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INTRODUCTION

Let H = —A + V be a Schrodinger operator on R®. The density associated to
H is defined as
(1) ple) = lew(@)?
E, <0
where Ey, ¢ are the eigenvalues and normalized eigenfunctions of H. A standard

approximation to p is the semiclassical density, given by

2) psc(@) = en(~V(@)"* (zeR"),

t° ift>0

where ¢, > 0 depends only on the dimension n, and ¢3 = o
0 otherwise

The purpose of this paper is to estimate p — ps. for a particular potential Vrr on
R3, that arises in the study of atoms. Specifically, Vrr(z) is the Thomas-Fermi
potential for atomic number Z; we will describe Vg below.

In [FS1], we announced the proof of an asymptotic formula for the ground-state
energy of a non-relativistic atom. A crucial step in the proof of that formula is the

estimate

dr d
‘xm_ Z‘ < CZ%3 % (4> 0),

(3) /R ) /R (p(@) = psc(@)) (p(y) = pscly))
where p and pg. arise from Vg for large Z. The main result of this paper is that
(3) holds, modulo an assumption which will be proven in our later papers [FS6,7].
The complete proof of the theorem in [FS1] is given by this paper, together with
[FS2...7].

The potential Vprp for an atom is spherically symmetric. Hence, it is natural to
prove (3) by separation of variables. Recall that the density p associated to a radial
potential V(|z|) on R? is given by

(4) o(z) = ﬁ SO @0+ Dpe(le]) |

£>0
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where py(r) is the density associated to —% + Vi(r) on (0, 00), with

©) ) = 5

2 +V(r).

The results of our earlier paper [FS4] allow us to compute p;(r) modulo errors whose

total contribution to (4) will not affect (3).

In fact, for suitable one-dimensional potentials W on (0,00), we proved in [FS4]

that the density is well-approximated by

1/2 —W(x e
(6) Psc(x) = %(_W(x))_k/ - ( (./\[))+ x_(¢), where
(7) N:/O (W) Vs, ¢= %/0 (~W (@) e~ 5, and
(8) x_ t)=t—k-— % ,  with k = (greatest integer <t) .

On the right in (6), the first term is the usual semi-classical approximation, while

the second term is a small correction.

Taking W =V, and putting (6) into (4), we see that

9) plz)=~ 47r|17|2 Z (2041) - %(—Ve(|$|))1+/2
£>0
i 2 C D 0 ()
£>0
with
(10) Ne = /OOO (—Ve(r));lﬁdr . = %/OOO (—Ve(r))lfdr B % .

The first term on the right in (9) is a Riemann sum, which closely approximates

the integral

C@2A+1) 1 AA+1) 1/2
/0 Ar|z|?2  « ( |z|2 v x))+ dX .



This integral is equal to the semiclassical density (2). Thus, (9) yields

(11) p() = psc(x) = pyr(2) ,  With

12 @ =~ 2 e () (Valel)

47r|m\2
>0

So the basic estimate (3) amounts to saying that

(13) L, [ ove@nntn) 7220 <028 @>0).

when V is the Thomas-Fermi potential for atomic number Z.
Let us see what is needed to prove (13). A glance at the definition (8) shows
that |x_(t)| < 5 for any ¢. Hence we have the trivial estimate

prn ()] < p*(2) = Z 2”1 (~Va(lz); >

- 47r\3:|2

One computes easily that [os [s o7 (2)p™ (y) % has the order of magnitude Z%/3.
Thus, (13) means that significant cancellation occurs in the sum (12). Such cancel-
lation occurs if the ¢, are equidistributed modulo 1, since x_(¢) has period 1 and
mean zero. In this paper, we make assumptions on the equidistribution of the ¢,
modulo 1. These assumptions will be proven in [FS6,7].

To state our assumptions on the ¢, we introduce £;,,x, the largest angular mo-

mentum for which Vp(r) is negative somewhere. (The order of magnitude of £, is

Z'3)) Our assumptions on the ¢, are as follows.

(A) There are at most CZ —5—2a integers £ < fax for which

|pe — (nearest integer)| < £76/43

(B) For ZQ07°) <1 <y < Lo, With £y — £ > #1108 w6 have

max

Y By (g <czie y G4l

IRV n<e<e, OF
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Here, 0 < a < 1/43. The indices here are rather arbitrary, but at least (A) and (B)
express the equidistribution of the ¢, modulo 1.

The main result of this paper is that (A) and (B) imply the estimate

[ @)~ ) 00) - p2c)

In [FS6,7], we show that (A) and (B) hold for some positive a.

