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INTRODUCTION

Let H = —A + V be a Schrodinger operator on R3, and let Ej, @r(z) be the
eigenvalues and (normalized) eigenfunctions of H. We will study the eigenvalue

sum and density, defined by

(1) sneg(H) = Z E .
(2) ple) = len(@)]® (z€R?).
E, <0

The standard “semiclassical approximations” to these quantities are

(3) sneg(H) = —15lﬂ_2 /R3 (—V(JU))j_/%lx , and
1 3/2
(@ (o) % g (V (@)

(See [L].) Here, t5. =t*if t > 0,5 =0if t <O.

In [FS1], we announced the proof of a precise asymptotic formula for the ground-
state energy of a non-relativistic atom. To give the proof, one must understand and
refine (3) and (4) for a particular radial potential V%, the Thomas-Fermi potential
for an atomic number Z. (See [L].) In [FS3], we reduced the asymptotic formula of

[FS1] to the task of proving that

(5)

_ 1 5/2 z? 1 1/2 5/3—a
sneg(H) = T /RS( V() dot+— T /Rs( V(z))"AVdz+0(Z )
and

/R3xR3 / p(@) 6L (x))iﬂ} [,O(y) - 6—;(—V(y))i/2] dzdy — O(Z5/3—a)

lz —y|

for V = VZ, with a > 0 independent of Z.
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Simpler and sharper reductions of [FS1] to (5) and (6) have been given by Bach [B],

and by Graf-Solvej [GS]. The purpose of this paper is to prove (5) and (6), with

1

@ = 150>

for a class of radial potentials that includes V7. This completes the proof
of the results announced in [FS1].

Our proof of (5) and (6) is based on separation of variables. In [FS2, 4, 5] we
made a careful study of ordinary differential operators. In [FS7], we used our ODE
results to prove (6) for radial potentials V' that satisfy a “non-resonance condition.”
The non-resonance condition is related to the scarcity of periodic orbits of a classical
particle in the potential V. Here, we again use our results on ODE to show that (5)
holds also, provided V' satisfies another non-resonance condition, similar to that of
[FS7]. Then we will show that the non-resonance conditions hold for a class of radial
potentials including VTZF. Our proof of the non-resonance condition uses elementary
number theory, together with an inequality for the Thomas-Fermi potential proved
in [FS6].

We believe that (5) and (6) can be proven for the Thomas-Fermi potential for
a molecule, with errors o(Z%/3). Moreover, we believe that the leading number-
theoretic corrections to the density and eigenvalue sum for an atom can be computed
rigorously. See Cordoba-Fefferman-Seco [CFS], as well as the introduction to [FS7].

We thank Maureen Schupsky for the skill and effort she has devoted to Texing

our long, highly technical papers.
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REVIEW OF EARLIER RESULTS

A. Eigenvalue Sums for Ordinary Differential Operators.

The results of this section are taken from [FS5].
I. The First WKB Eigenvalue Sum Theorem
Set-Up: We are given positive numbers ¢, K, N, ¢; two intervals I C Igyp (possibly
unbounded); a point o € I; a potential V(z) defined on Igyp; and two positive

functions S(z), B(z) defined on I. Our assumptions are as follows.

Assumptions Concerning V (z), S(z), B(x) on I.

(Z0) If z,y € I and |z — y| < ¢B(x), then ¢ < gggg <Candec< ggg <C.

(Z1) If x € I and « > 0, then ‘(%)QV(JZ)‘ < CoS(z)B~*(x).

(Z2) The set {x € I | V(z) < 0} is a non-empty interval (Zies;,Zrt), with
dist (Z1efy, OI) > cB(Z1ery) and dist (24, 0I) > c¢B(1).

(Z3) We have V(z) < —cS(z0), V'(z0) = 0; and for |z — zo| < ¢1B(zo) we have
V"(z) > cS(x9)B~2(x0).

(Z4) For zier; < © < 9 — c1B(x9) we have —V'(z) > ¢S(z)B~(z); and for
xo + c1B(wo) < x <z we have +V'(z) > ¢S(z) B~ (z).

Define A\(z) = SY2(z)B(x) for z € I, and set
Trt d.’E -1
A= — .
(/m A(az)B(az))

left

Assumptions Concerning V(z) on all of Igyp.

(25) We have V(.’l?) > (0 for all x € IBVP\[xlefta Zﬂrt].

(Z6) For all z € Igyp with & < T1er; — AK B(z1e1), we have V(z) > 220 =5 and

= |z—z1es

1000
> |z—zrt]2

for all x € Igyp with > zx + AKX B(z,), we have V (z)
Polynomial Growth Assumptions on S(z), B(z), 1.

(Z7) We have max,cr B(z) < AX minger B(z); maxzer S(x) < AK mingcr S(z);

and |I| < AX - minger B(z).
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Smallness of the Constant c.

(Z8) The constant ¢ is bounded above by a certain small, positive number deter-

mined by €, K, N, ¢, C, ¢, C,.
The WKB Hypothesis.

(Z9) A is bounded below by a certain large, positive number determined by ¢, K,
N7 ¢, Ca C1, 67 Ca-

Let H=— % +V(z) on Igyp, with Dirichlet or Neumann boundary conditions;

and let sneg(H) be the sum of the negative eigenvalues of H. Our basic result on

sneg(H) is as follows.

First WKB Eigenvalue Sum Theorem.

sneg(H) = —% I (-V (@)3/2 dr + ﬁ f V() - (_V(g,;)):r

1/2 dir

+ 2 (@) X(0(0) ~ ) + Error ,with

[Error| < A% 72|V ()] .

Here, $(0) = [, (~V(2))*dz, and ¢/(0) = L [, (~=V(2))]"*de, and () =

minkez |t—k‘— —‘2 — ﬁ

I1. The Second WKB Eigenvalue Sum Theorem

Suppose we are given a smooth potential V(z) defined on (0,00), an interval
I C (0,00) containing {V(z) < 0}, and two positive functions S(z), B(z) defined
on I. We will say that V(z) has an exact Coulomb singularity with parameters
(¢, Eg, Z, x,) if the following conditions are satisfied:

(CS1) V(z) = Ve(z) = 441 + By — Z for 0 < = < 10z,

(CS2) S(z) = £ and B(z) =z for z € I, z < 10z,

(CS3) £ is an integer, and 0 < £ < X (Zz,)/?

(CS4) cZ43 < By < CZ4/3
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1

(CS5) Z~100 <z, < Z~57 10
(CS6) Z is greater than a large, positive constant determined by ¢ and C in
(CS4) above.

Strictly speaking, these conditions pertain to V(z), S(z), B(z) rather than just

V(x), but this should cause no confusion.

Second WKB Eigenvalue Sum Theorem. Suppose V() is a smooth potential

defined on (0,00), I C (0,00) is an interval containing {V (z) < 0}, and S(z), B(z)

are positive functions defined on I. Also, lete, K, N, ¢, Ey, Z, x4 be given.
Assume the hypotheses (Z0)...(Z9) above, and assume that V(x) has an ezact

Coulomb singularity with parameters (¢, Eo, Z, z.). (That is, assume (CS1)...(CS6)).

Finally, suppose £> Z10°).

Set H = —% + V(z) on (0,00) with Dirichlet boundary conditions. Then the

sum of the negative eigenvalues of H is given by the equation

sneg(H) — sneg(H,.) =

2 [ 3/2 1 y -1/2
~3: /. (=V(2))Y dgz:+E ; V' (x)- (=V(2), dz
-1 1 1, 2 [
SO RGO =) + o [ (V@)
1 [~ _ 2B 7 1
“aar J, V@) (V@) e = T (s = VIR D =)
+ FError

with H, = —% +V.(z) on (0,00) subject to Dirichlet boundary conditions, V.(z) =

1/2
_I_

HD) 4 By — Z and |Error| < A55_2£. Recall that $(E) = [[°(E — V()

2

dx,

o} —-1/2 ~ .
¢ (E)=73 [, (E— V(ac))Jr / dz, x(t) = mingez [t — k — 3> — .

III. The Third WKB eigenvalue Sum Theorem

Let e, K,N > 0 be given, with eN > 100. Let V(x) be a potential defined

on a (possibly unbounded) interval Igyp. Let S, B be positive numbers, and



6 Fefferman and Seco

let o € Igyp be given. Define A = SY2B. Let Es be a given energy, with

E > V(zp). We make the following assumptions.

HO0*) I = {|z — 20| < ¢B} C Ipvp

H1*) |(£)2V(z)| < CoSB~ in I

H2*) L.V > ¢SB2in I

(HO™)

(H17)

(H2*) 4=

(H3*) V'(z9) =0
(H4*) For z € Igyp\I we have V() > min{E.,, V(zo) + ¢’ X72¢S}.
(H57)
(H6~)

H5*

For z € Igyp with |z — zo| > 1AK B, we have V(z) > E, + 120

|z—xzo|? "

H6*) ) is bounded below by a positive constant depending only on ¢, ¢/, ¢, C,

n (HO*)...(H4*),and on ¢, K, N.

Third WKB Eigenvalue Sum Theorem. Assume hypotheses (HO¥)... (H6*)
with Eo, = 0, and assume also —\73¢S < V(zo) < 0. Then the sum of the negative
eigenvalues of H = —% + V(x) on Igyp, with Dirichlet or Neumann boundary

conditions, is given by

sneg(H) = _3% i (—V( ))3/2daz i ﬁ I V' (2) - (—V(a?))_l__l/Qda:
+ 2@ )7 X(_p(0) — 5) + Error,

with |Error| < %728,

1/2

Recall that $(E) = [, (B~ V() dz, ¢'(B)= 1 [, . (E~V(2)), " dz, and

X(t) = mingez |t - k-3’ - 5.

IV. Eigenvalue Sums for Degenerate Potentials

The following results are taken from the section on degenerate potentials in [FS5].
a. Set-Up. We are given a potential V(x) defined on a (possibly unbounded)
interval Igyp; positive functions S(z), B(z), defined on a subinterval I C Igyp; a

point x¢y € Igvp; an energy Foi¢ < 0; and a number § strictly between 0 and 1.
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Assumptions.

(Z0) For z,y € I with |z — y| < ¢B(z), we have ¢ < Bgyg <Candc< ggg; <C,
and || > ¢B(z).

(Z1) For z € I and o > 0 we have |(%)O‘V(m)‘ < CoS(z)B~*(z).

(Z2) For Eeiy < E <0, the set {zx € Igyp | V(z) < E} is a non-empty interval
(T1efs (E), 214 (E)) contained in I, with dist(zies(E), 0I) > cB(x1e(E)) and
dist (2 (E), 0I) > cB(xy(E)).

(Z3) For Eeqy < E <0, we have —V'(x) > ¢S(x)B~(z) for
T € [T1efs (E), Tiets (E) + c1B(w1e85(E))] and +V'(z) > ¢S(z)B~(z) for = €
[2e4(E) — c1B(@e(E)), Tee ()]

(Z4) For Eeiy < E <0, we have ¢S(z) < E -V (z) < CS(z) for z € [z (E) +
c1B(@1ee (F)), 220 (E) — c1 B(21(E))]

(Z5) V() is decreasing and C™ on [Bterior 0 (—oo, z1e5(0)].

(Z6) For Egiy < E <0, we have Ziegy (E) + cB(T1ett(E)) < Zeris-

(Z7) For E;, < E <0, we have

/ (E-v@), "t < 5/ (E-Vv@),
IgyvpN(—00,Zcrit] Igvp

_ —1
(Z8) A = ( [ wlrt“((og) W) is greater than a certain large, positive number

x

determined by ¢, C, ¢;, C, above.

Here, A\(z) = S'/%(2) B(x) as usual.

Theorem 1. Suppose V(x), S(z), B(x) satisfy hypotheses (Z0). .. (Z8), and also
suppose V (z) has an exact Coulomb singularity (CS1). .. (CS6) for a given (E, Ey, Z,x,).
Assume Eqpp < %, with Eeiy as in (20)...(Z8). Assume also V(z) > —5 = for
x>, SetV.(z)= e(i—tl)—}-EO—%. Then for H = —W+V(x), H,.= —W—i-Vc(x)

on (0,00) with Dirichlet boundary conditions, we have

sneg(H) — sneg(H, / {(- 3/2 — (—Ve(= )3/2}da¢ + Error ,
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with |Error| < C%. Here, C depends only on the constants in (Z0)...(Z8) and in
(CS1)...(CS6).

B. Set-Up.

We are given a potential V' (z), smooth on (0, 00). We take B(x) = x, and let S(x)
be a positive function on I = [zg, 1] C (0,00). As usual, we set A(z) = S¥/2(z) B(z)
on I. In addition to o, z1, we are given other points Zsmall, Tbig, Zerit, T+ € (0,00),
with

1 1 1
(1) 0 < Zgman < %0 200 < Terip < g Tx + T < T y 201 < Tnig -

Set H = —% + V(z) on (0, 00) with Dirichlet boundary conditions. Let Ey, ug(z)
be the eigenvalues and (normalized) eigenfunctions of H.

In addition to (1), we make the following assumptions.
Hypotheses.

(Z0) If 2,y € I and |z — y| < 3B(x), then ¢ < S(y)/S(z) < C.

(Z1) If z € I, then |(E) V(z)| < CoS(x)B~*().

(Z2) If z € I, then V(z) < —cS(z) and V'(z) > ¢S (x)B~(x).

(23) A= (/] @) B(z))_l is greater than a certain large, positive number deter-
mined by ¢, C, Cy in (Z0)...(Z2).

For z € (0, Zsman| we have V(z) > cz,

For € [Tsman, To] we have |V (z)| < Czy>

We have zpiz < Czy and V(z) is increasing in [z1, Zpig]-

For z € [ZL, zpig], we have |V (z)| < Cz7?.

For z € [pig, 00), we have V(z) > 0.

For E € [V (z.),0] we have

[ (B = V(o)™ dn <5 [ (B V()"

Theorem 2. Suppose V(z), S(x), B(z) satisfy hypotheses (20)...(79), and sup-

1/2 1/2

dx.

pose also that V(z) has an exact Coulomb singularity (CS1)...(CS6) for a given
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(4, Ey, Z,x4). Assume V(z) > —% for x > x,. Assume V(2xy) < —%, and
assume

(1) / {(~V(@))? (V(%xl)—v )Yz < C

where o, 1 are as in (Z0)...(29). Set V,(z) = e(i—tl) + Eo — Z. Then for
H= —%-I—V(a:), H.= —%22+Vc(a:) on (0, 00) with Dirichlet boundary conditions,

we have
sneg(H) — sneg(H, / { 3/2 (—Vc )3/2}dac + Error ,

with |Error| < C%. Here C depends only on C in (1), and on the constants in
(Z0)...(Z9) and in (CS1)...(CS6).

~. Set-up. We are given a smooth potential V' (z) on (0,00). We take B(z) = z, and
let S(x) be a positive function on I = [zq,z;] C (0,00). Let A(z) = SY/2(x) B(z) as

usual. We are given Ty, T«, Thig, satisfying

16

Ty, —
10

1
(1) 16x9 < Terit , 16Terip < 10 Ty < T1, 1621 < Tpig -

In addition to (1), we make the following assumptions.
Hypotheses.

(Z0") If z,y € I and |z — y| < 3B(z), then ¢ < S(y)/S(z) < C.
(Z1%) If z € T and o > 0, then ‘(E) V(z)| < CoS(z)B~%(x).
(Z2") If z € I, then V(z) < —cS(z) and V'(z) > cS(x) B~ (x).
(Z3") A= (/; NG B(w))_l is greater than a certain large, positive number deter-
mined by ¢, C, C, in (Z0%)...(Z2").

(Z4") |V (x)| < C/(mox) for z € (0, o).

(Z5") V(z) is increasing and negative in [Z, zpig], and satisfies there |V (z)| <

Q$1_2. Also, Thig < Cx.



10 Fefferman and Seco

(Z61) V(z) > —107%272 for z € [Tpg, 00).
(Z7) For E € [V(%2),0], we have
Tcrit —-1/2 %ﬂ)*
[r (B=V(@) P dw <6 [ (B - V()

Zo

4.

Theorem 3. Suppose V(z), S(z), B(z) satisfy hypotheses (Z0')...(Z7). Sup-
pose also that V(x) has an exact Coulomb singularity (CS1)...(CS6) for given
(¢,Eo, Z,x.). [We take the same x, in (Z0')... (Z7) as in (CS1)...(CS6)]. We

make the following additional assumptions:

@) V() <o

3) Vi) > —g = for a>u,

(4) V(z) > —Caia= forz > ong -

5) [ V@) - (Ve - v@) e <

with z1 as in (Z07)... (Z7").
Set Ve(z) = e(i—tl) + Ep — % Then for H = —% +V(z), H. = _% + Vo (x)

on (0,00) with Dirichlet boundary conditions, we have

sneg(H) — sneg(H,.) = —3% /Ooo{(—V(aj)):jr/2 — (—Vc(m))i/Q}dx + Error

with |Error| < % Here, C depends only on C in (5), and on the constants in
(Z07)...(Z7"), (CS1)...(CS6), and (4).
B. Approximate Thomas-Fermi Potentials.

The following results are taken from the section on the Density in an Approximate

Thomas-Fermi Potential in [FS7].
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Let V2 (r) be the Thomas-Fermi potential arising from a nucleus of charge +2
fixed at the origin. Thus, —A,VZF(|z|) = (const)|VZF(|z])|>/? on R3\{0}, and
VIF(r)= -2 4+ 0(Z*3) as r — 0+.

Recall that the size of VI (r) and its derivatives is controlled by the weight

functions

VA
(0) S(r)=— for TSZ_l/?’,S(T):T_4 forrZZ_1/3;
T

B(r)=r forall re (0,00) .

Specifically, we have
@) [(F)VZT ()] < CaS(r)r= (a>0),
(i) VIE(r) < —cS(r), and
(iii) £VFF(r) > eS(r)r='.
It will be important to study also small perturbations of the Thomas-Fermi

potential. Thus, we say that V(r) is an approximate T-F potential if it satisfies the

estimates
(1) ‘(dir)aV(r)‘ <CpS(r)r ® (alla>0), and
(2) ‘(%)Q{V(r) ~VET (M} S @Smr e (0<a<2),

with ¢ a small enough constant, determined by the C, in (1). In this section, we use
¢, C, C' etc. to denote constants determined by the C, in (1), and by the constants
g, N, a to be introduced later. We assume that Z is large enough, depending on
the Cy in (1), and on ¢, N, a.

Our goal is to understand the eigenvalue sum arising from the Hamiltonian H =
—A, + V(|z|) for an approximate T-F potential V. By separation of variables, we

are led to consider the one-dimensional eigenvalue sums, arising from the potentials

L(L+1)

Vilr) = =5

+V(r).
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When V = VT the behavior of the potentials V,(r) is very thoroughly understood.
Let us recall how Vp(r) looks.

Let Q be the positive root of the equation Q(Q + 1) = 11133((—7‘2V(r)), and
suppose the maximum is attained at » = 7. (The sizes of these quantities are
Q~ Z'3 and 7 ~ Z=1/3)) To describe V;(r), we distinguish between the two cases
1<4<(1-¢)Qand (1 -2)Q2 << Q for a small, universal constant €.

