA™3

Combining this with (29), we find that

(30) FEOR0) = +5 (#(0) " R(E6(0) - 1) + Brrors

with [Errory| < CxSA™2 .

Next, we examine the term — E’(a)x(a). Since E(a) = E,, we have as above

(o) = (¥(B) " = (o (B) + -0/(B)
=~ 5) " 0+ o)
with il’gig < CgA™2 by (3), (4). Therefore, |E'(a) — ﬂ'(gb’(E*))_1|

< CuA~2|E'(a)| < CuSA3, since |E'(a)| < CuSA~L.

We turn our attention to

%(0) = X(9(B) + g b(B.) — 3) = UE )

with |¢] < C#)\_l .

The definition of ¥ gives therefore (a) = mingez [(E—1/2)—k—1/2|?— 5 = £2- 4,

ie. |X(a) + 15| < CxA2. Thus,

_ %El(a))z(a) _ (—%)(W(QSI(E*))_I) ) (_%)‘
< %|E'(a)\ -|x(a) + 11_2| + % ' (%) -|E'(a) - 7T(¢I(E*))_1‘

< CpSATL - CyA™2 + CpSA3 < CLSA2.



So

1 —
(31) ~5 B (@)%(e) = +%(¢'(E*)) '+ Errors ,
with [Errors| < CxSA™3 .
Now we can substitute (25), (26), (27), (28), (30), (31), into (23), (24) to obtain

the following result.

bo E. L 1
(32) Sneg(H) = u E( ) 48T (E*) + g(¢l(0)) 12(;¢(0) B 5)
+2_7;(¢’(E*))—1 + Errorg , with |Errorg| < CpSA*72 .

Next, we evaluate the integral in (32). The computation of the corresponding
integral in the section on Truncated Sums of Eigenvalues carries over here word for

word, to tell us once more that

bo
2 /24 2 3/2 4
i IBVJ Vi) g [ (B V@)
1 1 —-1/2 1 . 1/2
i E Igvp v (x) (_V(.I'))+ dz — E Inve 14 ( ) (E V(JZ))
Putting this into (32), we find that
2 1 124
Sneg(H) B _3_7T Ipvp (_V( ))3/2d * E IBVPV (.CC) ( V(.CC)) 1/2d£l7
2 3/2 1 Y 1/2
- 3_7T Igvp (E* V(x))+ 247 Igvp v (:13) (E V(-T))
" (¢ -1 _ B T ony—1/1 1
+gg (@ (B) 7 = (B + 5 (61(0) X (Z40) — )
(33) + Errorg ,

with |Errorg| < CuSA%~2.
Next, we let E, tend to V(z() and pass to the limit in (33). As in the proof of

the First WKB Eigenvalue Sum Theorem, we have

. 3/2
lim E,—V(z
E, \(V($0) IBVP( ( ))

dr =20,



E,

lim E)=0,
E*\V(mo) ™ qs( )
m -1 1 ~1/2
1 ! E* - o . E* - d = .
pim AW @) - o v (2) - (B — V() ?dz} = 0

Using these results to pass to the limit in (33), we obtain the following Theorem.

Third WKB Eigenvalue Sum Theorem. Suppose we are in the setting of the
WKB Theorem on Low Eigenvalues, with Eo, = 0. Assume hypotheses (HO*). .. (H6*)
of that Theorem, and assume also —\"3°S < V(xo) < 0. Then the sum of the nega-
tive etgenvalues of H = —% +V(x) on Isyp, with Dirichlet or Neumann boundary

conditions, is given by

3/2 1 ' —1/2
H)y=-— . = (-
sneg(H) o IBVp( V(z )) dx + Y IvaV (z) - ( V(a:))+ dx
s 1
+ 5 (¢'(0)7'X(=6(0) - 5) + Error
with |Error| < A%728.
Recall that $(E) = [, (E - V() dz, ¢'(B)=1 [, (E-V(x)), " dz, and

X(t) = mingez |t —k-1? - 5-
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