Although we forgo a serious discussion of (A) and (B) here, we should point
out that they are intimately connected with the scarcity of periodic, zero energy
orbits for the Thomas-Fermi potential Vrp. To illustrate this point, consider the
harmonic oscillator Vi (z) = A|z|?> — B or the hydrogenic potential Va(z) = E — Ii_l
on R3. These potentials scale like the Thomas-Fermi potential if we take A ~ Z2,
B ~ Z*3 E ~ Z*/3. Of course, V; and V3 are classical examples of potentials with
many periodic orbits. One checks easily that (3), (13) and (B) all fail for V; and
Va.

Next, we give a layman’s explanation of the Thomas-Fermi potential. As a
simplified model of an atom, we imagine a nucleus of charge Z fixed at the origin,

and an electron cloud with particle density p(x) on R3. Each electron in the cloud

feels the attraction of the nucleus and the repulsion of the electron cloud. Therefore,

each electron behaves as if it were governed by the Hamiltonian H = —A + V', with
Z p(y)dy

(14) Viz) = -2 +/ .
| Jgs [z =y

On the other hand, the density of electrons governed by the Hamiltonian H is given

by (1). In the semiclassical approximation, therefore,

(15) p(z) = (const) (=V (z))*? .

The solution of equations (14), (15) is given by the Thomas-Fermi density p..,(z)

and the Thomas-Fermi potential Vrp(z). These functions are radially symmetric,



and (14), (15) reduce to an ordinary differential equation. In fact, one finds that

(16) Vor(z) = ¢Z*3Vi(cZ3|z|) for a constant ¢, with

(17) Vi) =t"y(t) ,
and y(t) defined as the solution of the Thomas-Fermi equation

(18) T3 =t (w(0)* on (0,00) 5 w(O)=1, yloo)=0.

From (16)...(18), one can read off the basic properties of Vyp. For instance, the

order of magnitude of Vg is given by
(19) ~Vrp(z) ~min{Z|z|~", [z|7*} (v €R®).

A detailed discussion of Thomas-Fermi theory is given by Lieb [L].
We close this introduction by mentioning several open problems on the density
(1). The first natural problem is to estimate p — ps. for the Thomas-Fermi potential

of a molecule. The most we can hope for here is probably

(20) /R /R (p(x) = pse(@)) (p(y) — psc(¥)) | :C:x—d?:/ |

= 0(Z°/3)

in place of (3). The proof of (20) ought to involve wave-equation methods since it
brings in the aperiodicity of the Hamiltonian flow.

The next problem concerns formula (11), whose precise meaning is as follows.

(21) p(@) = psc(@) = pyr(z) +g(z) ,  with
(22) / / Mdmdy <CZ37 (y>0).
R3xR3 ‘l. - y‘ -

This is enough to accomplish the purpose of (11), namely the reduction of (3)

to (13). However, we believe that (22) can be sharpened considerably, by taking



larger. If v is large enough, then (21) and (22) identify p,,. as the leading correction
to the semiclassical density for a given potential V.

We would like to understand the function p,,. This brings in analytic number
theory. For instance, the computation of 4 py, (z)dz = > (24+1)x_(¢¢) seems

£<lmax

very close to that of > x_(¢¢), which in turn is clearly equivalent to counting
£<lmax

the lattice points in the plane domain {(\,£):0 < & < ®(\)}, with

D)) = %/Ow(—w — Vrr(r) Y Pdr - % .

Our current understanding of lattice-point problems appears to be inadequate to
answer basic questions about the size and fluctuations of p,, ..

Finally, we point out that if p, ., is indeed the leading correction to the semiclas-
sical density, then we can write a corrected equation in place of (15). Combining
that new equation with (14) and solving by perturbation theory, we hope to find
the leading correction to the Thomas-Fermi density. This would suggest that the
density of electrons in a non-relativistic atom has a number-theoretic character.

We are grateful to Maureen Schupsky for expertly texing our paper.



REVIEW OF EARLIER RESULTS

In this section, we recall the main results from our previous paper [FS4] on

one-dimensional potentials.

A. The WKB Density Theorem in One Dimension
Set-Up: We are given positive numbers ¢, K, N, ¢; two intervals I C Igyp (possibly
unbounded); a point o € I; a potential V(z) defined on Igyp; and two positive

functions S(z), B(z) defined on I. Our assumptions are as follows.

Assumptions Concerning V (z), S(z), B(x) on I.

(Z0) If z,y € I and |z — y| < ¢B(x), then ¢ < % <Candec< ggg < C.

(Z1) If z € I and a > 0, then ‘(%)QV(JZ)‘ < CyS(z)B~*(x).

(Z2) The set {x € I | V(z) < 0} is a non-empty interval (Zies,Zrt), with
dist (z1eft, 0I) > cB(21ery) and dist (24, 0I) > cB(1).