For 1 < ¢ < (1 —©¢)Q, there are numbers zes(¢) < x9(¢) < xyt(¢) with the
following properties:

Regarding the size and sign of Vp(r):
(3)  In (0,(1 — c1)1efs (€)] we have Vy(r) ~ ZE.

(4)  In[(1—c1)mien(£), (1+c1)zien(@)]  wehave |Vy(r)| ~ S | — 06, (¢)|

and V) (r) <O0.
(5) In[(14c1)zers () , (1 — c1)ze(£)] we have Vi(r) ~ =S(r).

(6) Tn [(1—c)zn(8) ,(1+ c1)ze(0)] we have  [Vo(r)| ~ S22 |r — g (0))

and V/(r)>0.
(7)  In [(1+4 c1)xp(£), 00) we have Vp(r) ~ e(er—tl).
Regarding the derivative of V;(r):

(8) In (0, (1 — c1)zo(f)] we have — V{(r) ~ 2&1.

(9) In[(1—ci)zo(f), (1+ c1)zo(£)] we have V)'(r) ~ S(r)r=2 and
Vi(wolt)) = 0.

(10) In [(1+c1)zo(®) , (14 c1)zet(£)] we have V/(r) ~ S(r)r—1.

Regarding the higher derivatives of Vj:
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Regarding the points Zief (£), £o(£), zr(£):

12 nen(®) o) . fons(8) — z0(8) ~ =
(13) T (£) ~ €71
Moreover,
(13a) Ziefs (£) < (1 — e1)xo(f) , 2o(£) < (1 —2¢1) i (£)
(13b) ¢ <1/2.

On the other hand, suppose (1 —¢)Q < £ < €. Then there is a point z¢(¢) ~

Z~'/3 with the following properties:

(14) In[(1—c2)zo(£), (14+c2)zo(£)] we have |(d%)an(r)‘ < CaS(z0(2)) (a:o(é))_a

and V}'(r) ~ S(r)r=2. At r = zo(¢) we have V/ =0 and -V, ~ w.

(15)  Outside [(1 — c2)zo(£), (1 + c2)ao(£)] we have Vy(r) > G,
Here, 0 < c2 < 1/2.

Using the properties (3)...(15) of V(r), we can verify the hypotheses of our
results from section A.IV above, on the eigenvalue sum. Specifically, we have the

following results.

Lemma 1. Set zg = g, Toig = 2910, g, = 27810 41 = 1/C, Trig = C, § =
CZ=3/? with C a large enough constant, determined by the Cy in (1). Then for £
= 0, the potential V,(r) satisfies hypotheses (Z0T)...(Z7") of Theorem 3 in section
A.IVa above, with the weight functions S(r) as in (0), B(r) = r. The constants in
(Z0T)...(Z7") depend only on the Cy in (1).

2

_ce _ 7—9/10 _ 7—8/10 _ ¢ _ 1
Lemma 2. Set To = —7 5 Terit — Z / > T = Z / » Lsmall = cz’ 1 = e’

Thig = (1 +c1)zw(4), 0 = CZ=3/20 with C a large enough constant, determined
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by the Cy in (1). Then for Z197° > ¢ > 1, the potential Ve(r) satisfies hypotheses
(Z0)...(Z29) of Theorem 2 in section A.IVB3 above, with the weight functions S(r)
as in (0), B(r) = r. The constants in (20)...(Z9) depend only on £ and on the C,

in (1).

Remark. Since the constants in (Z0). .. (Z9) depend on £, we can use Lemma 2 only

for 1 </ < Large Constant.

Lemma 3. Set I = I as in (11), 2y = 210, By = —2Z'8/10, 6 = CZ—3/20,
with C a large enough constant, determined by the Cy, in (1). Then for C < £ <
Z19°° the potential Vy(r) satisfies hypotheses (20). .. (Z8) of Theorem 1 in section
A.IVa above, with the weight functions S(r) as in (0), B(r) = r. The constants in
(70). .. (78) depend only on the Cy in (1).

Lemma 4. Set I = I; as in (11), and take K = 100%, take ¢ > 0 and N > 1. Let
¢ be a small enough constant, depending on e, N and on the C,, in (1).

Then for Z10° < ¢ < (1-2)Q2, the potential Vy(r) satisfies hypotheses (Z0). .. (Z9)
of the First WKB Figenvalue Sum Theorem, with the weight functions S(r) as in
(0), B(r) =r. The number called A in (Z0)...(Z9) is of the order of magnitude £.
The constants in (Z0)...(Z9) depend only on e, N, and the Cy, in (1).

Lemma 5. Suppose (1 —¢)Q < £ < Q —cQ7/*3. Set S = 9(2;2)7 B = 7:(%_17?21/2,
and define I = [xo(£) — h,zo(£) + h], with h = min(cyzo(£),CB) and C a large
constant determined by the Cy, in (1). Let € > 0, N > 1 be given. Set K = 100%,
and let ¢ be a small enough constant, depending on e, N and the C,, in (1).

Then the potential Vy(r), the weight functions S, B, and the interval I satisfy the
hypotheses (Z0). .. (Z9) of the First WKB Figenvalue Sum Theorem. The number

called A in (Z0)...(Z9) is of the order of magnitude (2 — £). The constants in
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(Z0)...(Z9) depend only on e, N and the Cy in (1).

Remark. The reason for using S, B, I as above is that |minV;| ~ S, V;/ ~ SB~2

at xo(£), and I is comparable to {V < 0}.

Lemma 6. Suppose Q —cQ7/*3 <1 < Q. Set o = x0(£), S = S(x), B =xo. Let
e >0 and N > 1 be given. Take K = 100%°. Then the potential Vy(r) satisfies the
hypotheses of the Third WKB Eigenvalue Sum Theorem, with A\ ~ SY/2(7)# ~ Q.
The constants in the hypotheses (HO* ). .. (H6*) depend only on e, N and the C, in

(1).

Remark. The version of Lemma 6 stated in [FS7] trivially implies the version stated

here.
We shall also need to understand the function
(16) W(r) = —r?V(r)
when V' is an approximate T-F potential. Set
(17) S(r) = r2S(r) = min{Zr,r2} forr >0.
Then we have the following result.
Lemma 7. The function W (r) satisfies

d )aW(r)‘ < CaS(r)r=® forr>0, a>0.

(18) (5 <

Moreover, W (r) has a single critical point r = 7, at which we have

(19) Z7VB <F<CZ7Y3 and
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(20) —W"(#) > cS(F)(F) 72 .
Given any c; > 0 we can find ca > 0 depending on ci such that

(21) W' (r)| > caS(r)r™t  for |r — 7| > 17 .

Sketch of Proof. Estimates (18) follow at once from (i) above. When V' = Vg, the
estimates (19), (20), (21) follow by rescaling from the case Z = 1, which in turn
follows from the section on Elementary Properties of the TF Potential in [FS7].
Hence, (19), (20) and (21) hold for any V' that satisfies (2). Details are left to the

reader. W

We close this section by noting that the Thomas-Fermi potential satisfies

d VA

(22) ‘(%)a{Eo - ViEe(T)} < CoZ3%r 2 %for a >0 and 0 < 7 < cZ7 /3,

with a constant Ej satisfying
(23) cZ*3 < By < CZ*3 |

These standard estimates follow, e.g. from Lemma 1 in the section on Elementary

Properties of the Thomas-Fermi Potential in [FS7].
C. The Density in an Approximate T-F Potential.

The following are the main results of [FS7].
Let V¥ (z) be the Thomas-Fermi potential on R3. Thus —AV}F = (const.)|VFTF[3/2
on R3*\{0}, and

Z
VZTF(a:):—m +0(Z*3) asz—0.

Let V(z) be a radially symmetric potential on R3. We write also V(r), VZE (r) as

functions of one variable. Assume

(1) ‘(%)QV(T)‘ < Cur™® min{%,r“‘} fora >0,
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d \a TF o (L 4
(2) ‘(5) Vi) -vz (T)}‘ < cor™*min{ 17} for0<a<2,

with ¢¢ a small positive constant determined by the Cy in (1).
Form the Schrodinger operator H = —A + V (z) on R3. Let Ej, be the non-positive

eigenvalues of H, and let ¢ (z) be the corresponding (normalized) eigenfunctions.

As usual, form the density

p@) = 3" [n(@)? on BS .
k

3/

Then define perror(z) = p(z) — 522 (—V (2)) . ow goal is to estimate perror ().

Theorem 1. Let U(z) be a smooth, radially symmetric function on R, supported
in {6 < |z| < 26} with &6 < Z=Y3, and satisfying |U(z)| < C, |VU(z)| < C6~1.
Assume Z 1is greater than a certain large, positive constant determined by the C.,
in (1).
Then
| /R U () pervor ()dz| < C'Z8 + C'Z5+2107"

The constant C' depends only on C above, and on the Cy in (1).

For a more refined estimate, we introduce €2, the positive root Q(Q2 + 1) =

max(—7r2V (r)). Thus Q ~ Z1/3. For integers 0 < £ < €, we define

r>0
o0 1 .
7y, :/ (—V('r') — K(Z—Z ))+1/2 dr and
0 T

¢e _ 1/000(_‘/(7') B f(f'ﬁ‘ 1))1/2d7'— 1 .

T r2 + 2

Theorem 2. Suppose the numbers, ng, ¢p satisfy the following conditions, with

0<a<1/43.

(A) There are at most CQ=% integers £ < Q for which |pgy— (nearest integer)| <

5—6/43'
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(B) For Z10 " < 1 < 4y < Q with £y — £1 > Q7199 ye have

5 (2£+1)X_(¢e)‘§09_2a y Qe

n n
0 <t<ls t 0 <t<ls £

Finally, suppose Z 1is greater than a certain large, positive constant determined by
C, ain (A), (B); and by the Cy in (1).
Then fRSxRS perror(ac)perror(y)M < C'Z373% The constant C' depends only

|z—y]

on C, a and the Cy in (1).

D. Approximating Sums by Integrals.

The following lemma is taken from [FS4]. For real numbers ¢, define:

1
X, (t)=k—t- 5 for k the smallest integer >t ;

1
X_(t):t—k—ﬁ for k the largest integer <t ;
1 1
X(t) =min [t —k — = — — .
x(8) = i ST

Lemma on Riemann Sums. Let f(t), o(t), 7(t) be defined on a non-empty

interval [a,b]. Suppose o(t) > 0, 7(t) > 1 in [a,b]; and assume that whenever

t1,ta € [a,b] with [t; — ta| < c7(t1), we have ¢ < % < Candc < 283 < C.

Finally assume |(L)™f(t)] < Co(t)T"™(t) fort € [a,b]. Then Y  f(k) =
keZN[a,b]
b

J F@)dt = Fb)x_(b) = f(a)x, (a) + 3 /' (0)%(b) = 5.'(a)x(a) + Error with |Error| <
é’o(a)r‘Q(a)+C'a(b)7'_2(b)+C’§V f:U(t)T_N(t)dt. Here, C' depends only on c, C,
Cpm; and C depends only on ¢, C, Cy,, N. If f(t) = 0 to infinite order at t = a,
then we have the sharper estimate |Error| < C'a(b)772(b) + Cly f:O'(t)T_N(t)dt,
with C', Cl as before. Similarly, if f(t) = 0 to infinite order at t = b, then
|Error| < C'o(a)77%(a) + Cly f:d(t)T_N(t)dt. If f(t) = 0 to infinite order at both

b
t =a and t = b, then |Error| < C} [ o(t)r=N (t)dt.
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E. An Auxiliary Function Arising from the Thomas-Fermi Potential.

Let VZ(r) be the Thomas-Fermi potential, and let ¢yax = sup [—r?ViZp(r)] vz
r>0

For 0 < t < tyax, define O(¢ fo ( Vi (r) — )1/2dr The following inequality

is equivalent by a trivial rescaling to the main result of [FS6].

Theorem. |%@(t)‘ > cZ73 for 0 < t < tmax, with ¢ > 0 independent of t and

Z.

F. Elementary Integrals.

The following elementary identities come from [FS5].

Lemma 1. Let Vi(r) = WH) + Eo— £, and define

° - 1 [ 1
ne= [TV pe= 1 [T (v -

. 2E3/2 ~
Then n—lX(QbE) X(2E1/2 — VAl +1) - %)

(See the paragraph just before the statement of the second WKB eigenvalue sum
theorem in [FS5].)

Lemma 2. IfQ, A, P, Q> —4AP > 0, then

L ) g - Q@
W/O((t2 t+A))+dt_2\/Z VP .

(See equation (10) in the section of [FS5] on the second WKB eigenvalue sum

theorem).
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THE EIGENVALUE SUM FOR AN APPROXIMATE TF

POTENTIAL WITH AN EXAcT COULOMB SINGULARITY

Let V(r) be a potential on (0, 00), which approximates the T-F potential V.2 ¥ (r)

in the following sense.

(1) ‘(%)QV(T)‘ < Cur™@ min{%,r“‘}, all r € (0,00),a >0 .

@ .z
2 i V(r) = VIE ()Y < cor™® min —,r_4 for0<a<2andallr.
P Z
T T

Here ¢y is a small constant determined by the C, in (1).
Z

(3) For 0 <7 < Z%73/5 we have V(r) = Ey — — , with ¢Z%/3 < Ey < CZ*/3 .
T

If (1), (2), (3) hold, then we say V(r) is an “approximate TF potential with an
exact Coulomb singularity.”

We assume also that Z is greater than a certain large positive constant deter-
mined by ¢, ¢, C in (3), and by the C, in (1).

Our goal is to compute the sum sneg (H) of the negative eigenvalues of H = —A+
V(|z|) on R3 for an approximate TF potential with an exact Coulomb singularity.
In a later section, we will remove assumption (3) by using perturbation theory.

Separation of variables gives

(4) sneg (H) = Z(% + 1)sneg (Hy) , with
£>0
()
H, = —j—;-l—Vg (r)= _C;J_;+(Z(£T—i2- D) —I—V(r))on (0, 00) (Dirichlet boundary conditions) .
Introduce for comparison Vj;7(r) = Wrtl) + By — Z and Hf = —% + V7(r) on

(0, 00).
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Define €2 to be the positive root of Q(2 + 1) = max,~o(—r?V(r)), and suppose the
maximum is attained at 7. Thus Q ~ ZY/3, 7 ~ Z~1/3, Similarly, define . to be

the positive root of Q.(Q. + 1) = maxr>0(—r2Vc(r)), with V.(r) = Ey — Z  and

r?

suppose the maximum is attained at #.. Thus, Q. ~ Z'/3 and 7, ~ Z~/3.

For £ > Q we have V;(r) > 0 everywhere, so sneg (Hy) = 0. Similarly, for £ > Q. we
have sneg (Hy) = 0.

Note that for 0 < £ < Z+'/5 and z, ~ Z°3/%  the potential Vj(r) satis-
fies conditions (CS1)...(CS6) with any I C (0,00) containing {V; < 0}, with
S(r) = min{Z,r=*} and B(r) = r, and with parameters (£, Eo, Z, ). (Condi-
tions (CS1)...(CS6) appear in the section on the second eigenvalue sum theorem.)
In fact, (CS1) follows from (3); (CS2) follows from the definition of S(r), B(r);
(CS3) holds since 0 < £ < Z'/5 < L(Z.cz53/5)1/2; (CS4) is contained in (3);
(CS5) is immediate from 2, ~ Z°~3/5; and (CS6) is contained in our assumption
that Z exceeds a large constant determined by ¢, ¢, C' in (3) and Cy in (1).

Our plan is to use our theorems on the eigenvalue sum of an ODE to compute
sneg (Hy) — sneg (Hy), and then to substitute the results into (4), (5).

The following quantities, familiar from the discussion of the three-dimensional
density, will play a role here as well:

© o=t [T [T )y

2

(7) ng = /0 (Vi) 2 = /O°°(_M+1) v (T))—1/2drl

r2
Let us begin computing sneg (H;) — sneg(Hy).

Lemma 1. Set 19 = CZ7, @iy = 27910 ¢, = 2573/5, 21 = 1/C, mig = C,
6 = CZ73/?0 with C a large constant depending on ¢, c, C, Cy in (1)...(3). Then
for £ = 0, the potential Vy(r) satisfies the hypotheses of Theorem 3 in the section

on Figenvalue Sums in Degenerate Potentials.
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Proof. By Lemma 1 of the section on Approximate TF Potentials, V(r) satisfies
(Z0Y)...(Z7") with x, replaced by 229 = (const.) Z~8/10, (See section A.IVry for
conditions (Z0T)...(Z7").) Now, x, enters (Z0")...(Z7") only in (Z7'). Moreover,
94 < z, and V(z99) < V(x.). (Recall that V is increasing since (V)" >
er~'min{Z,r=*} and |V' — (VZF)| < cor~'min{Z,r~*}.) Hence (Z7") for £
implies (Z77) for z.. Thus (Z0)...(Z7") hold for our present o, Terit; Tx, T1, Thig,
5. With I = (0, 00), conditions (CS1)...(CS6) hold also, since £ = 0 < Z/5. Aside
from (Z0Y)...(Z7") and (CS1)...(CS6), the remaining hypotheses of Theorem 3 on

Eigenvalue Sums in Degenerate Potentials are as follows:

®) V() <-2

(9) V(z) > —g 5 for & >

(10) Amﬂ4wmﬁ@—04%m—vwﬁfhmsg-
(10a) V(z) > —Capez™  for > Tig .

To verify these conditions, recall that
4 Z =r74/3(71/3, \1/2 —-1/3
\Vip(r) + — — Eo| <cZ%°(Z/"r) for r < Z
T

and ViZz(r) > —Z for all r.
Therefore for z, = Z¢~3/5, we have from (2) that |V (2z)+ ﬁ‘ < 200@*ZW, S0
(8) is obvious. Also from (2), V(r) > —(1+ cp)Z for all r, so (9) is obvious. Since

z1 =1/C, (1), (2) show that V(1z1) < 0 and [V (%21)| < C. Hence

C(=V(@)™"* if-V(@)>C

12 1 >
C(-v@) ™ if-v@)<C

(V@) = (ViGz) - V@) < {
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Since —V (z) ~ min{Z,r=*} by (1), (2), it follows that

C'min{Z 7"_4})_1/2§C’ ifo<r<i1
C(r—"*+1/2 = or—2 if 1 <r< oo

(V)Y = (v (5 svo V(r ”2\<{

o (10) is obvious. Finally, (10a) follows from (1), (2) since zn;; = C. The proof of

the lemma is complete. [ |

By Lemma 1 above, and Theorem 3 in the section on Eigenvalue Sums for Degen-

erate Potentials, we have
(11) sneg(H;) —sneg(Hy) = / {(-Vi(z 3/2 — (-Vf(= )3/2}da:—|— Errg

when £/ = 0, where

Z
(12) [Erro| <C— = CZz—e+8/5

Lemma 2. Set zg = C2Z7', wuiy = 27910, 2, = Z2573/5, ggan = €2/(C2),
z1 = 1/(C¥), Trig = (1+c1)z(£), 6 = CZ73/20 with C a large constant determined
by the Cy, in (1). Then for1 < £ < Zlo_g, the potential Vy(r) satisfies the hypotheses
of Theorem 2 in the section on FEigenvalue Sums for Degenerate Potentials, with

constants depending on £.

Remarks. For the definition of x4 (), see equations (3)...(15) in the section on
Approximate TF Potentials. Note that we can use Lemma 2 only for 1 < / <
(Large Constant), since the conclusion of the Lemma involves constants depending

on /.

Proof of Lemma 2. We know that conditions (Z0). .. (Z9) hold for V,(r), with con-
stants depending on £, and with z, replaced by z29 = Z—8/10_ That follows from
Lemma 2 in the section on Approximate TF Potentials. (For conditions (Z0). .. (Z9),
see section A.IV(.)
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Now, z, enters (Z0)...(Z9) only in (Z9). Moreover, (Z9) for z°'¢ implies (Z9)
for z,, provided z9¢ < =z, and V,(2,°') < Vy(z4). Let us check these conditions.
Certainly ¢4 < z,, by definition. Also, =V (r) ~ min{%,r“‘} by (1), (2); and
Vi(r) = 3(£+1) + V(r); and @ << min{Z,r=*} when r = z, or r = x99,
¢ < ZY7°. Therefore, —Vy(r) ~ min{Z,r=*} for r = z, and for r = z94. Tt
follows that —Vy(z,) < —Vz(2$!9), i.e. Vo(229) < Vy(z,) as asserted above. Thus,
(Z0). .. (Z9) hold. Also (CS1)... (CS6) hold with I = (0, 00), since £ < Z'/5 here.
Aside from (Z0). .. (Z9), (CS1)...(CS6), the only remaining hypotheses of Theorem

2 in the section on Eigenvalue Sums in Degenerate Potentials are the following.

27
(13) Vi(z) > . for z > =z,
87
(14) Ve(2m0) < ——

*

(%) /{ Vi@)/” ~ (V) — Vil@)) Yo < C |

with C allowed to depend on £ .

Recall that V(z) > —(1+ ¢o)Z for all z, and that w < 2(C)*Z£ by definition
of z5. Hence for z > x, we have Vy(z) > V(z) > —2Z > ——*, which proves (13).

Also

A Z
0
Since 2x9 << Z~ /3 we have VI (2z) < —(1 — co)h , 80 Vi(2xp) < {2(0
co — (1_2—60)}% < —% because x, >> xo. This proves (14).
We control Vp(r) by equations (3)...(15) in the section on Approximate TF

Potentials. From those equations, we recall that

{Vilr) < 0} = (2 (6), 2c(0)) with e (6) ~ -z (£) ~ L
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and that [Vy(r)] < Cmin{Z,r=*} in [z1e(¢), z:¢(€)]. Since z1 = é and 1 </ <

7Y we have 1u1 € [g1ef, (£), 22t (£)], 50 0 < —Vi(321) < C(CP)*. This implies

1 [ e@t(v) T it Vi) > (@D
< ()= Ve) ) < § oons 10 < V() < ()’
0 if —V(r) < 0.

Hence

0 < {(~Ve(r)* - (Ve(%xl) — Va(r)*} < (Coust.)?x

T€[@1epy (£)2rt (O]

which makes (15) obvious. The proof of Lemma 2 is complete. [

From Lemma 2 above, and from Theorem 2 in the section on Eigenvalue Sums
for Degenerate Potentials, we conclude that

(16) sneg(H,) — sneg(HE) = —% /0 OO{(—w(r))f’;/2 — (=V£(r)¥?}dr + Err,

for1 <?< Z10—97 with

Z
(17) [Errg| < C(0) = = C(£)Z7=+8/5 .

Tx
Lemma 3. Pick I, ¢y, Ferit, 0 as in Lemma 3 in the section on Approzimate TF
Potentials, and let C be the large constant mentioned in that lemma. Set z, = Vi 3
Then for C < £ < Zlofg, Ve(r) satisfies the hypotheses of Theorem 1 in the section

on Figenvalue Sums for Degenerate Potentials.

Proof. Hypotheses (Z0). .. (Z8) hold for V;(r), by virtue of Lemma 3 in the section
on Approximate TF Potentials.(For those hypotheses, see section A.IVa.) Also,
our I contains {V; < 0} = (z1eg:(£), z:¢(£)), and £ < Z1/3, 50 (CS1)...(CS6) hold as
well.

The only remaining hypotheses in Theorem 1 on Eigenvalue Sums for Degenerate

Potentials are the following.

37
(18) Egip < ——

*
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4 7
(19) Vg(m)>—§x— for x > z, .
We are using Egy = —Z'%/10, z, = Z°73/5 50 (18) is obvious. Since Vj(z) >

V(z) > —(1+cp)Z for all z > 0, (19) is also obvious. The proof of the Lemma. is

complete. [ |

(From Lemma 3 above, and from Theorem 1 on Eigenvalue Sums for Degenerate

Potentials, we conclude that

(20) sneg(H;) — sneg(Hy) = —%/000{(—1/3(7“))1/2 (=VE(r )3/2}dr+ Err,

forC<t< Z107° , with

Z
(21) [Erry| <O =CZ57° .
x

*

Next, suppose Z10° < ¢ < Z+1/5 Set z, = 2Z°73/5, and take I, K as in
Lemma 4 from the section on Approximate TF Potentials. That lemma shows that
(Z0)...(Z9) hold for Vy(r), S(r) = min{Z,r=*}, B(r) = r, with A ~ £. Also
{Vy <0} C I by (Z0)...(Z9), and £ < Z*'/5; hence, (CS1)...(CS6) hold for V;(r).
Thus, the hypotheses of the Second WKB Eigenvalue Sum Theorem are satisfied.

Applying that Theorem, we see that

(22) sneg(Hg)—sneg(He
/ (V@)Y - (V@) Yar
/ (Vi (@) - (~Vel@)) [ = V¢ (@) (~ViE (@) [ Yo

9E3/? A

ZO ;2(2E1/2 — Vet +1)—1/2) + Err,
0

™ .
—X(¢e) —
for 71077 < ¢ < Z+1/5 with

Z
(23) [Brrg| < ASs722 < goe=278/5
xr

E3
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(See the definitions (6), (7) to check that (22) agrees with the conclusion of the
Eigenvalue Sum Theorem.)

Next, suppose Z/5 < £ < (1—¢)Q. Then Lemma 4 in the section on Approximate
TF Potentials shows that V,(r) satisfies (Z0)...(Z9) with A ~ £. Therefore, the
hypotheses of the First WKB Eigenvalue Sum Theorem are satisfied. Applying

that theorem, we see that

__2 (" 3/2 R R _ -1/2

(24) snex(H) =~ [ (Vi)Y de g [V (@) (Vi) [ e

T .
+ —x(¢¢) + Erry

ng

for Z+t1/5 <4 < (1 —©)Q, with

5e—2 se—2 (4’
(25) [Erre| < A% min V(r)| ~ C£* (5—2) :

To see that rrn>i{)1Vg(r) ~ —%—22, we refer to equations (3)...(7) and (12), (13) in the
section on Approximate TF Potentials.

Next, suppose (1 —¢)Q < £ < Q — Q710 Then Lemma 5 in the section on
Approximate TF Potentials shows that (Z0). . . (Z9) hold for V,(r), with § = 29,
B and I picked suitably, and A ~ Q—£. Hence V;(r), S, B, I satisfy the hypotheses

of the First WKB Eigenvalue Sum Theorem. Applying that Theorem, we see that

2 o0 1 o0 -
_3_7r i (_‘/E(-'L'))j_/2dl‘ 4+ ‘/ell(m) . (_w(m))+1/2dm

(26) sneg(H,) = 2ar |,

™ .
+ —x(¢¢) + Erry
Ny
for (1-2)Q <4< Q- Q1% with

[Errg| < A2 min Vi (r)| ~ (Q — £)°°728 = —(Q — £)51 |

NEe

1.e.

(27) [Errg| < Z(Q2 — €)%,
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Next we recall from the section on Approximate TF Potentials the following
estimates. (See (14), (15) in that section.) For (1 —¢)Q2 < £ < , there are an

zo(€) ~ Z71/3 and an interval I = {|z — 2¢(£)| < cozo(£)} which satisfy:

(28) ‘(%)an(a:)‘ < CoZ'3(mo(0)) ™ i1
(29) V() > cZ**(x0(€)) ™" in 1

, B Q
(31) Ve(z) > Cxij outside I .

Here 0 < ¢ < 1 is a universal constant.

We use these observations to compute sneg(H,) for Q — Q171% <2 < Q.

Lemma 4. Suppose Q — Q719 </ < Q, and let e, K, N be given. Assume
Z is large enough, depending on ¢, K, N and on the constants in (1) and (3).
Pick zg = zo(£), S = Z4/3, B = xo(£), I as in (28)...(31), Es, = 0. Then Vy(r)
satisfies the hypotheses (HO* ). .. (H6* ) of the Third WKB FEigenvalue Sum Theorem.
Moreover, A ~ Z'/3 and —\73¢S < Vj(z0) < 0.

Proof. (HO*) just says that 0 < ¢y < 1 in the definition of I. (H1*) is (28), (H2*)
is (29), (H3*) is the first assertion of (30).

To prove (H4*) and (H5*), suppose z € (0,00)\I. Then 0 < z < C|z — x|, so

(31) implies that V;(z) > %2 > |wi’£|2 > |w1_0£(?|2 since £ > Q—Q1710¢ ~ 71/3_ This
implies (H5*) at once, and (H4*) also, since min{Ew,, V (z0) +c¢"A\72¢8} < E,, = 0.

(H6*) follows from the fact that we take Z large enough, since A\ = S¥/2B ~
(Z4/3)1/2 7=1/3 = Z1/3_ Tt remains to check that —A\=3¢S < Vj(z0) < 0. From (30)

we get

“ls

€

0< —Vo(zo) <CZ(2—1¢) <CZ - Ql-10e , 7i-
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On the other hand, A™3¢S ~ (Z1/3)73¢ 74/3 ~ Z5~¢ Thus, —A\"3¢S < Vy() < 0.

The proof of Lemima 4 is complete. [ |

Lemma 4 shows that Vp(r) satisfies the hypotheses of the Third WKB Eigenvalue

Sum Theorem when  — Q1710¢ < ¢ < Q. Applying that Theorem, we see that

2 [ 3/2 1 . 12
(32) smeg(He) = =g | (V@) et g [ V@) (FVel@) e
T .
+ _X(¢E) + EI‘I‘g
Ny
for @ — Q1719 < £ < Q, with
(33) [Errg| < A%728 ~ (Z1/3)55—2 . Z4/3 _ gitie

We have succeeded in controlling sneg(Hy) for all £ (0 < £ < Q). Note that our
results for 0 < £ < Z'/® compute sneg(H,) — sneg(Hg), while for Z/% < £ < Q, we
compute sneg(Hy).

Next, we will compute sneg(Hj) for 7% < ¢ < Q., which lets us compare
sneg(H,) with sneg(Hy) for all £.

Take 0 < ¢ << 1. This constant will play a role analogous to ¢ for the potentials

ve.

Lemma 5. Suppose Z'/% < £ < (1 —¢)Q,. Take S(z) = Z, B(z) = =z, Igvp =

(0,00), I = [107°5,10°Z], K = 10%, mg = critical point of V& = 2CH,
¢ = small constant. Then V£(r) satisfies the hypotheses (Z0)...(Z9) of the WKB

Density Theorem, with A ~ £.

Proof. This is a slight variant of a Lemma proven in the section on the Second
WKB Eigenvalue Sum Theorem in [FS5]. We spell out the trivial details for the
reader’s convenience.

(Z0) says that ¢ < y/z < C and ¢ < (Zy~')/(Zx~') < C for |z —y| < cx. That’s

obvious.
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(Z1) says that ‘(%)Q{WH) + Ey Z}| <CZz '"%in I.

We check the three terms %, Ey, e(e;:;n separately. For %, the desired estimate
is obvious. For Ej, it’s enough to take o = 0 and note that |Ey| < 10°Z in I. For
, We write ‘( ) {Z(Hl)}‘ = cof(f +1)z727@ = ca{@m_l}Zafl_a <

CoZ~1=% in I. This proves (Z1).

£(0+1)

2

(Z2) and (Z5) together say that {V, < 0} = (@1efe, 2re) C I with dist (z1es, 01) >
ciers and dist(zp, OI) > cxy. In fact, {VF < 0} = {22Ve(z) < 0} = {£(L +
1) — Zz + Epx® < 0}, which has the form (Zjef;, Zr¢) provided the discriminant
Z% —4Eol(£+1) > 0. Now £ < (1 —¢)Q, with Q.(Qc+ 1) = I£1>aéc(—x2(E0 —Z)) =
Igrclgac(Z:c — Eyz?) = E20' Hence £(£+1) < (1 —2)Q(Q:+1) = (1 —7) 4ZE , so that
Z% — 4Eyl(£ 4+ 1) > ¢Z? > 0, as needed.

Z—/Z2—4E,0(t+1) _ Z+\/Z2—4Bol(t+1)
2F, » Try = 2F,

Try < % Hence {V;/ < 0} = (@iefs, zrt) C (O, E%) For 0 < z < @ we have
Ve s Hen _

Note that zjer =

, so that xpes > 0 and

>O, SO

We+1) z

(33bis) {Vi < 0} = (@ett, Tot) C [ 7 ’E_o] .

This implies (Zieft, Zr) C I and dist(ziesy, 1) > cxiers and dist(zyg, 0I) > cxyy, by

definition of I. This completes the proof of (Z2) and (Z5).

(Z3) is proven as follows. We have z3V/f(zo) = £({+ 1) — Zzo + Eozd = L({+ 1) —
20(£ 4+ 1) + Ej - WZLU = L+ 1)1 — L2t +1)]. Also 0 < £ < (1-72)Q,
s0l(l+1) < (1-20)Q((Q+1) = (1-20) m;%(( 2%(Eg — Z)) by definition of

Q.. The max. of —z%(Ey — £) = Zz — Eg2? is %, attained at z = 3%, so that

L(4+1) < (1—5)-Z—2. Therefore, —22V(zo) = £(£+1)- [1—2524(£+1)] > eL(£+1),
so =V (xo) > Ee(“l) >dZ = because zo = 2¢({ +1)Z~ 1. Thus V& (zg) < —c'S(z0)

for S(z) = Z. The derivatives of V¢ are given by

20+1) Z Zx-20{+1) Z [x— x0]

By (@)= SRR 2

x
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and

6LL+1) 27 6l(L+1)— 27z

c\I" __
(35) (‘/E ) =+ $4 $3 $4

From (34), we have (V) (zo) = 0. If |z — o] < c120, then 2Zx = 44(£L+1)+2Z[x —
xo] = {44+ O(c1) }(€+1). Hence if ¢y is small and |z — z¢| < ¢120, then (35) shows
that (V)" > % > (const.) % ~ % since z ~ g ~ £({+1)Z~1. Thus,
VE(zo) < —eS(wo), (V) (xo) = 0, and (V)" (x) > ¢S(wo)B~%(xo) for |z — xo| <
c1B(zp). These are the assertions of (Z3).

(Z4) is proven as follows.

Suppose Tiegy < T < To—c12o. From (34) we get —(Vf)(z) > e1% = ¢1S(z) B~ (),
since #-% > %0 This is the first assertion of (Z4).

On the other hand, suppose g + 120 < < 2. Then (34) implies +(V)'(z) >

¢Z = cS(z)B~(z), since Z=20 > ] — - J:CI = ¢ > 0. This is the remaining assertion

of (Z4).
(Z5) has already been proven, together with (Z2). Let us compute A = (ffle:t 51/2(17(3;):&) _1.
Since |(VF) ()| < £Z in [@1e, z0] by (Z1), while V£ (z1er,) = 0 by definition, and
(Vi) (o) < —% by (Z3), it follows that zes; < (1 — ¢)zg for a small, positive

constant c. Hence Zyy/Tiery > To/Tiery > 1 + ¢ for a small, positive constant c’.

So A7t = 7%, el = 2V [T~ 2V From (53 bi) and
Tiefs < To = 2(£ +1)Z 71, we conclude that mieg; ~ £(£ + 1)Z~1 ~ £2Z~! since we
take £ > Z/® >> 1. Hence A=t ~ Z7YV/2(42Z-1)71/2 = =1 50 A ~ £ as claimed

in the statement of Lemma 5.

(76) is proven as follows. The assertion of (Z6) about x € Igyp with < Zjer; —

AK B(x1e¢) holds vacuously, since Igyp = (0,00) and zjes, — AK B(Z1efs) = Tefs - (1 —

A¥) is negative. For z > x4 + AK B(z,), we must show that V¢ (z) > 2%

= |z—z|? "

Z++/Z2—4EL(L+1)

By the formula z, = 2T, , we have x4 ~ E% If z > 109E£0,

then Vi¢(z) > Eg — Z > 1FEy > 1000 since Eg ~ Z*/3. For z > mw + AKXy we



32 Fefferman and Seco

have x — x4 > (CK)K(%) > (cZYP)K . cz71/3 > Z since K = 107°. Hence for

T > x5 + AE 1z, we have V/£(x) > 1000 > (ml_ofr?)% which is the assertion of (Z6).
(Z7) amounts to saying that (2;/Ties) < AK.

We saw that zjeg ~ £(£+1)Z~1 > Z~ 1 for £ > Z5, and that @ ~ Elo ~ Z=1/3. So
(Z7) follows if we have CZ%/3 < AKX, Since A ~ £ > Z/5 while K = 1019, this is
obvious. So (Z7) holds.

(Z8) holds, simply because we pick ¢ small enough, and

(Z9) holds because A ~ £ > Z'/% and we take Z large enough. The proof of Lemma

5 is complete. [ |

Lemma 5 and the first WKB Eigenvalue Sum Theorem show that

c 2 o c 3/2 1 o ¢ c —1/2
36) snea() = - [ (Ve@) ot g [ 00 @) (V@) e
—c x(¢7) + Errj for Zl/5 <1< (1-2)9Q.,with
Ny
(37) / ) da
1
(39) [ Vi) 5
2
c e— . c e— Z2
(39) [Brrg| < A%/ min Ve (z)| ~ £° 2'12_2‘

In the discussion of elementary integrals in the Review of Earlier Results, we saw
that

40) i C)—2E§/2~ Z__ figs -1 fro<i<o
n—gxcbg— 7 X(2El/2_ + —5) or 0 < £ <.

0
Substituting this into (36), we obtain

(41) sneg(Hy) = ——/ Vi (z) 3/2da:—|— E/ Ve —Vi(z )) 1/2dx
2ES? 7
+ 7 X(2Eé/2 VEL+1) — 5) + Errj

for ZY/° < 4 < (1 -7%)Q,, with
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42 Erré| < C¢%422 .
(42) |Erry|

To compute sneg(Hj) for (1 —¢)Q. < ¢ < Q, we use the following elementary

observation.