(Z3) We have V(z¢) < —cS(z0), V'(zo) = 0; and for |z — z¢| < ¢1B(zo) we have
V" (x) > ¢S(x0) B2 (x)-

(Z4) For zier; < ¥ < 19 — c1B(x9) we have —V'(z) > ¢S(z)B~1(z); and for
xo + c1B(z0) < x <z we have +V'(z) > ¢S(z)B~(x).

Define \(z) = SV/2(z)B(x) for z € I, and set

= e

left

Assumptions Concerning V(z) on all of Igyp.

(Z5) We have V(.’l?) > (0 for all x € IBVP\[xlefta Zﬂrt].

(Z6) For all z € Igyp with z < Tier, — AK B(z1e1), we have V(z) > 2192 =5 and

= |z—z1es

for all x € Igyp with z > z; + AKX B(zy), we have V(z) > 100

= |z—zt]? "

Polynomial Growth Assumptions on S(z), B(z), 1.

(Z7) We have max,cr B(z) < AX minger B(z); maxzer S(x) < AK mingcr S(z);

and |I| < AX - minger B(z).
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Smallness of the Constant c.

(Z8) The constant ¢ is bounded above by a certain small, positive number deter-

mined by €, K, N, ¢, C, ¢y, C,.
The WKB Hypothesis.

(Z9) A is bounded below by a certain large, positive number determined by ¢, K,
N, ¢, C, ¢y, ¢, Cy.

Let Ey and ug(x) be the eigenvalues and (normalized) eigenfunctions of —% +
V(z) on Igyp, with Dirichlet or Neumann boundary conditions. Then define the
density p(z) and its refined semiclassical approximation ps.(z) on Igyp by setting:

p(x) = |up(@)® (¢ € Ipvp);

E,<0
—1/2

5 (1 _ 1, N2 (—V(a:))+ 1 B 2, 1
pSC( )_ ﬂ-( V( ))+ fIBVP(_V(y));l/ZdyX_(T/IBVP( V(y))+ dy 2)

($ c IBVP) .

Recall that t4 = ¢* for ¢t > 0, t4 = 0 for ¢t < 0, and that x_(¢t) =z — k — 3 for
k = (largest integer < z).

For any z € R, define

) = [ GRS

WKB Density Theorem. Assume (Z0)...(Z9).

Case I: Suppose mingey, ‘ Jraon (—V(y))ipdy —m(k+1/2)| > CA™'. Then

(A) |H(z)| <A™ for = < ey — EB(T1ef) -

(B) (Av|x—ﬁ|<eB(5:)|H($)\2>1/2

<AV L ATE / (V) 2dy
IgvpN(—00,5+CéEB(%)]

for  Tiey — CB(Ties) < & < Tyy + B (L) -

—+



1/2

N dy for x> xy+ ¢B(2y) -

(©)  |H() < AN+ A% / (=V(»))

Igvp

1/2

L dy—m(k+1/2)| < CA~'. Then

Case II : Suppose instead mingcy ‘ fIva (-V(y))

(A) H(z)| <A™ for = < ey — EB(T1em) -

(B) (Av|a:—a’c|<éB(5:)|H($)|2)1/2

x| v

InvpN(—00,5+CéB(%)]
for  Tier, — CB(Trete) < T < Tyg + EB(wre) -

1/2

Ly

©) |H(z)| <A™+ C*A_l/ (~VW)*dy for z>m+eB(ax) .

Isvp
Here C depends only one, K, N, ¢, C, c1, Cy; and C, depends only on e, K, N,
c, C, c, ¢, C,.

e 45

13 in Case I is not important to us in this paper, and

Remarks. The exponent

surely not optimal. Any exponent strictly less than —1 would serve our purpose.

B. The Density for Degenerate One-Dimensional Potentials I

In the next sections, we prove crude results on the density p(z) in various degen-
erate cases in which the hypotheses in the preceding section break down. We begin
by treating a potential V(z) whose minimum V' (z() is negative but has relatively

small absolute value.

Set-up. We are given positive numbers ¢, K, N, S, B; a potential V(x) defined on
a (possibly unbounded) interval Igyp; and a point zg € Igyp. Our assumptions are

as follows.

Hypotheses

(ZO*) I = {.7,'2 |$ — .770| < CB} C Ipvp.
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(71%) |(£)"V(@)| < CaSB~ on I.
(Z2*) V"(z) > /SB~2 on I.
Set A = S1/2B, and make the following further assumptions.

73*) V'(zo) = 0 and —A~ 1.8 < V(z) < 0.

Z5%) For z € Igyp with |z — zo| > IAKB we have V(z) > 1000

lz—zo[?"