Lemma 6. Suppose (1 —¢)Q. < £ < Q.; and set 1o = 20({+1)Z71, and I =

{|lz — zo| < 1520} Then

(43) ui)n(ng@z%%amu
d 4/3, -2
(44) (dm) Vi(z) > cZ%zy* in 1
d [ [ QC
(45) (%Ve )(@0) =0 and —VF(zg) ~ — Q=8 ~ Z(Q:— 1)
0
cl? )
(46) Vi(x) > ey outside I .

Proof. Note that £ ~ Z'/3 Q. ~ Z'/3, xy ~ Z=1/3. We have

L(£+1)

1
e ar 7435 in T

} = Ca r2ta ’

d .\«
(L)
(di)a{EO} ~ Z4/3x_°‘ if « =0, 0 otherwise

(o ){ }— me“/?’xaainI.

This proves (43). To prove (44), recall that (V}f)"(z) = W
> SUt+) 2715 g g 2127 for x € I. Thus z € I implies (V;)"(z) > e(f;l) ~
e

(;;1) mlo ~ Z43z2, proving (44).

Next, we check (45). We have

(47) Ve (o) = — 22D L Z g and
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(48)

— 23V (wo) = —£(E+ 1) + Zzo — Bozg = —£({ +1) + 26(£ + 1) — Eo - 452(527‘2”)2
=Le+1)[1- %E(ﬂ +1)] .

. Z Z? .
Since Q:(Q+ 1) = Iar:lgb())c(—a:2 (Bo— %)) = 15> (48) may be rewritten as

Le+1) LE+1)
Qe (Qc + 1)} Q2+ 1)
~ [Qe(Qe+1) — £ +1)] ~ Qo(Qe — £) for (1—F)Q < L < Q.

— 2V (wo) = £(L+ 1)1 - [Qe(Q2e+1) = £(£+1)]

Thus —V7(zo) ~ %g(Qc —¥0) ~ Z(Q2e — £). This and (47) prove (45). It remains to

check (46). We argue as follows.

22VE(x) = [Qe(Qe + 1) + Eoz? — Zz] + (L +1) — Qo(Qe + 1)]
ZZ

— [E + Eoz® — Zz] — [Qe(Qe + 1) — £(£ +1)]

— Bolo ~ 5p)? 9@ 1) = ¢+ 1)

(49) = Eo(z —2(Q) (e + 1) 2712 = [Qe(Qe + 1) —£(£+1)] .
For z ¢ I and (1 —2)Q2, < £ < £, we have

2 =20 Qe+ DZ7Y > |z —2#L+1)Z7 =227 Qu(Qe + 1) —£(£+ 1)

> 1. 26(+1)Z7—6271Q.(Q, — £)

10
1 _
> 1—OQC(QC +1)Z7t —6eZ271Q?
1 _
(50) > %Z_ng since ¢ is small .

Also for (1 —2¢)Q, < £ < . we have
(51) [Qe(Qe+1) — £(£+1)] < 3Q:(Q: — £) < 3EQ2.

Putting (50) and (51) into (49), we see that

1 _
22Vi(x) > Ey - (%2—193)2 - 3202
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The first term on the right-hand side is ~ Z%/3 . (Z=12%/3)2 ~ Z2?/3  while the
second term is ~ ¢Z2/3,

Since ¢ is taken small, we have
22V (x) > cZ?3 ~ 0% for x ¢Iand (1-2)Q. <£<Q,..
This is equivalent to (46). The proof of Lemma 6 is complete. [

Our first application of Lemma 6 is as follows.

Lemma 7. Suppose (1—-2)Q. << Q. — 092/43. Set xg = 20(£+1)Z71, take S =

Qc(gg—«’i)’ B = M%;/f)m, and define I = [xo — h,x0 + h], with h = min(l—loxo,QB)
for a large constant C. Let e, N be given. Set K = 100%°, and let é be a small
enough constant. Then the potential V(r), the weights g, B and the interval I
satisfy the hypotheses (Z0)...(Z9) of the First WKB Figenvalue Sum Theorem,

with A ~ (Q. —£).

Sketch of Proof. Repeat the proof of Lemma 5 in the section on the Density in
an Approximate TF Potential in [FS7], replacing equations (14) and (15) in that

section by Lemma 6 above. |
JFrom Lemma 7 and the First WKB Eigenvalue Sum Theorem, we see that

2 [ (ve@) o [0 @) (Vi)

Hy) =
sneg(HI7) 5ir |,

_3_7ro

Tr iy C C
+ —x(¢g) + Errg
Ny

for (1 —72)Q < £ < Q, — QL-10¢ with

Brag] < A% [minVi(@)| ~ (@ — %28 = 2 (0 — )%,

S

ie. |Err§| < CZ(Q. — €)%~
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Recalling the formula (40) for n% X(¢5), we obtain

e o]

(52) sneg(Hp) = —o [ (~Vi(@)Y de+ o w(Vf)"(w)-(—Vf(x));”zdx

3 24w
2EY? 7 1
— VAl +1) = =)+ Err§
t+— X(2E3/2 (£+1) 2)-l— IT)
for (1 -2)Q. <£< Q. —QL1710¢ with
(53) Err§| < CZ(Q. — £)*7 .

The second application of Lemma 6 is as follows.

Lemma 8. Suppose Q. — QL171% <0 < Q, and let e, K, N be given. Suppose Z
is large enough, depending on €, K, N and the constants in (1), (3). Pick xo =
2§00 +1)Z271, S =243, B =wo, I = {|v —xo| < w0} Then VE(r) satisfies the
hypotheses (HO* ). .. (H6*) of the Third WKB Eigenvalue Sum Theorem. Moreover,
A~ ZH3 and —A73¢S < VF(zp) < 0.

Sketch of Proof. Just repeat the proof of Lemma 4, using Lemma 6 in place of
(28)...(31).

Lemma 8 shows that V7 (r) satisfies the hypotheses of the Third WKB Eigenvalue

Sum Theorem, when Q. — Q1719 </ < Q.. Applying that Theorem, we see that

2 oo oo

c c 3/2 1 c” c 1/2
sneg(Hy) = 3 ; (—Ve (3?)) dz + 27 J, Vi (-7")(_V2 (37))

dx

+ T x(¢5) + Errg
"y
for Q. — Q1710 < ¢ < Q,, with

5

[Brrg| < X728 ~ (2132 (24°%) = 73+

Using (40) to evaluate nlg X(#5), we obtain

(54) sneg(Hf):—% OOO(—V;(x))?’”d +ﬁ Oon"(x)(—Véc(x))

2B 7 1 )
+ X(2E'1/2 —VEl(l+1) - 5) + Errj
0

1/2d$

Z



The Eigenvalue Sum for a Three-Dimensional Radial Potential 37

for Q. — Ql71% <71 < Q,, with
(55) [Err§| < CZ3t3¢

We have enough information to control sneg(H,) — sneg(Hj) for all £. We will

use what we have learned to compute sneg(H) — sneg(H,), where

Z
H=-A+V(z|]) and Hc=—A+E0—m on R3.

Recall that sneg(H) = ). (24 1)sneg(H,), sneg(H.,) = > (24 1)sneg(Hy).

0<E<Q 0<£<Q,
Hence,

(56) sneg(H) — sneg(H,.) =

> (20+1)[sneg(He) — sneg(Hf)| + Y (2 + 1)sneg(Ho)
0<e<L2Z71/5 Z1/5<4<Q

- Z (2¢ + 1)sneg(Hy) .
Z1/5 <8<,

Let C be the large constant in (20). We use (20), (21) for C < £ < 7" we use
(16), (17) for 1 < £ < C; and we use (11), (12) for £ = 0. Thus, we have

3/2

sneg(Hy) — sneg(Hj) = ——/ {(=Vi(2) ) — (-V{(z )B/Q}da:-i— Error,

for0</£< AL , with |Error,| < Z8/5. Therefore,

(57) Z (2¢ + 1)[sneg(H,) — sneg(Hy)]

o<e<z10?
2
=3 (20+1 / { 3/2 ( Vi )3/2}dx+ Error? |
™
0<e<z10 ?
with
(58) [Error?| < ¢ Z3+2107°

We combine (57), (58) with (22), (23). Since

8
Yo @+D)Em< ) CrTZ <0zt
7109 <£§Zl/5 Z10*9<eszl/5
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the result is as follows.

(59) Z (2¢ + 1) [sneg(H,) — sneg(Hy)]
0<e<Z1/5

SR> 2£+1/{ N2 = (—Ve@) Yo

0<e<Z1/5

1 —1/2 o c —-1/2
e 212+1/ VI (@) (~Va(@) = VE" (@) (- V(@) Yo
Z10~ 9<e<21/5

+ ) (2€+1) X (o)

z10—9 <eszl/5

3/2
S (2z+1).2EZ0 % Z1/2—\/€(£+1)—%)

Z10_9<£§Z1/5 2EO

+ Error? | with

(59bis) [Error®| < C Z5+2107°

Thus, we have evaluated the first term on the right in (56).

Next, we evaluate the second term on the right. From (24), (26), (32), we get

(60) Z (2¢ + 1)sneg(Hy)

Z1/5<4<Q

2 o 3/2 1 < —1/2
=3 Dy (2t+1) ; (=Ve()) ] doto D> (26+1) ; V' (z)(=Ve(w)), ""dz

Z1/5 <4< Z1/5<0<9
+ Z (22+1) ((bg) + Error® |
Z1/5<4<Q
with Error® = 3> (2£+ 1) Err,. By (25), (27), (33) we have
Z1/5<4<Q
|Error®| < Z (20 +1)-CZ%5* + Z (2041)-Z(Q—£)>!
Z1/5<4<(1-2)Q (1—2)Q<L<Q— Q1 10¢

+ S (2e+1)-ZEtEE

Q_Ql*lOE<£<Q
Here, the first sum on the right is ~ Z2(Z5)%~2 = Z5+¢, the second sum on the
right is ~ Q- Z - Q5 ~ Z5+53¢ and the third sum is ~ Z*5¢.Q1-10c « Z5—5¢,

Therefore,
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(61) [Error?| < czite .

So we have evaluated the second term on the right in (56). To evaluate the last

term in (56), we combine (41), (52), (54), obtaining

(62) Z (2¢ 4 1)sneg(Hy)

Z1/5 <8<
_ 2 201y [ (Cve@)
=5 > 40| (V@)Y
Z1/5<8<9Q,

+ o0 So(2+1) /0 b V' (@) (~Vi() P da

Z1/5<0<Q,

3/2
Y @y Py L e - )

1/2
Z1/5 <8<, 2E0/
+ Error? |
with Error? = > (2£+1)Err$.
Z1/5<8<Q,
By (42), (53), (55) we have
|Error”| < > (2041)-Croe4 7224 > (204+1)-CZ-(Q,—£)% !
Z1/5 <4< (1=3)8Q2, (1-2)Q. <<, —QL 10
+ > (2¢+1)-CZ3+se

Q.—QL 710 <<,

and therefore
(63) [Error?| < CZ3%° | asin (60), (61) .

We have evaluated all the terms on the right in (56). Substituting (59), (60),
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(62) into (56), we see that

sneg(H) — sneg(H,

2£+1/{ 3/2 — (Ve )3/2}d:c
€>0

1 (20 +1) / (V@) (~Ve(@) [ = V' (2) - (~VE (@), }da

* o
£>Z10 9

+r > (%—H)X(W)

n
Q>>7107° ¢

oE3? 7
_ Z (26+1)- ZO X ( i (e+1)— )
210*9<K<Qc 2 0

(64)
+ [Error® + Error® — Error?] .

3/2

N =0 and (— Vg(:ﬂ)) /:Ofor£>Q

Here we have used the fact that (—V;(z))

and that

1/2

—V§(x) 220 and Vi), '"=0 for £>Q..
£ + +

From (59 bis), (61), (63), we have
(65) ‘[ErrorB + Error® — ErrorD” < C 7E+2107°

It is convenient to write (64) in a different form.

Fix a function ¢(z) equal to 1 for z > 2+ Z73/5, equal to zero for < Z~3/5, and

satisfying the estimates

(66) )ago(a:)| < Copx™® for z€(0,00),0>0.

(%

In view of (3), the expressions in curly brackets in (64) are supported in {z >
27-3/5} where ¢ = 1. Hence we may replace dz by ¢(z)dz in the integrals in (64).

Therefore, (64), (65) may be rewritten as follows.

(67) sneg(H) —sneg(H,) =X — X, +Y - Y.+ W — W, + Error? |
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with
(68) = -—Z 20+1) / (~Ve(@)?*o(w)d
£>0
(69) _ __Z (20+1) / (—VE@) o (2)da
£>0
(70) Y=o 3 (@) /0 TV @) (<Viw) T (e
>z107°
@ Yemge ¥ eern) [V @) (V@) el
o>z10-°
(72) W=r > (%nt 1)>2(¢e)
Z107% <4<

3/2
) we= Y @+ Py Lo v -l

1/2
Z10_9<E<QC 2EO

(74) |Error”| < C 73+2107°

In order to understand X, X, Y, Y., we study the expressions

3/2
£+ 1)) 0(x)dx and

+

(75)  X(0,W) =3 (@20+1) /

£>

(76)

_ oy (2“1/ (_[W(x)]u_l_(%(f—l—1)).(W(x);5(64—1));1/20(@(&.

2 it
0>710" 9

Here we assume 6(z) is supported in |z — zg| < B and satisfies

(76bis)
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Regarding W (z), we assume

d\a .

(77) ‘(d—) W| < Co8B™ for |z —zo| < B and either
T

(78) W'(z)| > cSB™" for |z —x¢| < B, or else

(79) W'(zg) =0 and —W"(z)>cSB™? for |z —z¢| < B.

We assume & > 1. Later, we will write X and X, as sums of X (#,, W), and
similarly write Y, Y, as sums of Y (6,, W) for suitable 8,, W. To understand (75),

(76), we first study the functions

(80) F(£,0,W) = /_ h (W(2) —€)?6(z)de  and
(81) G(E.0,W) = /_ T (W) — O7V0(w)do

under assumptions (76 bis), (77), and either (78) or (79). Our basic result on F', G

is as follows.

Lemma 9. If (78) holds, then

(82) \(d%)mF(g, 0,W)| < Cl.(S*?B)S™™ and
(83) \(d%)me(s, 0,W)| < Cl(57/2B)5 ™

for |&| < CS. If instead (79) holds, then (82) and (83) are valid for —CS < & <
W (zo). The C}, depend only on the constants Cy, in (76 bis), (77), on c in (78),
(79), and on C in the bounds for &. These conclusions do not require the assumption

S>1.

Proof. After rescaling, we may take S = B = 1. Suppose first that (78) holds.

We may suppose W'(z) > ¢ in {|x — zo| < 1}. (Otherwise, —W'(z) > ¢, and
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we change variable from z to —z without changing F', G.) Change variable from
z to y = W(z). The image of {|z — z¢| < 1} is an interval [Ymin,Ymax] With
|Ymin |, |Ymax| < C; |Ymax — Ymin| > ¢. In terms of y, we have 0(z)dx = é(y)dy with
0 € C§° (Ymin, Ymax) and the C'™ seminorms of 0 bounded a-priori in terms of the

constants in (76 bis), (77), (78). In terms of y, the integrals defining F, G become

oo

(s4) Feo.w) = [ -0y = [ #ie+ o

—00 0

and

oo

) GEeow = [ w-97 = [ e+

—oo 0

If [£] < C, then (£ 41) = 0 for t > C" = Ymax + C. Hence the t-integrals in (84),
(85) may be taken over (0,C”) instead of (0, 00), without changing the value of the
integrals.

Thus, for [£] < C we have

/

(86) F(£,0,W) = /O t3/20(¢ +t)dt  and

C’ ~
(87) G(£,0,W) = /O 12(¢ + t)dt .

Since the constant C’ and the C°°-seminorms of § are bounded a-priori in terms of
the constants in (76 bis), (77), (78), the formulas (86) and (87) imply trivially the
conclusion of Lemma 9.

On the other hand, assume (76 bis), (77) and (79). Then there is a smooth
function y(z) defined on {|z — zo| < 1} with W (z) = W (z0) — (y(z))? and y'(z) >
¢ > 0. The C* seminorms of y(z) are bounded a-priori in terms of the constants
in (76 bis), (77), (79); and similarly, the lower bound c¢ for y'(z) is bounded below

a-priori. Again we change variable from z to y = y(«) in the definitions of F'; G. We
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have 6(z)dz = 0(y)dy for a function § whose C*° seminorms are bounded a-priori,

and supported in [Ymin, Ymax] With |Ymin|, |¥max| bounded a-priori. Hence,

(38) FE0.W) = [ (W)~ €= )20y and
(59) 66.0.W)= [ (W) €~ v") T Fw)dy.

Since 0 is C°°, we can write 6(y) = 61(y?) 4+ yba(y?), with the C*®-seminorms of
01, 03 bounded a-priori. We substitute this in (88), (89), and note that the fa-term

may be dropped, since it contributes the integral of an odd function. Thus

Fe0. W)= [ (W) =) 000y and
Gle.0.w) = [ (W) - €= )0ty

If £ < W(xzg), then we may change variable to conclude that

1

F(,0,W) = /_1(1 — )20, (£ [W (o) — €])dt - [W (o) — €]

G(£,0,W) = / (1 —t2)7YV20, (2 [W (z0) — €])dt .

—1
Evidently, these two integrals are smooth functions on {|¢| < C}, with C* semi-

norms bounded a-priori. Hence the conclusion of Lemma 9 holds under the assump-

tions (76 bis), (77), (79). The proof of Lemma 9 is complete. [

Next suppose 6 € C§°(|z — zo| < czp) with 0 < ¢ < 1/2 and

d

%)aﬁ‘ S Camaa .

(90) |(

Suppose also

(91) ‘(%)QW| < CoSzy* for |z — x| < cxp
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and either
92 W' > Szt for |z —xo| < ez,
0
or else
93 Wi(zo) >0 , W' (zg)=0 and —W">dSzz? for |z —zo| < cxg .
0

We assume also & > 1.

Define

(94) F(§) = /0 N (W(x) — )3/29(3:) and

xr2

* W(x)qn 6 W(x) — &\ ~1/2
@ o= [ (-2 + %) (D=5 Mo
o[ 2621 9(x)

—3
Ty S

Set 01(x) = % and fa(z) = Both #; and 0y satisfy the hy-

W(w)]// —

potheses of Lemma 9, with B = cxy. (To see this, for A3, note that z]

(const) 2 3W (z)+ (const)z2W’(z)+ (const) z~'W" (), so that (L)“ {x[W(m)] }
| <

is a sum of terms x_a(%)bW with a + b = a + 3. Hence |(%) W(m)}”}
CoSzy>~* in supp 6, from which one verifies the estimate (76 bis) for 65.)
Immediately from the definitions (80), (81), (94), (95) we have

(96) F(&) =z5*F(£,01,W) and

(97) G(&) = —2538 - G(&,00, W) + 66x5°G(€,0,, W) .

The terms on the right are controlled by using Lemma 9, with B = cxy. We deduce
from (96), (97) and Lemma 9 that

DY E(E)] < On(8%2232)5™™ fore€ T, and

(98) |(d£
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d

(99) \(d—g)’"g(g)| < Cp(8Y2252)8™™ foré e J, where
(100) J ={[¢] < CS} in case (92) holds ,
(101) J ={-CS8 <& <W(zp)} in case (93) holds .

Next, set

—t(t+1)\3/2
r),

(102)  f() = (2t + D)F(t(E+1)) = (2t + 1) / * (W(x) 0(z)da

T

(103) g(t)=(2t+1)G(t(Et+ 1))
_ (2t+ 1) /OOO (_[W(x)}// n Gt(t + 1)) . (W(:E) - t(t + 1)>_1/29(.’13)d$‘ .

2 it 2 +

Comparing these definitions with (75), (76), we see that

(104) X(0,W)=> f(t) and Y(O,W)= >  g(0).

£>0 ¢>71079

Our next task is to estimate the derivatives of f and g. The derivative (£ )*F(¢(t +

1)) is a sum of terms

(105) (d%)mf(g) ‘§=t(t+l) ' H (%)ku e+ 1}

with k, >1land ki1 +...+k,, =k .

We are interested in ¢ € [0, tmax), With tpmax = CSY/2? if (92) holds, and t,ax = the
positive 100t of tmax(tmax + 1) = W (xg) if (93) holds. For ¢ in this interval we have
E=t(t+1) € J, and |(L)5{t(t + 1)}| < C8¥, since [t| < CSY2. Hence by
(98), the term (105) is dominated by

O(8¥2z5?) s~ [ S© % = C(8% 24257 % .

v=1
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Therefore,
(106) ‘(%)k}"(t(t +1))| < Cu(8*225*)S7*/% for t € [0, tmax) -
Similarly, using (99) instead of (98), we find that
d
107 IV G 4+ 1)) < CL(SY2252)SF/2 for t € [0, Ly -
dt 0

Also, |(4)k(2t +1)| < CSY27%/2 for t € [0, tmax), SINCE tmax < CS'/2. Combining

this with (106), (107) and recalling the definitions (102), (103) of f(t), g(¢), we

obtain

(108) |(%)kf(t)| < Ck(82x52)5_k/2 for t € [0,tmax) , and
d

(109) (5)°9(0)] < Cu(Sag™)S ™2 for t € [0, timas) -

If t > tmax, then W < 0 in supp 6, so that f(t) = g(t) = 0 by definition
(102), (103). Thus, (104) may be rewritten as

(110) xX@wy= Y

LE[0,tmax)NZ

(111) Y (0, W) = > g(¢) .

26(Z107°% trax)NZ

We compute X (0, W) using (108), (110) and the lemma on Riemann sums. In that

lemma, we take a = 0, b = t;nax — €, and let € — 04. Thus,

12) x@.W)= [ ra+ Jim {=fOx 6+ 5/ G0}

—tmax—
— f(0)x, (0) — %f’(O))”((O) + Errorx , with

[Errorx| < C(82z52) - 871 + On(S%25 ) SV 2t max -
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Since tmax < CSY? in either case (92) or (93), it follows that
(113) [Errorx| < CSzy?

Let us compute the terms on the right in (112). We have

tmax
(114) / t)dt = / f) (since f(t) =0 for t > tmax)

:/000(2t+1)/ (W( _t(t+1))i/2 z)dzdt = // 3/2 0(z)dzd§

-3, G )M" o).

T

Next, note that f(b) and f’(b) both tend to zero as b — tmax—-. In fact, f(b) =
f'(b) = 0 for b near tya = CSY2, if (92) holds. If instead (93) holds, then for

& — W(zo)— we have

2 +

F(&) = / (7W(x) — 5)3/29(m)dx —0, and
0
/ = 1/20(x)
F' (&) = (const) (W(z) = &) Fdaz —0.
0

To see these equations, note that (W (x)—¢). is dominated by C'S and supported in
an interval about zq of length O((W (z0)—¢)/?). Thus f(b), f'(b) — 0 as b — tmax—
in either case (92) or (93), since f(b) = (2b+1)F(b(b+1)), and b(b+1) — W (xp)—

Hence

(115) lim {—f(b)x_(b) + f() ()} =0.

b—tmax—

Next, recall that x (z) = k — 2 — % for the smallest integer k& > z. Thus

(116) FOx.0 =+370 =5 [

Similarly, x(0) = Ikni%{|0 —k—1/2?- L} =1—- 5 = £, and from the definition
€

(102) we get,

f’(o):2/000(W(x)):”'/20(;,;)@;Jr (const) /OOO(W(@«))L/?@@.

2 /4 3
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The second term on the right is dominated by S/ 2zy 2 so

Loy 1 [/ W(z)\3/2 . 1/2,,—2
_ = __ < .
(117) 2f (0)x(0) 6/0 ( o )+ 0(z)dz+ Err, with |[Err| < CS§Y <z,
Putting (113)...(117) into (112), we see that

(118)
X(,W)= %/OOO(W(x)>5/2x29(x)dm + %/Ow(w($)>i/29(x)dm + Errory ,

z2 /4 2

with |Error’y | < CSzy?. (Recall S > 1, so SY/2 < 8).

Similarly, we use (109), (111) and the lemma on Riemann sums to compute
Y (0, W). If tmax < Z1°7° then evidently Y (6, W) = 0 by (111). Suppose tmax >
Z197° . For the interval [a,b] in the Lemma on Riemann sums, we take [Z107° +
€,tmax — €| and let e — 0+. We obtain the following crude result, which is enough

for our purposes.

tmax

(119) Y(0,W) :/ . g(t)dt + Errory , with
Z10~
(120) [Errory | < C(Szy?) + Cn(Sz52)S ™M oy < C'Szp?

since tmax < CSY/? as we noted before.
109 _
For t > tmax we have g(t) = 0. Moreover, ‘fOZ g(t)dt| < C(Szy?) - Z*° ° by

(109). Hence, (119) and (120) imply
(121) Y(6,W) :/0 g(t)dt + Errory, with [Errory | < CZlO_QSa:a2 .

By definition (103), we have

(122)
/Oo g(t)dt = /00(215—}—1) /°° (I- W;(;v)]"f’f(ij 1)),(W(w) ;;f(t - 1)>;1/20(x)da:dt
[ =W(x)m | 66\ (W(x)—&§\~1/2
=[] (e ) (R, o

- /ooo -V e /Ooo<W(x> - €)' de}d
+ /Ooo — {/OOO & (W(x) — )y de}du

xr3
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We evaluate the integrals in curly brackets:

/OOO(W(x)—g) dg =2(W (), and

| e - a= [T W - ) - 9] e - 07
:W(37)'/0 (W(z) - 1/2d§ / 1/2d§
= W(e) 2(W()* - 3(W<x>)i/2 (W)Y

Hence (122) becomes

/O T gdt =2 /0 ” [‘W(w)}”(w(w))f 0(2)0%ds + 8 /O (D @)

2 2

Putting this into (121), we conclude that

o [T W) (W)\V2
(123) Y(H,W)—2/O ) (R ewyas
W ()| 3/2
+8/0 ( - )+ 0(x)dx + Errory
with
(124) |Errory, | < CZlO_QSxa2 if tmax > 2107

Y(0,W) =0 if tyax < 210 .
We record our results (118), (123), (124) on X (6, W), Y (6, W) in the following

statement.

Lemma 10. Suppose 0(x), W(z) are defined on (0,00), with 6 supported in {|x —
xo| < cxo} (0 < ¢ < 1/2) and satisfying |(%)a9(a:)| < Cozy®. Suppose also that
S>1, ‘(%)QW‘ < CoSzy*, and assume either
(A) |[W!(z)| > Szt for |z — xo| < cwo, in which case we set tymay, = CS'/?
or
(B) W(xo) > 0, W(xo) = 0 and —W" > /Sxzy? for |z — xo| < cxo in which

case we set tmax equal to the positive root of t(t + 1) = W (xp).
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Then
_ W (x)—L(L+1)\3/2
X(0,W)-Z(2£+1)/0 ( — )+ 0(z)d
£>0
s given by
2 [/ W(x)\5/2 9 1 [/ W(x)\3/2
X = — -
0, W) 5/0 (552) oy da:—l—3/0 () oo+ Ervor
with |Errorx| < CSz52.
Also,
. o W (x)qn 6L£+1)\ (W(x)—L(£+1)\~1/2
Y (0, W) = 29(26-1—1) /O (- B (T ). oty
e>ZlO
s given by
o [T W (@) W)\, o < (W(x)\3/2
Y(9,W)-2/0 [— - ] ( o )+ 0(z)x dx—|-8/0 (7>+ 0(z)dz+ Errory
with

-9 -9
|Errory | < CZ'° Sxa2 if tomax > 219

YO0, W) =0 if tmax < 220",

We apply Lemma 10 to calculate the numbers X, Y, X., Y. defined by equations
(68)...(71). Define W (z) = —z2V (z). Then:

(125) W(z) ~ S(r) = min{Zz,2~2?} for x € (0,00)
(126) ‘(%)QW(:EH < CoS(x)z™

(127) W (z) has a single critical point at z = # ~ Z~'/3  where

—W" > cS(7)F 2 .

(128)
Outside any neighborhood {|z — #| < ¢17#} we have |W'(z)| > coS(z)z ™,

where ¢y depends on c¢; .
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These properties are contained in Lemma 7 in the section on approximate T-F
potentials.
Next, we use a partition of unity to write the function ¢(z) in (68)...(71) as a

sum

(129) Z 0, (x) + Ogar(z) , with the following properties .

(130) Each 6, (z) is supported in {|z — z,| < cz, } for a small constant c .

d .\« o
(131) \(%) 0, (z)| < Cozy ™ .
(132) Each z, lies between c¢Z~3/® and C’lZ_w_9 (C1 = large const.)

(133) In each interval [2~ %+ 27F] there are at most C of the z,, .
1 _
(134) Ofar(x) is supported in [iClZ_w ’ 00) .

(135) Ogar ()] < C'.

(Recall that ¢ is supported in {z > cZ73/5}.)

By definitions (68), (70) and the definition of X (6, W), Y (6, W) in Lemma 10,

we have
(136) X = =2 X(,W) = = 3 X(00, W) = o X (O, W) , and
= 5 Vs — o_ ar; ; anl
3 ¥ 3 ” 3 f
(137) V= L (o, W) = — Y (0 W)+ Y G W)
T o4r P 24r vy 2 Vhar W

For £ > 7'’ we have (—Vg(:z:)):rl/2 supported in [T (£), Try (£)]. This interval is

disjoint from the support of g, by virtue of (134) and the fact that . (£) ~ 7.
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(Here it is important to take the constant Cy in (134) large enough). Consequently,
S Vi (@) (~Va(@)) | *btar () dz = 0 for £> 210", 50 that

(138) Y (Bgar, W) = 0 .

To estimate X (Ofar, W), we use the same observations as in (138) to see that

I (—W(.'L'))j_/29far(.’l,')d$ =0 for £> Z'°°_ Therefore,

139 XOuWl=| ¥ 4D [ (Vi) )i

0<e<z107?°
o0

<0z [ (V@)Y () iz < ' v ~de) 2210
0

1 — -9
('1 7 10
8

<z
To control X (0,, W) and Y (6,, W) we invoke Lemma 10.

For each v, the functions 6,,, W satisfy the hypotheses of Lemma 10, with S =
S(z,) and tyax ~ S2(z,). In fact, the hypothesis on supp 6, and the bounds
assumed for [(£)20,| and |(Z)*W| are contained in (130), (131) and (126). We
have § = S(z,) > 1, by (125), (132). We must show that (A) or (B) holds in
the statement of Lemma 10. If |z, — 7| > 2cz, with ¢ as in (130), then we take
o = x, in the statement of Lemma 10, and alternative (A) holds by virtue of
(128). We have tyax = CSY?(x,) in that case. If instead |z, — 7| < 2cx,, then
we take xo = 7 in the statement of Lemma 10, and we use there 10c in place of
c. Alternative (B) holds in this case, by virtue of (126), (127) and the fact that
S = 8(x,) ~ S(7) ~ Z%/3. Moreover, tuay is defined in this case as the positive
root of t(t + 1) = W(#) ~ S(7#) ~ Z%/3, 50 tmax ~ SY?(x,). Thus in either case,
the hypotheses of Lemma, 10 hold, with S = S(z,,) and tpax ~ S'/?(2,). Applying
Lemma 10 and recalling that V(z) = —%, we get:

(140)

X(0,,W)= %/OOO (—V(m))i/zﬁ,,(m)m2dx+ % /000 (—V(x))i/zﬁ,,(a:)dx—l— Errorx (v)
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with

141 Errorx (v)| < CS(z,) - 2,2 ; and
(141) | (v)] (zv) - 7,

(142) Y (6,, W) =2 /O b V(@) (~V ()6, (x)s%dz

+ 8/ (_V(x))i_/2eu($)d$ + EITOI‘y(V)
0
with

(143)  [Brrory (v)| < 02" " S(2)a,® if tuax > 2'°

v

Y (0, W) =0 iftmax < 20 ° .

Here, t,ax depends on v and has the order of magnitude tya ~ S 1/2 (z,).

In fact, (142) and (143) hold for all v. To see this, suppose tmax < 220 . We have

0 _W(a:) "o —4y
Vi= ( 72 ) = O(S(zy)z,”) in supp 6, , and
V= —W;(zm) = O(S(zy)z,?) in supp 6, , by (126) .

Hence [;° V"(z)- (—V(w))ip@,,(:c)a:zdx and [° (—V(az))i/ZG,,(:c)das are dominated
by CS3/2(2,) - 2,2 ~ tumaxS ()32 < Z197°S(z,,) - 22, Since also Y (6, W) = 0
in this case, (142) and (143) are obvious. Thus for all v we have (140)...(143).

Putting (139), (140), (141) into (136) we get

(144)
= [T V@ 0wt g [T (V@)L (b w)drs Errors
with

(145) [Errorx| < €27 + 0 S(z,)z;?

<CczV"" + ¢ Z (Zz,)-x,2+C Z (z;%)x;?

cZ-3/5<g,<Z~1/3 z,>Z—1/3
< C'Z%% . (Here we used (132) and (133).)
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Since also ¢(x) =Y 0,(x) + Otar(z), and

| / (~V (@)Y (Orar(@))sdz| < € / (&™) 202w < C'Z0 "
0 1c,z-107°
‘ / )%%( Gfar(ac))da:‘ <C / (z=4)%2dz < ' 70" |
%01Z_1079

equations (144), (145) may be rewritten in the form

_ 4 = 5/2 2 2 [ 3/2
(146) X = “Tor (—V(a:))Jr o(z)z dr — or /. (—V(JI))+ o(x)dz +Errorx
with
(147) |Errorx| < C z8/5 .

Thus we have computed X . Similarly, we compute Y by putting (138), (142), (143)
into (137). Thus, we obtain

(148)

Y:ﬁ V' (z) )Y Ze ()) 2dx+—/ )j’_/z(gey(aj))dx

+ Errory , with

(149) [Errory| < ¢ 2" Zg(xu)xf < ' 78/5+107°

(The last inequality follows from the intermediate steps in (145).) As before, we

use () = 2’; 0, (x) + Ogar(z) and

| / V() (=V(@))} b (2)a%ds| < / 5z 2P de < C' 710
0 1, z-107°
‘/ 3/20far d.’l?‘ <C/ ( _4)3/2d$SCIZ10_6
Cc,z-107°

to rewrite (148), (149) in the form

(150)

1 * 1 1/2 9 1
=75 ), 1% (9:)-(—V(g;))+/ o(2)z da:+3—7r (~V(@)**¢() + Errory
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with
(151) [Errory| < C Z5+107

Thus, we have computed X and Y in (67)...(74).

Next, we make an analogous computation of X., Y., defined by (69), (71) in
terms of the Coulomb potential V,(z) = Ey — Z. As in (125)...(128), we now
define W,(z) = —22V.(x) = Zz — Epz?. The analogues of (125)...(128) are as
follows. Set S.(x) = Zz. Then:

d\a 207
(152) ‘(%) Wc(x)‘ < CaSe(x)z™ for0 <z < g—o
. . . y Z 1/3

(153) W.(z) has a single critical point at z = 7. = — ~ Z~

2%,
where — W > ¢S, (7.)i. % and W ~ S.(.) .

102
(154) For z € (0,

) outside the interval {|z — 7| < ¢17.} we have

0
|W!(z)| > caS.(z)z~! , where cy depends on c; .
27
(155) We(z) <0 fora > 5~ 2” s
0

We again use the decomposition (129) of ¢. As in (136), (137), we have

2
(156) X, = 52 X(8,,W.) — —X(efar, .) and
(157) Yo= oo ZY 0., W,) Y (Btar, We) -

Since W,(z) < 0 in supp by by (134), (155), it follows immediately from the
definitions of X (0, W) and Y (6, W) that

(158) X (Bars W) = Y (Bgar, W) = 0 .
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Similarly,

yA
(159) X (0, We) =Y (0, We) =0 if a2, > 10— .
0

For z, < 10E£0, we can read off X(0,,W,) and Y (6,,W,) from Lemma 10, as
in (139)...(143). In fact, the hypotheses of Lemma 10 hold here for 6,,, W, with
S = S.(z,) and tpax ~ 561/2(30,,). To check the hypotheses of Lemma 10, we
argue as in the paragraphs following (139), with (152)...(154) playing the role of
(125)...(128). Note that tmax ~ (Z2,)2 > Z°7° for all the z,. Hence Lemma 10
yields the following results analogous to (140)...(143).

If 2, < 104, then

(160)
2 [ 1 [

X(0,,W,) = —/ (—Vc(a:))5/20,,(x)a:2da:+—/ (—Vc(x))3/29y(a:)da:+ Error% (v)
9 Jo + 3 Jo +

with

(161) |Error (v)| < CS.(z,) - ;% , and

(162)

Y (0, W,) =2 / V! (@) (~Ve(@)) 20, (2) % du+8 / (~Ve())2/?6, (x)dz+ Error§ (v)

0 0
with
(163) |[Error$ (v)| < CZY97° S, (x,) - 22 .

If instead x, > %, then V, > 0 on supp 6, by (130), (155). Therefore (160), (162)
hold with Error§ (v) = Error§ (v) = 0, by virtue of (159). Hence, as in the proof

of (144), (145), we get

(164)
%= [T )V (oot - 2 [ Vi) L oo

™

C
+ Error’
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and

(165) Errorg| <C Y Su(y)s,> < C'Z5 .