(237)
(Z4*) For x € Igyp\I we have V(x) > 0.
(257)
(267)

76*) ) is bounded below by a certain large, positive number determined by ¢, K,

N,c, d, C,.
Let Fy, ug(z) be the eigenvalues and (normalized) eigenfunctions for —% + V(z)
on Igyp, with Dirichlet or Neumann boundary conditions.
As in the previous section, define the density p(x) and its refined semiclassical

approximation ps.(x) on Igyp, by the formulas

ple) = |ux(z)?

E;,<0
- _ 1. 1/2 (V(ﬂd"))_T_l/2 1 B 2, 1
pSC(x) - ;( V(m))+ fIBVP( V(y ) 1/2dy X (; /IBVP( V(y))+ dy 5)

Then set

@)= [ @ = @) iz

First Degenerate Density Lemma. Assume (Z0¥)... (Z6*).
, 1/2 ol
CASE I: Suppose mingey, ‘ Jioon (—V(y))+ dy — n(k + 1/2)‘ > CA~. Then
(A) [H(z)| < A~V if x lies to the left of I.
(B) (Avr|H|?)'? < Cx=2/%3.
(C) |H(z)| < C A~2/*3 if & lies to the right of I.

1/2

CASE I1: Suppose instead mingey, ‘ fIva (-V(y )) dy—m(k+1/2)| < CA~t. Then

(A) |H(x)| < X™N if z lies to the left of I.
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(B) (Avr|H[*)'/? < C..
(C) |H(z)| < C. if x lies to the right of I.

The constants C,, C depend only one, K, N, ¢, ¢, Cy.

Remark. Again, the precise exponents in Case I (B), (C) are irrelevant to us, and

are surely not optimal.

C. The Density for Degenerate One-dimensional Potentials IT

In this section we give (very) crude results for the density without making any
polynomial growth assumptions on the weight functions S(z), B(x) or the interval
I. These results will be used later for ODE arising from three-dimensional prob-
lems, with angular momentum £ in the range [Large Constant, Z¢]. The precise

formulation is as follows.

Set-Up. We are given a potential V(z) defined on a (possibly unbounded) interval
Igvyp; positive functions S(z), B(x), defined on a subinterval I C Igyp; a point
Zeris € IBvp; an energy Foip < 0; and a number § strictly between 0 and 1.

Assumptions

(Z0) For z,y € I with |z —y| < ¢B(x), we have ¢ < % < Candc< gggg <C,
and |I| > ¢B(xz).

(Z1) For z € I and o > 0 we have |(%)aV(m)‘ < CoS(z)B~*(z).

(Z2) For Eqiy < E <0, the set {z € Igyp | V(z) < E} is a non-empty interval
(16 (E), 21 (E)) contained in I, with dist(zies(E), 0I) > cB(x1e(F)) and
dist (z(E), 0I) > cB(xt(F)).

(Z3) For Eg;iy < E <0, we have —V'(z) > ¢S(z)B~(z) for
T € [Tiets (F), Tiefs (F) + c1 B(mess (E))] and +V'(x) > ¢S(z)B~ () for z €
[2:4(E) — c1B(2x(E)), 2 (E)]-

(Z4) For Eeiy < E <0, we have ¢S(z) < E—V(z) < CS(x) for x € [T1e6(E) +
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c1B(21ett (E)), et (E) — 1 B(zr(E))]
(Z5) V(=) is decreasing and C™ on [BIOr 0 (—o0o0, 1eg(0)].
(Z6) For Egy < E <0, we have e (F) + cB(Z1et(E)) < Terit-
(Z7) For Egyy < E <0, we have

—1/2 —1/2

/ (E-V(©), dtg&/ (E-V(), "dt
IgvpN(—00,Zcrit) Ipvp

T

(Z8) A = ( /[ :1:1:“(?3) W)H is greater than a certain large, positive number
determined by ¢, C, ¢, C, above.
Here, A\(z) = S'/?(x) B(x) as usual.
If § << 1, then assumption (Z7) says that in the semiclassical approximation,
eigenfunctions uy(z) with eigenvalues Ey € [Fep, 0] are almost entirely concen-

trated in (2, 00) N Igyp. We want to show that the true density

ple) =) |ux(z)?

E,<0

is then highly concentrated in the same interval. Here, Ej and ug(z) are the eigen-
values and (normalized) eigenfunctions of —% + V(z) with Dirichlet boundary

conditions on Igyp. The precise result is as follows.