2, < 2

Since V.(x) > 0 in supp b¢,r, we have also

/O (V@) (Grae () 22 = /0 (V@) Grae (@) = 0,

so that (164), (165) may be rewritten in the form

(166)
4 [ 5/2 2 [ 3/2 c
Xe= 157 ), Vel SO(ﬂf>ﬂ'720h"—9—7r/o (=Vel@)? ela)de + Errork
with
(167) |Error§ | < VAN

Thus, we have succeeded in computing X.. Similarly for Y., we obtain as in

(148) the equation

Vo= o [V (Vi)Y > 00 (2)) o+ /0 (@)Y Qo Ot

0

+ Errory, , with

|Errors,| < CZ5+10"

Again using the fact that V.(z) > 0 in supp (6far), we can rewrite these equations

in the form:

I R _ 1/2 2 1~ 3/2
169) Y= 5 [ V@) (V@) Petoiatde + - [ (Vila)) Y pla)ds
+ Error§,

with

(169) [Error$, | < C 251077
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We have computed X, Y, X., Y. in (67). Next we compute W, which is defined in

(73). The function ¥ is Lipschitz continuous and periodic with period 1. Hence

_( Z N [ Z
X(W— f(f+1)—§)—x(a £+ 5+ 0] - 5)
( Z . ( Z
_X(2E1/2—z—1)+0(£ )_X(2E1/2)+0(e 1y,
Putting this into (73), we get
2ES? [ Z
) We= Y, (2e+1)- =2 x( 1/2)
-9 2E
Z1077 <4< Q,
2B
+ > 2+ 5o
Z107°% <0<Q,
2E.3/2 A E3/2
= [22+0(Q0)] - —2—%( 77 ) + O(%) - =2
0

Recall that Q. is defined as the positive root of Q.(Q2

+
2y _ 122 1Z 2_ 122
rilgac(Zas—an: ) = 1 %5;- (The max. is attained at z = 5 7-). Thus, QF = 3 - —Qe.

Substituting this into (170), we get

1 1 3/2,,— Z 3/2
WC:(ZZ2EO )- 2By " Z7 1% (2E1/2)+O(QCEO z7Y,
ie.
_ L, Z -
(171) W, = §ZE0 X(2Eé/2) + FErrory , with
(172) |Errory | < C Z4/3 .

(Recall that Q. ~ Z1Y3 Ey ~ Z14/3)
We prepare to substitute our results on X, X., Y, Y., W, into (67). First of all,

(146), (147), (166), (167) together yield:

X -X.= _ 4 /000 [(—V(:zc))i/2 - (—%(x))i_ﬂ](p(x)xzdm

157
(173) — 9% b [(—V(:z:))i/2 — (—Vc(m))im](p(m)dm + Errork
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with |Error’; | < C Z8/5. We can omit the factor ¢(z) in the two integrals in (173),

since V(z) = V.(z) for ¢(z) # 1 by virtue of (3) and the definition of . Therefore,

X_X, = 4 *° [(—V($))5/2 _ (—‘/(3(.7,'))5/2}5172(&7

157 J, + +
2 [ 3/2 3/2 .
(174) “on ), [(—V(x))+ - (—Vc(aj))Jr |dz + Error’ ,
with
(175) |Error}| < C Z8/° .

Similarly, combining (150), (151) with (168), (169) and dropping the factors ¢(x)

from the resulting integrals, we find that

yo= T (V@)Y - V@) - (Vi) e
V=Yo= o | V@) (V@) - V@) (Vel) P
1 [ 3/2 3/2 N
(176) | (V@)Y = (Vi)Y e+ Brvory
with
(177) [Brrory| < € 23107

Combining (174)...(177), we get

XX, +Y-Y, = —1% OOO [(~V(@)"? — (~Vel@))?*|e%dz
T Ooo V(@) - (~V (@) Y2 = V(@) - (=Velw)) ] a2de
(178) + % OOO [(~V (@))% = (~Ve(®))?/*]dz + Errorp
with
(179) [Errorp| < C Z5 11077

We can simplify the right-hand side of (178) by an elementary integration by
parts. For V(z) smooth on (0,00), the function (—V(x))i/z belongs to C*(0, c0),

so that
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We apply this to V =V and to V = V.. In either case, we may let R — o0,
obtaining

/00 (—V(m))imdac =—& (—V(al))i/2 + 2 /00 %V’(m) . (—V(m))i/2:v2dx and

> 3/2 3/2 3 [2 1/2
/ (—Vc(x))+ dr = —¢&; (—Vc(61))+ + 1 /61 ;Vc'(:v) : (—Vc(aj))+ z2dz .
Subtracting and recalling that V(z) = V() for z < &, (if we pick e; < Z73/5 —

see (3)), we get

v @) - (vt e

=31 B (V) - i) - (i) et

Putting this into (178), (179), we get

4 [ 5/2 5/27 o
=~Tr ), [(—V(a:))_l_/ - (—1/'6(3:))+/ |z*dz
o [ 107@) 4 V@) - (V@)

+ Errorp , with Errorp as in (178), (179) .

1/2

n 2 / 1/29 o
L= (V@) + SVi@) - (~Ve(2))}/*]e%dz

For V,(z) = Ey — Z, we have V. (z) + 2V/(z) = 0, so the preceding equation

simplifies to

_ 4= 5/2 o 4/00_ 5/2 9
=37 /. (=V(2)) z*dw + o /. (=Vel(@)) [ 2’z
1 o g / o 1/2 2
(180) + 2r /. (V" (z) + xV () - ( V(J:))+ z°dx + Errorp

with Errorg as before.

5/2

L @?dz in (180). (We include details for

Next we compute the term [~ (=V,(z))
the reader’s convenience.) In the discussion of elementary integrals in the Review

of Earlier Results, we saw that

1 [*,Z P 1/2 A
181) = = -~ -E)de=—"=—VP for Z,E,P,Z*—4EP >0 .
(181) /0 ( ) 2VE
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In particular, this holds for all E € (0, Ey] when Z, Ey, P, Z? — 4EP > 0. Integrat-

ing (181) in E over (0, Ey], we obtain

2 Z P 32 9 [®,7  P\3/2
- (————Eo) do + — (———) dz = ZEY? — P?E, .
0 +

3 xr  z? 3 x  x?/+
Hence
(182)

whenever Z, Eg, P >0 and P < Z?/(4E,) ,
for some function G(Z, P). The left side of (182) tends to zero as Ey approaches
7?/(4P) from below. Therefore, G(Z, P) = P12 (Z2) — 7. (Z)'/* = - _Z* o
that (182) becomes
(183)
3/2 1/2 1/2 2p—1/2
————EO) dz = ZEY* — EyP 4ZP

for Z,Eq,P >0 and Z%2—4E,P>0.

Integrating (183) in P over the interval (0, -Z 15 ) and noting that (£ — L —Eg)Y " =0

when P = 4E , we find that

4 o0 Z 5/2 1/2 Z2 2 Z2 3/2 1 Z2 1/2
_ ——E) 2dp = ZEY? . (Z) — ZEy (232 g2 9( 2V
157 <a: 0), wd o (ggy) — 38035, — 1772,

i.e.
4 [ 52 2 1 Z°
= dr — — —
= | (V@) 12 g1/
Putting this equation into (180), we obtain
4 oo 5/2 2 1 % 2 1/2 2
=1 ), (—V(2))} "z*dw + 1271_/ (V" (z) + —V (z)) - (-V(2), 2°dx

+ Z3E 1/2+ Errorg

with Errorp estimated by (179).
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Combining this with the definition (72) of W and equations (171), (172) for W,

we conclude that

(184) X — X+ Y - Y. + W — W,

A [ @) e+ c>o(vﬂ(;v) + 2V@) - (V@) V2 e2de
157 J, 127 T +
(20+1) _ —12 1 _ap_, Z
+7 Z - X(¢e) + _ZBE §ZE X( El/z)
Z107% <0<Q 2
+ Errorg ,
with
(185) Errorg| < C 23110

Substituting (184), (185) into (67), and recalling (74), we obtain the formula:

(186) sneg(H) — sneg(H.)

_ 4 * 5/2 22 1 > " 2, 1/2 9
= "o (—V(2) [ zdz + 2 /. (V"(@) + —V'(2)) - (=V(2)) [ "2"dw
20+1) _
S [ D50
Z107° <4< ¢
1 sp-172 1,172, 2
+ EZ E, — §ZEO X(2E1/2) + Errorg |,
0
with
(187) [Errorg| < € Z5+2107°

Next we compute sneg(H.). Recall that the eigenvalues of H. = —A + Ey — Ii_l
on R3 are given by Ey — % with multiplicity n? (n = 1,2,3,...). Therefore,
(188) sneg(He) = Y. n?(Eo— 13) = Yo (Bon® - =)

1<n< 1<n<
2 2

z
1/2
Eq

Z

5./

We evaluate the right-hand side of (188) by using the Lemma on Riemann sums,
with

Z2

ft) = Eotz—z, [a,b]:[1,7]7 cty=2%, r(t)=2'3.
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The hypotheses of the Lemma on Riemann Sums are easily verified, since Ey ~ Z4/3.

Thus we obtain from (188) and the Lemma on Riemann sums:

(189) sneg(H, Z f(n
n€ZN|a,b]
b
= [ $0dt = FOX_0) - F@x, (@) + 37 OO) - 5 (@(e) + Ervor,
o(a) o(b) ’ —100 4/3
with [Error| < C (a) + 072(13) + C’/a o)) dt ~ 243
We have
Z/(2E)? 2
(190) /bf(t)dt :/ : )(E0t2 - Zz)dt
1 Z 3 Z? Z 1 72
= (55l ~ T [peml) ~ (5% 7)
= - ZE 4 T 07
(191) mmﬁFO,wa@:%%%ﬁ %—0
(192) fla)x. (@) = (o~ Z)x, (1) = (Bo— 2) - ()
(by definition of x, (—)) = +% + O(Z*/3)
P 1 . 1 Z ., Z
§f (b)x(b) = 3 (2E0b)x(b) = 3 (2Eq - 2E1/2)X(2E1/2)
(193) = 52E, X(W)
(194) L F(@)x(a) = | - 2Eo)%(1) = 0(Z*)

Putting (190)...(194) into (189), we find that

2 2
snog(H,) = (—- 228, + 27) - (%

1 1/2 - A
- . )+ (525 X(2E3/2)> + 023

1 _ Z?2 1
— 7B, P Sy 2

Z43)
12 8 2 ) +0(Z*)

2., 4
ZEy " x(— 7
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Adding this equation to (186) and recalling (187), we obtain our basic formula for

sneg(H), namely

(195) sneg(H)

4 [ 5/2 o zZ? L[> 2, 1/2 o
= "T5r /. (—V(:z:))+ x da:-l—?—i-m ; (V (I)-i-;V(.’L‘))-(—V(.’E))_i_ z*dx
(20+1) _
+m Z o X(¢¢) + Errory ,
Z107° <0<Q
with
(196) [Error;| < C Z5+210°°

These results hold under the assumptions (1), (2), (3) above, with ¢4, ng given by

(6) and (7).

It will be convenient to modify slightly the sum in (195). To do so, we give

a lower bound for ny. Recall that {Vp(r) < 0} = (z1est(£), Z:t(£)) with Zies; (£)

Z
-V (r)— 2(5;_42-1) < =V(r) < Cmin{Z,r=*}, and therefore we have (—Vy(r))

c [min{ %, 7"_4}} —1/2

we have also T (£) << Z~Y/3 << 2,4(¢), and thus

(z1eft (£), 21t (£))

> Trt (L)
o T
0 wleft(e) r
Z—1/3

wrt(ﬂ)
:C/ (1)1/2dr+c/ ridr ~ 073
Tleft (£) Z Z-1/3

This lower bound implies that

20+ 1
‘ > - >~<(</>e)‘ <C > 0t < O (735 +10ey0
210*9<eSZ28—5+105 210*9<egz%+106

— (' 75150 o zE+2:107°

e T:4(€) ~ 3 for Z107° < 4 < Q. In (Trer (£), 3r(€)) we have 0 < —V(r)

—1/2
+

~J

>

(r) for all 7. For £ small compared to Q ~ Z'/3,

for ¢ smaller than 2 - 10~!1. Consequently, the sum over Z19™° < £ < Q in (195)
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may be replaced by a sum over Z 351108 < ¢ < Q. We record this result in the

following statement.

Main Lemma on Eigenvalue Sums. Suppose V(r) is defined on (0,00) and

satisfies

(A) [(£)*V(r)| < Coamin{Z,r~4} -+~ for all 7 € (0,00), > 0
B) |(& i) - VIE(r)} < comin{Z,r=*} -r= for all v € (0,00) and for
0 < a <2, with ¢y a small, positive constant depending on the Cy, in (A).
(C) V(r) = Ey — % for 0 < r < Z=8%2% with cZ43 < Ey < CZ*3 and
e < 10712,
We write V() for the radial function V (|z|) on R3. Then the sum of the negative

eigenvalues of —A + V (z) is given by

- Ag(-mm)”% F et e [LAV@) - (V@) de

T (2£nt1)>2(¢e)+ Error ,

8
7251105 pQ

with |Error| < C'Z5+2197° and ny, ¢y, Q defined by

Q = positive root of Q(Q+ 1) = max(—r*V (r))

>0
> Ll+1), -
ng = /0 (-v(r) - ( :2_ ))+1/2dr
1 [ L0+ 1 1
o [ My L

The constant C' depends only on ¢, C, Cy, € in (A), (B), (C).

Proof. We saw that the sum in (195) could be restricted to a smaller range of ¢

as in the statement of the Main Lemma. Since AV (z) = (V" + 2V') | and

r=|z|

dvol = 47r2dr, our present conclusion is equivalent to (195), (196). |
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PERTURBATION OF KEIGENVALUE SUMS

In the previous section, we computed the sum of the negative eigenvalues of
—A + V(|z|) under the restrictive assumption that V(r) = Eo — Z exactly when
r is small. In this section, we use simple perturbation theory, together with our

three-dimensional density results, to remove the restrictive assumption. We take

V(r) to satisfy the following conditions.

(1) ‘(d%)av(r)‘ < Ca min{%”“‘} 7% forr € (0,00),a >0

(2)
‘(dir)a{V(T) - VgF(T)}‘ < co-min{g,r_‘L} -1~ % forr € (0,00) ,0< <2

with ¢y a small, positive constant depending on C,, .

d o Z 1
3) () V() - [Bo— T} < Cazdr e
for r € (0,2Z273%%) o> 0. Here 0 < ¢ < 107'2 |and ¢Z*/?® < Ey < CZ*/3 .

Note that V(r) = VI (r) satisfies (1), (2), (3).

We shall prove that the conclusion of the Main Lemma of the previous section
holds under the weakened hypotheses (1), (2), (3). We start by modifying V (r) to
satisfy the hypotheses of the Main Lemma.

Take O(r) = 1 for r < Z~3%2¢_9(r) = 0 for r > 2- Z~ 512 with

d
(&

Then set Vi(r) = V(r) + 0(r) - [Eo — Z = V(r)]. For 0 < r < Z~5%2 we have

)a9(r)| < Cor™® forallr.

Vi(r) = Ey — %, which is hypothesis (C) of the Main Lemma.

iFrom (3) and the properties of 0, we get

@ (o0 8~ Z - ven)| < cuzirin = a2 e (i

< ng pTa (Zl/2 . Z_l%+35)
r

VA
=Cl=.r =. Z-3+3 iy supp 6 .
r
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Therefore,

‘(dir)aVl(r)‘ <C, min{%, 7'_4}7‘_"‘ + CZZ_%"'E’E min{%, r_4}r_a

by (1); and for 0 < a < 2 we have

() i)~ VEF )] < () (Vi) - VEF )]

eLY o Rxs min{%,r_‘L}T_Q < 2¢ min{%,r_‘L}T_O‘ by (2) .

These estimates imply hypotheses (A) and (B) for the potential V5. Thus, we

may apply the Main Lemma of the previous section to V7, obtaining

(5)
sneg(—A+Vp) = —1517T2 /R3 (—Vl(x))5/2dx+%+4sl7r2 /R3(AV1($))-(—V1(:L'))1/2dx

r Y D560 + Brron

7Z35+105 4y "
with
(6) |Error;| < C'z5+2107°
(7) Q = pos. root of Q(Q+1) = @33((—7‘21/1(7"))
o0 L(0+1)\—-1/2
(8) ng:/ (—Vl(r)— ( : )) dr (2510 < g < Q)
0 T +

(9) be = l/Ooo(—Vl(r) Gy 1))1/2dr - % (Z%T10 < 1< Q) .

™ ’]"2 +
Here we write V', V7 both for functions of one variable, and for the corresponding
radial functions on R3.
In (7), (8), (9), we can replace Vi(r) by V(r) without changing the values of 2,

ng, ¢¢. In fact, (2) shows that —r2V(r) is an increasing function on (0,22~ 512¢).
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Similarly, —r2V;(r) is increasing on (0,22~ 513¢), by virtue of hypotheses (A) and
(B) of the Main Lemma, which we know to be valid for V;. Hence, the maxima of
—r2V(r) and —r2V4(r) are both attained in (225 72¢ 00), where V = V4.

Consequently, changing Vi (r) to V(r) in (7) leaves the value of 2 unchanged. To see

that (8), (9) are also unchanged, suppose £ > Z25 19 Then for 0 < r < 27~ 512¢

we have
. Ly Z L+1) CZr
< e pu— —_— .
|V(T)|,\V1(T)\_Cm1n{r,r } Cr - I
_ ety [0z Z75t2q f(L+1)
<= T mme <

Hence, —V'(r) — e(e;;l) and —Vi(r) — YY) are both negative when £ > Z35 10

T

and r < 2Z~5%2¢, This implies

/oo (_Vl(r) e 1))_1/2dr _ /°° (—Vl(r) e+ 1)>_l/2dr

72 72

+ z—§+2e +
B 00 K(f-l- 1) —1/2 B 00 g(g_l_ 1) —-1/2
= /22_%“5 (—V(r) -3 >+ dr —/0 (—V(r) -3 )+ dr
for £ > Z2+1% 50 (8) is unaffected when we replace Vi(r) by V(r). Similarly for
(9). Thus,
(10)
sneg(—A+Vp) = —L/ (—Vl(a:))5/2da:+Z—2+ (AV1($))'(—‘/1($))1/2655U
1571'2 R3 8 4871'2 R3
20+1) _ :
+7 Z ( ” )X(gbg) + Error; , with
73510 cpc
(11) Q = pos. root of Q(Q+1) = m;:tgc(—ﬁV(r))
0 L(£+1)\—1/2
(12) ” _/O (v - =)

(13) by = 1 /OO (—V(r) L+ 1)>1/2dr -

72 +

DO | =



70 Fefferman and Seco

(14) |Error; | < C'ZEtr107

We want to compare sneg(—A +V7) with sneg(—A+V). Let Eq,..., Ex be the
non-positive eigenvalues of —A + V3, and let ¢1(z)...¢on(z) be the corresponding

normalized eigenfunctions. We introduce the N-particle wave function

(15) Y(T1...TN) = \/% Z(sgn o)po1(21) - - @on(aN) ,

where o denotes a permutation of {1...N}. Thus, ¢ is antisymmetric and has

norm 1. Moreover,

N
(16) sneg(—A+ Vi) = E; +. = (—Ag, + Valaw)) ¥, ¥)
k=
N 1N
= O (—As, + V(@) v) + O (Valwr) = V(zk)) ¥, )
k=1 k=1
N
> sneg(—A+V)+ Z Vi(zg) (zx)) ¥, 9)
k=1

as follows by expanding ¥ (z ...zy) in terms of the eigenfunctions of —A + V().