Second Degenerate Density Lemma. Assume (Z0)... (Z8). Then

/ p(z)dr < Cy + Cyud (—V(x))ipda:
IgypN(—00,Zcrit ]

Isvp

—+ C# / (Ecrit — V(.’B))_l'_/zdl‘
Isvp

and fIva p(z)dr < Cyu+Cyu fIva (—V(x))imdm, with Cy depending only on c, C,

c1, Co in (20)...(Z8).
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The Density for Degenerate One-Dimensional Potentials I11
The results in this section are for application to three-dimensional problems, with
angular momentum £ in the range [1, Large Constant |. Our setting is as follows.
We are given a potential V' (z), smooth on (0, 00). We take B(z) = x, and let S(x)
be a positive function on I = [zg, ;] C (0,00). As usual, we set A(z) = S¥/?(z)B(x)
on I. In addition to zg, =1, we are given other points Zsmali, Thig, Lerit, T+ € (0, 00),
with

1 1 1
(1) 0 < Zgman < %0 200 < Terip < o Tx T < 1651 y 201 < Tnig -

Set H = —% + V(z) on (0, 00) with Dirichlet boundary conditions. Let Ey, ug(z)

be the eigenvalues and (normalized) eigenfunctions of H. Define the density p(z)

as usual by p(z) = Y |ug(x)|?
E,<0

Our goal is to make a (very crude) estimate of [ p(z)dz. In addition to (1),

we make the following assumptions.
Hypotheses

If 2,y € I and |z — y| < 3B(z), then ¢ < S(y)/S(z) < C.

Z1) If z € I, then ‘(%)QV(@‘ < CoS(x)B~%*(x).

N>

72) If z € I, then V(z) < —cS(z) and V'(z) > ¢S(z)B~(z).

(0)
(21)
(72)
(Z3) A = (f; ‘17“’”)_1 is greater than a certain large, positive number deter-

A(z)B(z)
mined by ¢, C, Cy, in (Z0)...(Z2).

(Z4) For z € (0, Zgman] we have V(z) > czy?
(Z5) For x € [Tsman, To] we have |V (z)| < Cxy?
(Z6) We have zpiz < Czy and V(z) is increasing in [z1, Tpig)-
(Z7) For x € [ZL, Zyig], we have |V (z)| < Ca7>.
(Z8) For x € [Thig,0), we have V(z) > 0.
(Z9) For E € [V (z.),0] we have
f;o““ (E - V(a:))_l/2da: <94- ffoz* (E - V(x))_l/Qdac.
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When 6 << 1 hypothesis (ZQ) shows that in the semiclassical approximation,
most of the L2-norm of an eigenfunction ug(z) with Ey € [V (), 0] is concentrated

outside of (0, Zcrit]-

Third Degenerate Density Lemma. Assume (1) and (Z0)...(29). Set Ecyy =
V(z.). Then

1/2 1/2

/ erit p(z)dz < C, + 0*5/ (—V(ac))Jr dx + C*/ (Eerit — V(ac))Jr dx
0 0 0

and
00 00 1/2
/ p(x)de < C, + C*/ (—V(alc))Jr dx
0 0

with C, depending only on ¢, C, Cy, ¢, C, in (2)...(79).

E. The Density for Degenerate One-Dimensional Potentials IV

The results in this section will be used to handle angular momentum £ = 0 in
three-dimensional problems. Our setting is as follows.

We are given a smooth potential V(z) on (0,00). We take B(z) = z, and let
S(x) be a positive function on I = [zg, 1] C (0,00). Let A(z) = SY/2(z)B(z) as

usual. We are given Zcrit, T«, Thig, satisfying
(1) 1620 < Terig 5 16Zcrit < Ty , 1674 < 71,1621 < Thig -

Set H = —% +V(z) on (0,00), with Dirichlet boundary conditions. Let E}, ug(x)
be the eigenvalues and (normalized) eigenfunctions of H. Define the density p(z)

as usual by

o) = 3 ur(a)?

E,<0

Our goal is to make a crude estimate of [ p(z)dz. In addition to (1), we make

0

the following assumptions.
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Hypotheses.

Z0") If z,y € I and |z — y| < 1B(z), then ¢ < S(y)/S(z) < C.
Z1%) If x € I and o > 0, then |(£)%V(2)| < CoS(z)B~%(x).

72") If z € I, then V(z) < —cS(x) and V'(z) > cS(x) B~ ().

(Z07)

(Z17)

(227)

(z3") A= (/; @) B(m))_1 is greater than a certain large, positive number deter-

mined by ¢, C, C,, in (Z0)...(Z21).

(Z4") |V (x)| < C/(mox) for z € (0, o).

(Z57) V(z) is increasing and negative in [Zt, zpig], and satisfies there |V (z)| <
Qa;l_2. Also, Tpig < Cx1.

(Z61) V(z) > —107%272 for z € [Tpg, 00).

(Z7") For E € [V (z.),0], we have

[y (B = V@) ar <5 5 (B - V@)

As usual, (Z77) says that certain eigenfunctions live mostly outside of [z, Zcris] in

1/2dm.

the semiclassical approximation.

Fourth Degenerate Density Lemma. Assume (1) and (Z0')...(Z7"). Set

Ecit = V(zi). Then
/ " p(w)ds < C. + 0*5/ (~V (@) %dz +C, / (Berie = V() *do
0 0 0

and fo (x)dz < Cy + C, fo ( ))iﬂd:c with C, depending only on c, C, C,,
C in (Z0%)...(Z7).

F. Approximating Sums by Integrals

Separation of variables leads to a sum over all angular momenta ¢. The following
result lets us approximate such sums by integrals. For real numbers ¢, define:

X, (t) = k —t —  for k the smallest integer > ¢;

x_(t) =t —k— 1 for k the largest integer < ¢;



16

x(t) =t —k— 3|* — & for an integer k that minimizes |t — k — 1|.

Lemma on Riemann Sums. Let f(t), o(t), 7(t) be defined on a non-empty
interval [a,b]. Suppose a(t) > 0, 7(t) > 1 in [a,b]; and assume that whenever
t1,t2 € [a,b] with |t; — ta] < c7(t1), we have ¢ < % < Candc < % < C.
Finally assume |(L)™f(t)] < Co(t)T~™(t) fort € [a,b]. Then Y  f(k) =

kEZN[a,b]
b

J F@)dt = Fb)x_(b) = f(a)x, (@) + 3 /' (0)%(b) = 5'(a)x(a) + Error with |Error| <

é’o(a)r‘Q(a)+C'a(b)7'_2(b)+C’§V f;O'(t)T_N(t)dt. Here, C' depends only on c, C,

Cpm; and C depends only on ¢, C, Cy,, N. If f(t) = 0 to infinite order at t = a,

then we have the sharper estimate |Error| < C'o(b)T72(b) + Cly f:O'(t)T_N(t)dt,

with C', Cl as before. Similarly, if f(t) = 0 to infinite order at t = b, then

|Error| < C'o(a)77%(a) + Cly f: o(t)r=N(t)dt. If f(t) = 0 to infinite order at both
b

t =a and t = b, then |Error| < C) [o(t)r=N (t)dt.
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SEPARATION OF VARIABLES

Our plan is to apply separation of variables to reduce spherically symmetric PDE
problems to our known ODE theorems. Let V(r) be a potential on (0,00), and let
H = —A+V(z) on R?® where we abuse notation by writing V() for V(|z|). Our

goal, here and in [FS7], is to understand the eigenvalue sum

sneg(H) = Z Ey,

B <0
and the density
p(x) = |vw(=)?,
Ex<0
where Ej, v (z) denote the eigenvalues and normalized eigenfunctions of H.

For £ > 0, form the potential Vy(r) = f(l;l-l) + V(r), and let H, denote the
ordinary differential operator H, = — % +Ve(r) on (0, 00), with Dirichlet boundary
conditions. Let Ey ¢, tune(r) (1 < n < nmax(£)) be the eigenvalues and normalized

eigenfunctions of Hy. The eigenvalue sum and density for H, are

En,lSO
pe(r) =Y lune(r)]
EnlSO
Introduce the spherical harmonics Yy, (w) (m = 1,...,2¢+ 1) defined on the unit

sphere S% in R3. We take the Yy, (w) orthonormal in L?(S5?) with respect to surface

area. Then the eigenvalues and normalized eigenfunctions of H are
Ene s Ynom(rw) = 7 upe(r) Yo (w) forr >0, we S%.
Since 3 |Vom (w)|? = 25£L on S, it follows that
m

sneg(H) = Z(%—I— 1) sneg(H;) , and
£>0

4rr?p(rw) = Z(% + Dpg(r) for r>0, weS?.
£>0
We will control sneg(Hy) and py(r) by using our ODE results, and then perform the

sum over /.
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ELEMENTARY PROPERTIES OF THE THOMAS-FERMI POTENTIAL

The potentials of interest to us arise by rescaling the potential

(1) Vg(x)—g—wSEE(0,00),QE[0,00),

2 T

where y(z) is the solution of the Thomas-Fermi differential equation

(2) Ty = y¥ (@) - a7 y(0) =1, y(oo) =0.

The basic properties of (2) are well-known. In particular, Hille [Hi] contains the

following results.