For the wave function (15), we have

(17) S~ (Wala) = V)bt = [ prla) (o) - V(@))da
k=1 R?

where

(18) p1(z) = Z lor(x)|> = density associated to — A + V7 .

Putting (17) into (16), we get the inequality
(19) sneg(—A + V1) > sneg(—A+ V) —|—/ p1(z) (Vi(z) — V(z))dz .
R3
Similarly, reversing the roles of V; and V in the last paragraph, we find that

(20)  sneg(—A+V) > sneg(—A+ Vi) + /Rs p(x) - (V(z) = Vi(z))da
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where p(x) is the density associated to —A + V.
In (19), (20) we want to replace p; and p by their semiclassical approximations.

Hence we rewrite these inequalities in the form

(21) sneg(—A + Vi) > sneg(—A+V)+ #/}R (- Vl(:L'))3/2 (Vi(z) — V(z))dz

T /RS [p1(2) — #(—Vl(:v))s/z} (Vi(z) — V(z))dz

1
(22) sneg(—A+V) > sneg(—A+ V1) + W/ (—V(x))3/2 (V(z) = Va(z))dz
R3
1 3/2
+ [p(x) - 6—2( V(:U)) ](V(a:) - Vl(x))dx
R3 ™
We can control the integrals at the far right in (21), (22) by using Theorem 1 in

the section on the WKB Density Theorems for Approximate TF Potentials. Since

Vila) = V(@) = 6(r) - [By— = ~V(r)] (r=1el)

estimate (3) and the properties of 0(r) allow us to write

(23) Vi(z) = V(z) = > (2%/%6,"*)Ui() ,
k=1

where: Ug(z) is a radial function supported in 6y < |z| < 20k, |Ug(z)| < C,
|VU’€($)| < 0519_17 6k+1 < (1 - C)dk; 01 ~ Z_%+2€.

From (23) and the Lebesgue dominated convergence theorem, we get

3/2
2 [ [ - EROT] . (i) - vw)ds

00 v 3/2
Z 3/261/2/ [,01(37) _ &] Uk(x)dx
672
k=1
Theorem 1 in the section on the Density for Approximate TF Potentials shows that

3/2
| /R [pa(z) = %}Umm\ < C' (20 + 2542107
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This and (24) imply

@) | [ @) - 53 (V@)*"]- (@) - Via)ds

<0 73287 (28 + 252107
k=1

. - 3/2 S TR 1/2
_CZZ5/26k +CZZ6+210 6k
k=1 k=1
~ 2512537 4 720 5

~ Z5/2(Z_%+2€)% 4 7820070 (g=§ )2 | e
Similarly,
(26) ‘/ p .’1: V(x))3/2] ] (‘/1(1') _ V(.’L’))dl“ < ng—i—?)e )
R3 671'2
Putting (25), (26) into (21), (22), we find that

(27) sneg(—A + Vi) > sneg(—A+V)+ # /R3 (V1 (3;))3/2 (Vi(z) = V(z))dz

—CZ5F*
and

(28) sneg(—A+V) > sneg(—A+ V1) + # /]R3 (—V(x))3/2 (V(z) = Va(z))dz

—CZz5+3e

In the integral in (27) we want to replace (— Vl(m))3/2 (—V(x))3/2.
Recall that V3 (r)—V (r) is supported in [0, 2Z3+25] and is dominated by Z3/2r1/2;

while =V (r) ~ Zr~! in that interval. Hence we can write

-1
(29) Vi) =(+AE)VE),  AE) = (V)= Vi) (-V()
with f1(r) supported in [0, 2Z_%+25], and with

(30) [fi(r)| < CZY332
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Therefore, for any exponent p we have

(VM) = (L+pfi(r) + O(f2(r)*) - (=V(r))"
= (1 +pf1(r)) . (—V(r))p +0(Zr3 . ZPr~P)

(31) = (V)" +p(VE) = Vi) - (V)" + 0z ).

In particular,

|(=Va(r)? = (=V(1))*?| < CV(r) = Va(r)| - (=V (1) /? + CZ3 /2
S CZ3/2T1/2 . (Z,',,—l)l/2 +CZ5/27'3/2

<CZ? forre [0,2Z_%+25] ,
SO

‘/L3(—W/(x))3/2(vﬁ(x)-—I/(m))dx-—-j[ (——Vﬁ(m))3/2(v3(x)——‘/(x))dx‘

R3

< / . CZ*|Vi(z) — V(z)| dvol(z)
|z|<2Z~ 512
9z~ %+2¢
S/ CZ2 - (CZ32\ %) r2dr ~ 75 - (277 3%2)F  Z54T7¢
0

Combining this with (27), we get

1
sneg(—A + V1) > sneg(—A+V) + 62 /3(—V(x))3/2 (Vi(z) = V(z))dz
R
AN

which together with (28) implies

(32)

1
sneg(—A+V) = sneg(—A+ V) + 62 / (—V($))3/2 (V(z) — Vi(z))dz + Error,
R3

with [Errory| < CZ5+3¢,



74 Fefferman and Seco

Putting (10) into the right-hand side of (32), we obtain

(33)
1 5/2 1 3/2
_ —J_ _ _— _ — d
smeg(~A+V) = { - /R (V@) Vot [ (V) (V@-1i@) v}
VA 1 1/2
T /R (AVi(@)) - (~Vi(2)) 2 da
(20+1) _
+ Z e X(¢¢) + Errors ,
Z35+10c
with
(34) |Errors| < CZ5 121077

;From (31) with p = 2, we get

{_ 1517rz /Rs(_vl(x))mdx + 6% (~V(@)**(V(2) - Vl(x))dg;}

-
- /R (V@) + 2 (V@) - V@) - (V@) +g(@)]do
+ 61? R3(—1/(93))3/ 2(V(e) - Vi(z))da
with
@ < CZ PR X
That is,
{—1517# /Rs(—vl(x)f”dx + 61? Rg(—V(m))S/Z(V(x) - Vi(z))ds}

1 5/2 1
S . dz — d
1572 /Rs( V(@) e = 32 /ng(m) v

with the last term on the right dominated by

oz~ 8+2e
7 3 7 7
/ 25712 0200 ~ Z2(2Z7 5122 ~ Z5t7e
0

So the expression in curly brackets is (33) is equal to —Tlﬁ Jgs (—V(x))5/ do +
O(Z35%7¢). Consequently, (33) and (34) may be rewritten as
(35)
1 5/2 Vi 1 / 1/2
CA4V) = - dz+ 2 A . d
sneg(—A+V) 52 /RS( V(x)) T+ g +487r2 R3( Vl(a:))( Vl(a:)) T

wr Y B0 + B,

8
Zﬁ+106<£<9
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with

8 -9
(36) |Errory| < CZ5+210 7

We want to replace V3 by V in the second integral in (35). We have

67 | /RS(AW)(_VI(HJ“))lﬂdx_ /R3( V)(=V (@) da

AV — AV - (—Vl(x))1/2da:+/ AV] - [(=V3) 2 = (=) /2|dgs
3 R3

From (3) and the properties of 6§, we have

2

AV — V1) ){er)[EO—g—V }‘<CZ3/2 3% r=laf.

= ‘ dr2
Also,

(—Vl(x))1/2 ~ ZY2%7Y2 i supp (V- T4) C {lz| < 2Z_%+25} :
Hence

(38)

—3-1—26

2Z
/ AV — AV (=V (@) de < c/ (2312302 (22 =2%) - 2dr
R3

~ 72277812 o g5t

On the other hand, (1) yields |AV| < CZr~3 in supp (V1 — V); and (31) shows that

(V@) = (V@) | < CIV (@) - Va(@)] - (-V (@) + C 70
< C’(Z3/27°1/2) ) (ZT—I)—1/2 + C’Z%TS/z
— CZr +CZ3¢52 = CZr(1 + Z313)
<C'Zr in supp(V —Vp) .
Therefore,

/RS AV(@)] - |(=V (@) - (~Vi(@))"?|da

2751 . .
< c/ (Zr=2) - (Zr) -r?dr ~ Z* - (2Z751%%) ~ Z512
0
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Putting this and (38) into (37), we see that
‘/ (+AV1)-(—V1)1/2dx—/ (-l—AV)-(—V)l/zdx‘ < CzE e
R3 RS

Hence, equations (35), (36) may be rewritten in the form
(39)
1 5/2 A 1 1/2
CA+V) = — . de+ 2 A (-
sneg(—A+V) 152 /Rs( V(x)) T+ 3 +487r2 /RS( V(a:)) ( V(a:)) dx

20+1)
+ Z ( e )X(gbg) + Errors

8
7251105 pQ

with
(40) |Errors| < Cz5+2107°

We record equations (11), (12), (13), (39), (40) in the Theorem of the next

section.
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THE WKB EIGENVALUE SUM THEOREM FOR APPROXIMATE TF POTENTIALS

Suppose V (r) is defined on (0, c0), and satisfies the following conditions.

(1) ‘(dir)av(r)‘ < Cq min{%,r“i} -r~® forallre (0,00) ,a>0.

@) (D) V) - VET0)}| < comin L r=4} - pme

for 0 < @< 2andr € (0,00), with ¢y > 0 determined by the C, in (1) .
d a Z 3 1

3 ‘— Eo-2-v ‘<CaZ§ j-a

® | (B - L v < cuztr

fora > 0and r € (O,ZZ_%“E) , with ¢Z*/3 < Ey < CZ*? and 0 < e < 10712 .

Write V (x) for the radial function V(|z|) on R®, and set H = —A + V(z) on R3.

Set 2 = positive root of Q(Q + 1) = max(—r?V(r)), and define

r>0
o0 £(£+1)\~1/2
1 Le+1)\Y2 1
gbe_%/o (_V(r)_ 2 )+ dr—o for1<£<Q.

Then the sum of the negative eigenvalues of H is given by

1 VA 1
H=-—" [ (=V)ds+ 2 —/ AV) - (V)2
sneg(H) 52 /RS( V) 2dx + 3 +4871'2 R3( V) (=V)"/*dx

SR

Z28_5+1°E<£<Q
with

|Error| < C' 752107

The constant C’ depends only on Cy, ¢, C, € in (1), (2), (3).

Proof. The conclusion is contained in equations (11), (12), (13), (39), (40) in the

preceding section. H
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ESTIMATES FOR NUMBER-THEORETIC SUMS

Let V(r), , ng, ¢4 be as in the WKB Eigenvalue Sum Theorem for Approximate

TF Potentials. Thus, we assume:

W)Vl <Camin{ e drazo >0

(2) ‘(dir)a{V(r) — VZTF(T)H < comin{g,r_‘L} 7% fora>0,7r>0,

with small ¢ > 0 determined by the C,, in (1);

(3) |(dir)a{E0 - g —V(r)} < CoaZiri™® fora>0,0<r<2Z 5t%

with ¢Z43 < Ey < CZ*3 and 0 < £ < 10712,

Recall that €2, ng, ¢, are defined as follows.

(4) Q is the positive root of Q(Q + 1) = m>aa<(—r2V(r)) :
o° é([-ﬁ- 1) —1/2
(5) ne=/0 (—V(T‘)— 2 )+/ for 1 </<Q;
1 [ L+ 1
(6) ¢€—;/0 (—V(T)— 3 )+ dr—5 for 1<£<Q.

To make full use of the WKB Density and Eigenvalue Sum Theorems for Ap-

proximate TF Potentials, we want to prove the following estimates for some a > 0.

o ‘ 3 (2£+1)X_(¢e)‘§09_2a 3 (20+1)

n n
¢ £, <8<l ¢

for Z107° < 4y < 0y < Q with £y — £, > Q17100

(8) There are at most CQ'~%® integers £ < Q for which

|pe — nearest integer | < £76/43
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(2641) _ —2a;5/3
< .
9) ‘ 8 E e X(de)| <CQ™2*Z
Z25T10° 4

These estimates are clearly related to the equidistribution of the ¢, modulo 1. To

prove them, we need an important extra assumption on the potential V' (r). With

(10)  O() = /O h (-vr) - ;—2):/ “dr for0<t< (max [—r2V (r))) /2 ,

we assume
d? —9

(11) ‘—@(t)‘ > cZ Y3 for 2 <t < (max[-r2V(r)])¥/2.
dt? r>0

In [FS6] we proved (11) for V(r) close enough to the Thomas-Fermi potential
VFE(r) in a suitable metric. Here, we simply assume (11). Note that (11) fails
for V(r) = Eg— Z and for V(r) = A2(r? — p) (with, say, A ~ Z, p ~ Z7%/3), i.e. for
the hydrogen atom and the harmonic oscillator. In these examples, %@(t) = 0, the
¢¢ are not equidistributed modulo 1, the eigenvalues of —A + V' are highly degener-
ate, and the desired semiclassical approximations to the density and eigenvalue sum
are inaccurate. The failure of (11) is closely related to the periodicity of zero-energy
orbits of a classical particle in the potential V.

All the number theory we need is contained in the following standard, elementary

result. (Something more sophisticated would be needed to get the sharpest a > 0
in (7), (8), (9).)

Lemma 1. Suppose f(t), ¢(t) are defined on an interval [0,S] and satisfy there

the estimates
(12) |f®|<C, |ff@)|<CR', bR '<¢"t)<CR ', withR>S>10.

Let x(t) be a periodic function of period 1, having average zero and total variation

on [0, 1] given by

(13) Val'[(),l]X < C.
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Then we have the estimate

> FRx6k)| < SR

0<k<S
with C' depending only on C in (12), (13).

Proof. Define a finite sequence ko, kq,...,k inductively, as follows. We put

VUmax

ko = 0, and pick an integer N comparable to R/3. Suppose we have already

defined kg, k1,...,k,. By the pigeon-hole principle, we can find integers p,, q.
with
bv C
14 1<q, <N and |¢'(k,)— =<
(149) (k) - B < =

After dividing p,, ¢, by their greatest common divisor, we obtain (14) for p, and
g, relatively prime. If k, + ¢, < S, then define k, 1 = £k, + q,.-

If instead k, + ¢, > S, then define vy, = v, so that the sequence ko, kq,...

terminates at the given k,,.

Note that the sequence must terminate eventually, since k, 11 > k, + 1 for 0 < v <

Vmax-

Using the integers kg ...k we break up Y. f(k)x(¢(k)) into a sum of

* "WVmax?

0<k<S
S fR)x(6(k) for 0 < v < Vmax
X = ky<k<ky41
) S f(R)x(¢(k))  for v = Vimax
k,<k<S

Evidently,

(15) Yo fRx@kR) = Y, X,

0<k<S 0<v<Vmax
We estimate X, trivially, by noting that k,___ + N >k,_._ + q,... > S. Hence

the sum defining X has at most NV terms. The terms are bounded, so

Vmax

(16) 1X,. |<CN.

Vmax| —
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For the other X, we will derive a much better estimate.
Fix v < Vmax, and set & = ¢(k, ). Then for k = k, +m with 0 < m < ¢, we have

d(k) =&+ ¢ (k) -m+ O(%m2) by our bounds for ¢ .

Hence,

2
Bk) =€+ 10 m+ O 416/ (k) — 17 -m)

The error is dominated by NTE + qULN -qy < %, since 0 < m < g, < N and (14)
holds. So
v ) C
(17) S(k) =€+ P+ 1, with 7| < — .
Qv N
For k = k, + m with 0 < m < ¢, we have also
y N
\f(k) — f(ky)| < %m < CRg < % by our bound for f’ .
Hence
CN?
(18) Xy = fk) Y x(@R)] < =5

kusk<ku+1

by our definition of X, and since k,+1 — k, = ¢, < N. Putting (17) into (18), we

see that
2
19 X, — fk)Y,| < CN , with
R
(20) Y, = Z X(§ N L Tm) and
0<m<q., qv
C
< — .
(21) | < 5

For each integer n (0 < n < ¢,) there is one and only one integer m (0 < m < ¢,)

for which Z—:m = qﬂ mod 1, since p, and g, are relatively prime. Let m(n) be that

v

integer m, and define 7,, = T;,(,,). Since x(-) is periodic of period 1, we have

x(£+f]’—:m+rm) :x(§+qﬁy+%ﬂ) for m = fiu(n) .
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As n runs from 0 to ¢, — 1, m(n) assumes all the integer values from 0 to ¢, — 1.

Hence (20) may be rewritten as

(22) Vo= >0 x(e+ - +7), with

C
Tl < — .
(23) ul <

Write Var; x for the total variation of x over an interval I, and write Av; x for the

mean value of x on I. Then since |7,,| < = by (23), we have

n ~
(24) ‘X(£+—+Tn)—A’U[£+ o ¢t X| S Varg noor oy nrorX

v qv qv

for a large C’ .

Note that > Var  n-ct ¢y nictix < C" Varp 1x since x has period 1, and
0<n<q, v v

the family of intervals I,, = [§ + ";ucl,ﬁ—}— ”‘('I'f’] (0 < n < ¢) may be divided into

C" families of pairwise disjoint subintervals of the circle R/Z.

Note also that > Av[£+ ’§+(n+1) = 0, since x has period 1 and average zero.

]
0<n<q w
Therefore, summing (24) over n = 0,1,...,q, — 1 and comparing with (22), we get

v,|<cC” Varp 11x  for 0 < v < vpax -
We are assuming Varpg 1)x < C, so
Y,| <C" for 0 < v < Vpax -
Putting this into (19) and recalling that N ~ R'/3 R > 10, we obtain the estimate
(25) |X,| <C" for 0 < v < Vimax -
Estimates (15), (16), (25) show that

(26) ‘ S fk < CON + C" Vimax -

0<k<S
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Let us estimate vpay. For fixed p, ¢ with 1 < ¢ < N, let £(p,q) be the set of

V < Vmax for which p, = p, ¢, = q. Also, let I, = [k, k,11) for v < vpax. The I,

are pairwise disjoint. For v € £(p,q) and t € I, we have

It—]—jz /t_&< It + pV
60 - 2] = 60~ 22| < [60) ~ 606 + |8 ) — 2
1 -1
SORTt—kyl+ 3 SOR™ g+

(Since k,/_|_1 — kl/ = q;/) — CR_lq + q%

Since 1 < ¢ < N ~ RY3, we have R™'¢ < 5, and thus [¢/(t) — 2| < < for
ve&(p,q)and t € I,,. Hence the I, for v € £(p, q) are pairwise disjoint subintervals
of F(p,q) ={t €[0,5] | |¢/(¢t) — §| < q%} Since ¢" > 0, the set F(p, q) must be a
closed interval, say F(p,q) = [tiow, tni]. Since ¢ > bR~ and tiow, tni € F(p,q), we

have C > ¢ (tni) — ¢ (tow) > DR+ (thi — tiow), i-€. length (F(p, q)) = thi — tiow <

2CR
qNb*

On the other hand, for v € £(p, ¢) the interval I, has length k,11 — k, = ¢, = q.
So the I, for v € £(p, q) are pairwise disjoint intervals of length ¢, all contained in
t 2CR

an interval F'(p, ¢) of length at most 2CR . Consequently, there can be at mos NG

distinct v in E(p, q).