Lemma 1. y(x) is smooth and strictly between 0 and 1 for x € (0,00), while
y'(x) is bounded and negative on (0,00). For x small, y(x) has a convergent series

expansion of the form

(3) y(z) =1—wz+ Zwkmk/2 , with w > 0 and wy, real .
k>3

For x large, y(x) has a convergent series expansion

(4) y(z) =144 z7%(1 + Z bz ®)  with v = %(\/ﬁ -7).
E>1

We seldom need (3) and (4) in full strength. Instead, we will just use the following

Corollary. Given n > 0, there exist constants 0 < k1(n) < Ka(n) such that

d\a
(5) If0<Z<ki(n), then ‘(%) {y@t) — 1} <n
f0r0§a§4and%§t§2.
d o (Tt)3

(6) 17> Ka(n) , then |(5)"{*]v(@) —1}| <n

1
for 0<a<4 and§§t§2.
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Regarding Vo (), the following results may be found, for instance, in Hughes [Hul,
pp. 235-236.
Let Q = m;x())c(:vy(x)) > 0. Thus, Vo > 0 for Q > Q.

Lemma 2. Let Q € (0,9Q). Then Vo has ezactly two zeros £1(Q) and x2(Q), and

two critical points xo(Q), m (), and these points may be taken to satisfy

(7) 0<21(Q) < 20(Q) <22(Q) < 2m(Q) , and Vo(zo(Q)) <0 < Vo(zm(Q)) .

Lemma 3. Given € > 0, there exist positive constants c;(¢) (0 < i < 5) with the

following properties: For Q € (¢,L), we have

(8) Vi (20(9)) > cole)

9) ‘(%)ng(a@)‘ <cple) for 1<k<3 andzce€ [% ,2x2(Q)]
, Q

(10) Vi(z) < —cale) forze [E ,20(Q) — c5(€)]

(11) Va(x) > cale) for z € [2o() + cs(e) | () + xm(Q)]

2

(12)  For |z — 29(2)| < c5(e) , we have

2_90 o (zo() - (= — :co(Q))2 < Va(z) = Va(zo(2))
< I 0(@) - (o= m0(2)’

Immediately from Lemmas 1, 2, 3, we see that V{(z) < 0 for z < z¢(£2), and that
Vi (2 (2)) < 0. In fact, Lemma 2 shows that V) cannot change sign in (0, zo(2)),
and Lemma 3 gives V{j(z1(Q)) < 0. Therefore, V¢ < 0 on (0,z0(2)). Moreover,

we see from Lemmas 2 and 3 that Vi cannot change sign in (z2(€2), 00), and that
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Va(z2(Q)) = 0, Vi(z2(Q)) > 0. Therefore, Vq is a positive, smooth function on
I = (22(€2),00), and Vq tends to zero at the endpoints of I. Consequently, Vo |1
assumes a maximum at some point z.(2) € I. In particular, V{/(z.(92)) < 0,
VE(2:(2)) =0, 2.(Q) > 22(2). These last two conditions and Lemma 2 show that
Zc(Q) = 2, (Q). Thus, V¥ (2, () < 0, as asserted.

Unfortunately, we will need to use a long list of additional elementary properties
of Vo(x). These properties are surely well-known to anyone interested in atoms,
but we don’t know where to find them in the literature. Hence, we will prove them
here, as consequences of Lemmas 1, 2, 3. Specifically, we will need the following

result.

Main Lemma on the Thomas-Fermi Potential. Let S(z) = min{z~!,z7}.
There exist universal constants ¢, ¢y, co, C, C’, Co > 0 for which the following
properties hold.

I. Suppose 0 < Q < (1 —¢)Q. Then we have the following.

A. The Size and Sign of Vo(x)

(13) z2 < Vo(z) < CQz™2 for z € (0, (1 = c1)z1(2)]

(14)
&8 (z1(9)) - (z1(2)) ™ (21(Q) — 2) < Val(z) < CS(21(Q)) - (#1(Q)) ™ (21(Q) — )

forx € [(1 - cl)xl(Q),xl(Q)}
(15)
&8(z1(Q)) - (z1(2) (& — 71(Q)) < —Va(z) < CS(21(Q)) - (2(Q) ™ (z — 21(Q))

for z € [£1(Q), (1 + c1)z1(Q)] |}

(16) éS(z) < —Val(z) < CS(z) forz e (14 c1)z1(2), (1 — c1)z2()]
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&5 (22(9)) (22(Q) 7 (z — 22(Q)) < Va(z) < CS(22(Q)) (22(Q)) ™" (z — 22(Q))

forx € [332(9), 1+ Cl).ﬁg(Q)}
(19) Q™2 < Vo(z) < CQz~2 forz e [(1+ c1)z2(R2),00) -
B. The Size and Sign of Derivatives of Vo (x)
(20) Qr ™3 < —Vi(z) < CQz™2  forz € (0, (1 — c1)zo ()]
(21)
eS(z)z™2 < Vll(z) < CS(x)z~2 forz e (1= c1)zo(R), (1 + c1)z0(Q)]
and V(z0()) =0 .