For a given ¢, (1 < ¢ < N), how many p can have £(p,q) non-empty? Since
0 < ¢” < CR™! and [0, 8] has length S < R, it follows that ¢'(t) varies by at
most C, as ¢t varies over [0,S]. If v € £(p,q) and 7 € E£(p, q), then |¢'(k | =

¢/ (k) — 22| < % = &, and similarly |¢/(ks) — 2| < 5. We know that

¢ (k) — ¢'(ks)| < C, so we must have [p — p| < Cq. So for a given ¢ we find
that £(p, q) can be non-empty for at most Cgq distinct p. Combining this with our

bound for the number of v in a given £(p,q), we see that US (p,q) contains at

most E distinct v. Since {0,¢,... ,vmax—1} = U (U 8(p, q)), it follows that
1<g<N »p
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Z C'R C"RénN

oNb < —wp - Hence, (26) implies the estimate
1<q<N

Vmax <

S Fkx(sk)| < on + CEN

0<k<S Nb

Since N ~ R'/3 and b < C, the right-hand side is comparable to %;E"R, which

proves the conclusion of the Lemma. |

Trivial Remarks. In place of bR~ < ¢ (t) < CR™! in the above Lemma, we could
just as easily assume bR™! < —¢"(t) < CR™! for t € [0, S]. Also, we can replace

[0, S] by any other interval of length < R.

To prove (7), (8), (9) we will use Lemma 1 with

(26bis) é(1) = %/Ooo (—V(r) - t(t; 1)>i/2dr - % L0<t<Q.

Thus, ¢y = ¢(¢). To apply lemma 1, we need upper and lower bounds for ¢"(t),

which we now establish. We set

o) = [ (Vi) - 5

s 72 27

so that
27 Y© = [ (V) - T
2w, o

We recall the following properties of r2V (r).

(28) ‘(%)a(—r2V(r))‘ < CQS(r)r~®  with S(r) = min{Zr,r~ 2} ,
(29) —7r2V (r) has a maximum at r = 7 ~ Z~ /3, and

d2
(30) _W(_"JV(T‘)) >cS(r)r2atr=7.
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Moreover, given c; > 0, we have

d

(31) |(d—r

)(—7“2V(T))| > coS(r)r~Hor |r — | > 17,

with c¢3 > 0 depending on ¢;. We introduce a partition of unity ) 6,(r) = 1 on
v

(0, 00), with 6, supported in {|r —r,| < cr,}, roy1/r, > 1+, |(d%)a9y| < Cur,

and then write

(32) (€)= — Z/OOO (=r2V(r) - 5);1/29,,(7-)2‘% =-Y Q).

Lemma 9 from the section on the Eigenvalue Sum in an Approximate TF Poten-
tial with an Exact Coulomb singularity applies here, so that we get the following

estimates for @, (&).

33 |(5)" Q)] < CnsH (1) Tor0 < € < OS(r,)
provided dist(7, supp 6,) > cF .
d\m 1
39 |(Gp) Q)] < CuS™H (1) for 0 < € < max 1V ()]

provided dist(7, supp 6,) < cF .
Immediately from the definition of @), we have

(35) Q,(&)=0for & > CS(r,) .

Combining (33), (34), (35), we find that

(36) ‘(d%-)mQu(f)‘ < CmS_%_m(r,,) for0 < ¢ < max [—r2V (r)] .

Putting (35) and (36) into (32), we obtain for 0 < & < m>aé<[—r2V(r)] that

[EORIGIEIND SRS R

CS(r,)>¢
~ DL @) Y )T
Cr;2>¢

CZr,>¢ -
r,<Z /3 r>Z-1/3
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i.e.

(37) T (€)] < O A for 0 < € < max V()] , m> 0.

&

Upper and lower bounds for ¢ (t) come from (37), (11) and the close relation among

é(t), ®(£), O(t). In fact, ¢(t) = B((t + 1)), so
¢"(t) = (2t + 1)°®" (t(t + 1)) + 2@/ (¢t(t + 1)) .
Hence, (37) yields
1" ()| < C2t + 1)t + )] 22+ Cltt+1)] Y2 for 0 <t < Q.
In particular,
¢
t

(38) 1" (t)] < for1<t< Q.

Similarly, ©(t) = n®(t*)+ %, so for 0 < t < [m>ag<(—7'2V(r))]l/2 we get from (37)
T

that

(39) 10/ (1) = [2mtd' (t2)| < (2nt) - C[t3]~ Y2 < C' .

Also, ¢(t) = 1O(\/t(t +1)) — 3 = 2O(H(t)) — 1 with H(t) = \/t(t + 1), so
(40) () = %(H’(t)f@”(H(t)) + %H”@’(H(t)) for 0 <t<Q.

For ¢t > 100 we have H(t) = \/t(t + 1) = t+ 1+ > ¢t~ (convergent power series),
k>1

so H'(t) ~ 1 and |H"(t)| < Ct=3. Hence (40) implies
(41) |¢" ()| > c|®"(H(t))| — Ct2|0'(H(t))| for 100 <t < Q.
Putting (11) and (39) into (41), we see that

1¢"(t)| > cZ™F —Ct 3 for 207" <t < Q.
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In particular,
(42) ¢"(t)| > 278 for C'ZF <t<Q.

Thus we have derived both upper and lower bounds for |¢”|, namely (38) and (42).

To prove (8) we can take f(¢) = 1 in Lemma 1. To prove (7), (9) we need instead

(43) F(t) = (2t + 1) [/Ooo(—V(r) _ et ”)j”dr]_l .

2
Hence we must estimate f(¢) and f'(t) for 0 < ¢t < Q. Define

(44) n(€) = /0 “(v-5) ar

r2) 4

Using the partition of unity 6, appearing in (32), we write

(45) ny(§) = Z/OOO (—r?V(r) - g):/grel,(r)dr = ZP,,({) i

Again using Lemma 9 from the section on the Eigenvalue Sum in an Approximate

TF Potential with an Exact Coulomb Singularity, we learn that

d

(46) \(d—E)’"Py(é)l <CpS 3 ™(r,) 72 for 0 < & < CS(r) ,
provided dist(#, supp 0,) > cF
(D) ()" PAO| < CunS (1) - for 0 < € < maa 2V (1)

provided dist(7, supp 6,) < cF .
Immediately from the definition we get
(48) P,(§) =0 for &£&>CS8(r,) .-

Combining (46). . .(48), we get

d

(49) |(d—5

)" P(€)] € CrnST27™ (1) T2X s (ryse T0T 0 < € < max [—r*V(r)] .
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Putting (49) into (45) yields

(50) (L) mm@©<Cn 3 r25TE(r)

d
g CS(r,)>¢€
_1_ _o\—1__
~ Y ()T Y )T
CZr,>¢ Cr;2>£
T‘,,<Z_1/3 ,',,U>Z71/3

The first sum on the right has the order of magnitude

for m =0, 1.
The second sum on the right has the order of magnitude (£-%/2)%2.(¢)"2—™ =
5_%_’" . The second term §_%_m dominates the first term Z~173™ since 0 < £ <

max [—-72V (r)] ~ Z2/3. Therefore (50) implies

20
(51) n1(€) < CE7%/% for 0 < & < max[-r*V(r)] ,
and
(52) |(d%)n1(§)| <CE?for0< €< max [—r2V (r)] .
Next, set na(t) = [y°(=V(r) — “42) 7240 = ny(t(t + 1)) for 0 < t < Q.

Estimates (51), (52) for ny show that

(53) na(t) < CEt+1)"32< 't for1<t<Q, and

(54) \(%)nz(m <(2t+1)-CEt+1)2<Ct ™ for 1<t < Q.

We derive a lower bound for ny(t) by using equations (3)...(15) in the section on
Approximate TF Potentials. These estimates hold for integers £, 1 < £ < €.
If 1 <4< (1-72)Q, then we know that from (3)...(15) that

et +1)

0<-=V(r) - -

< =V(r) < Cmin{%,r“‘}
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for 7 € (71 (£), 24 (£)), and that £71 ~ 24 (£) > (1 + /)16t (£). Therefore,

7 —1/2 Tre (£)
. min{—,r“*}} dr > c/ r2dr
r (1+c) 1z (£)

Trt (E)
e- |
left (‘e)
> (x5 (£))® > 073 .

(%)msz

On the other hand, if (1 —¢)Q < £ < Q, then we know from (3)...(15) that

Va(r) = _2(5;451) + V(r) has a minimum at r = z(¢) ~ Z~'/3, and that

—wmﬂn~%%ﬁ?~zm—@

V/(zo(£)) =0
z - |z 2~ 7% for T — o CaT ~ 773
o) [P0 ~ 22 fox la = o(0)] < exolt) ~ 277

‘/EII ~

It follows that —Vy(z) ~ Z - (2 —¥) for |z — zo(¢)| < 63(H)1/2, provided c3 is

taken small enough. Consequently

o0
m() = [ (Vi) = [
0 lz—zo (£)|<cs(L54)1/2

1 1,

ZQ—-o2" z
(since (1-2)2<L< Q).

[Z-(Q— 0] ?dz

Q—"141/2
N(T) .

Combining this with (55), we obtain ny(£) > c£~3 for integers £ with 1 < £ < Q.
Estimate (54) then implies

(56) nao(t) >ct™> for C<t< Q.

Now we can estimate f(t) as in (43). By definition of f, na(-) we have

B (2t +1)
f(t) - n2(t) .

Therefore (53), (54), (56) imply

(57) fH)~t* forC<t<Q, and
|2 @+ Dny(#))_ C O+t
Tl ™ moy S e
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le.

(58) /W) <C't for C<t<Q.
Note that ng(£) = ny for integers £, so (53) and (56) imply

(59) ng~€3 forC<L<Q.

We are ready to prove (7), (8), (9) with a = %. Suppose we are given L1 < Ly < €,

with L1 > CZ'Y9 and L; > cLy. Then the phase function ¢(t) in (26 bis) satisfies
cZ7M3 < |¢"(t)] < C(La)™" in [Ly, Lo],

by virtue of (38) and (42).

Thus, ¢(t) on [Lq, Ls| satisfies the hypotheses of Lemma 1, with R = Lo, b =
LyZ~13,8 = Ly — L1 < R. We take x(t) in Lemma 1 to be x_(t), and note that
it has period 1, average zero, and bounded variation on [0, 1]. Thus, x satisfies the
hypotheses of Lemma 1. For f(¢) we take the function (43). Estimates (57), (58)
show that (Ly)~*f(t) satisfies the hypotheses of Lemma 1 on [Ly, Ls].

Therefore, Lemma 1 applies, and it tells us that

)3 #x (¢(£))\ S%R2/3enR, ie.

20+ 1 C .
Z ( Ny )X_ (¢€)‘ < W(L§/3EHL2) . Lg , lLe.

‘ > (%nt 1)x, (¢2)‘ < CZVBLY InZ

(60) for CZY° <Ly < Ly < Qwith Ly > cLy .

Similarly, taking x in place of x_ above, we get

2 1
(61) ‘ > 26+ )g(@) <CZ\B3LM 3z
L,<¢<L, e

for CZY° <L, < Ly < Q with L1 > cL .



The Eigenvalue Sum for a Three-Dimensional Radial Potential 91

Estimate (61) easily implies (9). In fact, we divide the integers £ between Z2s +10¢

and € into disjoint intervals {LY < ¢ < LY} with LY /LY between 2 and 3.

Applying (61) to each of these intervals and summing on v, we obtain

(62) ‘ > (20 + 1))2(@:) <CZVB3QTInZ < C'Z5nZ .
73541 <4< "

Thus, (9) holds provided Z 7 ¢nZ < CQ~2°Z3, i.e. provided a < 1.
Similarly, (60) implies (7) with a = %. In fact, suppose we are given integers /1,

£y satisfying
(63) Z07° < <ly<Q, and £y — 4y > Q100

Then £y > Q17100 ~ (ZV3)4/5 5> 71/9  Assume for a moment that £; > cfs.

Then (60) applies, with 41, £2 in place of Ly, Lo. Hence,

20 +1 1
> 26+ )X_(qﬁg) < CZM34F mZ .
£ <84y e

On the other hand, (59) and #; > ¢fs show that
Q2 Y @R G20 gt (0, — 1)
n<t<t,

Consequently, (7) holds, provided Z%ZZ%KTLZ < CO2905(Ly — £y), ie. ZY34nZ <
CQ~224y/3(4y — £,). This in turn follows from Z/3¢nZ < CQ=24(4y — £,)%/3, which
is a consequence of Z34nZ < CQ20¢(Q1108)5 je Z3fnZ < CQ3~ %% which is
true for a = 5—10. Therefore, (7) holds with a = 5—10, provided #; > ¢f5. On the other
hand, assume (63) with ¢; < ¢f2. Subdivide the integers between ¢; and /5 into
pairwise disjoint intervals {£y < ¢ < ¢4} with ¢4 /¢4 between 2 and 3.

If /¥ > CZ'/?, then (60) yields

2041 T
(64) ‘ D (n ) (60| < 7B @)%z |
g<e<ey Tt
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If instead €4 < CZ'9 then we use (59) to make the trivial estimate

(65) ‘ Z (2£+1) ¢e‘<0 Z (2£+1) <C’(£’2’)5

Ny
<<ty <<y

Summing (64), (65) over v, we get

2 1 1 11
(66) ‘ Z ( e )X(QSE)‘ < CZ§(£2)TETLZ—|—CZ5/9 )
b<t<t, W

On the other hand, (59) and 41 < ¢f2 imply

Z (24 1) Y s

7

6 <e<t 0 <0<0,
Hence, (7) holds, provided
(67) 2308 7 + 7% < Q75 | e
(68) Z¥nZ < Q245 and Z% < 0O .
Since g > £y — f1 > Q17102 gnd q = %, we have

Q20033 5 Q7255 = Q3T S QIO > 2Pz

and

9—2%3 S O~2005-50a _ 4-2a | 73

Thus, (68) holds, and therefore (7) is valid also for ¢; < ¢f5. Hence, (7) holds with

_ 1
a= g5 In all cases.

Next we prove (8). For Q > 2L > CZ/°, and ¢(t) given by (26 bis) we know
that

cZ7H3 < 9" (1)] <

~IQ

for t € [L,2L], by virtue of (38), (42) .

Thus, ¢(t) satisfies the hypotheses of Lemma 1 with R =S = L, b= Z~'/3L. For
x(t) we take the function

0 { 1 — EL=5/%3 if |t— nearest integer| < 10L~6/43
X =

—¢L—6/43 otherwise .
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This function has period 1 and bounded variation on [0, 1]; and for a suitable ¢ ~ 1,
x(t) has average zero. Therefore, x(t) satisfies the hypotheses of Lemma 1.
For f(t) in Lemma 1, we just take f(¢) = 1. Thus, all the hypotheses of Lemma

1 are satisfied. Applying the Lemma, we learn that

‘[Number of £ € [L,2L] with |¢y — nearest integer| < 10L‘6/43}

CL?/3¢nL - C'ZYV3¢mz
Z—%L — L1/3

— e~ | <

Therefore, the number of £ € [L, 2L] with |¢, — nearest integer| < £75/43 is at most
L% 4 CZ0InZ We know this for CZ'/° < 2L < Q.
Let us apply the above estimate for L = L,,, = 27™-(2/2) and m = 0,1,... , Mmax

with mpy.x taken so that L ~ 71, Summing on m, we see that

Mmax

(Number of £ € [Z7,€) with |¢, — nearest integer| < £~%/43)

T&max gy 1/3tnZ sr ZY34nZ 37

|

m=0

Combining this with the trivial estimate

37

(Number of £ < Z'/* with |¢, — nearest integer| < £75/43) < Z1/* << Q% |

we obtain
(Number of £ <  with |¢, — nearest integer| < £76/43) < CQis
1
<CQ'7% fora< .
< ora< o
Thus, (8) holds, provided a < 5. The following result summarizes our knowledge

of (7), (8), (9).

Lemma 2. Assume V(1) satisfies (1), (2), (3), (11). Set a =1/50.

(A) Given £y, £y integers, with Z107° < g < 8y < Q and by — £1 > Q17100 e

have

‘ Z (2£+1)X(¢2)‘SCQ_2G Z (212+1).

Ny Ny
0 <0<ty 0,<0<ty
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(B) There are at most CQ1=52 integers £ < Q for which |¢p, — nearest integer| <
£—6/43'

(©)
‘ Z (2£n+ 1)2((}5[) < CQ—2az5/3 .
735105 g0 ¢

This lets us make use of our previous results on the density and eigenvalue sum

for —A + V. We spell out the conclusions in the next section.
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THE MAIN THEOREMS FOR APPROXIMATE TF POTENTIALS

Recall that VI (x) denotes the screened Thomas-Fermi potential on R®. Thus,

~AVFF = (const)(—VZT)3? on R¥\{0}, and VT (z) = —Z +O(Z*3) as z — 0.

|]

Write VZ(r) for the corresponding function on (0, 00).

Suppose V () is a real-valued function on (0, c0). Assume the following estimates.

(1) ‘(%)QV(T)ISCamin{g,r_‘*}-r“" forr>0,a>0.

(2) |(%)Q{V(T)_VZTF(7')}|SComin{g,T_‘L}-r_a forr>0,0<a<?2

with ¢g > 0 determined by the C, in (1) .

VA

(3) |(di7-)a{E0 o V(r} < CaZ?r37% for a >0, 0<r < Z 8421077

1/2

Define O(t) = fooo (—V(T) - %)Jr

- dr, and assume

d?O(t _
(4) | dt2( )‘ >cZ7V3 for 7077 <t < [rpfac(—rQV(r))}lm .

Let H = —A + V(|z|) on R3, and let E;...EyN, ¢1(x)...¢on(z) be the non-
positive eigenvalues of H and their corresponding normalized eigenfunctions. Define

sneg(H) = E1+ ...+ En,

N
ple) =) lpp(@)? for z€R®,
k=1
psc(x) = L(—V(ac))g/2 for z € R3
sC 67'('2 .

Then we have the following result.

Main Theorem. If (1)...(4) hold, then

d.’l?dy < C,Z%_%
|z —yl

/R3><R3 () = psc(2)] - [p(y) = psc(y)]
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and

1 sp2,  Z2 1 1/2
sneg(H) = T /R3 (=V(z)) / dx+?+487r2 /R?’(AV(x))-(—V(x)) Pzt Error

with |Error| < C'Z3~ 7.

Proof. The first conclusion follows from Lemma 2 in the previous section, and from
Theorem 2 in the section on the Density for an Approximate TF Potential.
The second conclusion follows from Lemma 2 in the previous section, and from

the WKB Eigenvalue Sum Theorem for Approximate TF Potentials. B

Remark. By using [CFS] in place of Lemma 2, one obtains a sharper bound for the

error in the formula for sneg(—A + V).
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