(22)  eS(x)z ! < Vh(z) < CS(x)x™' forz e [(1+ c1)zo (), (14 ¢1)z2(Q)]

(23) ‘(%)QVQ(ZC)‘ < CoS(x)z™® forx e [(1 —c1)z1(R), (1+ Cl).’Eg(Q)} .

C. The Zeros and Critical Points of Vo(z)

(24) Q< 21(Q) < 20(Q) < CQ,  20(Q) — 21(Q) > éQ
(25) QY2 <a9(Q) <2 (Q) < CQTV2 L 1,,(Q) — 22(Q) > Q72

(26) T () > (14 2¢1)22(Q)  and z1(Q) < (1 — c1)z0(R)

and x9(2) < (1 —2¢1)z2(Q) .



22

I1. Suppose (1 —¢)Q < Q < Q. Then we have the following.

(27)
‘(%)an(a:)‘ < CoS(x)z™® and &S(x)z2 < VY(z) < CS(z)z~2
for z € [(1 —c2)zo(R2), (1 + c2)z0()] .
(28) Va(z) > eQz™?  for z ¢ [(1—c2)zo(Q), (1 + c2)m0(Q)] .
(29) eQ-Q) < —Vo(z0(Q)) < C(Q-Q) .

The rest of this section is devoted to proving the above Main Lemma. We look
separately at the three regions 0 < Q < e,e < Q<0 -6, 0-e< Q< Q, for a
small, positive ¢ to be picked later. We begin by proving the following preliminary

result.

Lemma 4. The functions z1(2), z2(Q), x¢(Q) are smooth on (0,Q), and z,,()

is continuous on (0,%).

Proof. To handle z¢(Q2), £1(€2), 2(2), we need only apply the implicit function
theorem, since Vo (z) is smooth on (0, 00) x (0, 00) and we know that Vo (z1(€2)) = 0,
Vi (21(Q)) < 0; Va(z2(2) = 0, Vi (22(Q) > 0; Vi(z0(2) = 0, VY (20(R2)) > 0
by Lemmas 2 and 3. For z,,(€2) we need a different argument, because Lemmas 2
and 3 do not assert that V) (xm(Q)) is strictly negative. We proceed as follows.

We know from (6) that |-& (y(z)z=1)| < Cz=> for z > C, where C > 0 is a large,
universal constant. Hence, V{(z) < —2Qz™34+Cz™5 < 0 for z > max{C, (%)1/2}.
Since V (2,,(Q)) = 0, it follows that

(30) T () < max{C, (%)1/2} for Q € (0,9) .

Now we suppose ,,(€2) discontinuous and derive a contradiction. If z,,(Q) is

discontinuous, then we can find Q, — Q with Q € (0,00) and () - Zm (Q).
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The z,,(€2,) are positive, and (30) shows that they remain bounded. Hence, by
passing to a subsequence, we may assume &, (2,) — & with # # z,,(2). Since
T () > 22(Q) and z2(Q,) = 22(Q) > 0 we know that & is strictly positive.
Noting that V¢ (2m(Q,)) = 0 and passing to the limit, we see that Vi(2) = 0.
Therefore, & = ,,(Q) or # = 2(Q), by Lemma 2. We know that & # (),
so & = z0(€2). Hence, Vg () > 0, by Lemma 3. On the other hand, we have
Ve (2m () < 0. Passing to the limit, we find that V& (2) < 0. Thus, V() >0

and V{(2) < 0. This contradiction completes the proof. [

Lemma 5. Given ¢ > 0 there erists § > 0 such that for every c; € (0,0) there
exist &, C, Cy, depending only on ¢ and c1, such that (13),...,(26) hold for all
QelQ—e¢.

Proof. Let ca(e), cg(e), etc. denote positive constants depending only on e. Simi-
larly, let ca (e, c1), cB(g,c1) ete. denote positive constants depending only on € and

Cy.

Lemma 4 and (7) show that we can find ca(e), Cp(e) so that the following

properties hold.

(31) ca(e) < x1(Q) < 20(Q) < 22(Q) < T, (Q) < Cp(e) for Qe [,Q — €]

(32) 2, () > (14 2ca(e))z2(2) and
20(2) < (1 —2ca(e))z2(2) and

21(Q) < (1 —ca(e))zo(Q) for Qele,Q—¢] .

Next, note that —V{,(z) [S(:E)a:_l]_l is continuous on F = {(Q,z):Q € [¢,Q — ¢,

1ca(e) <z < 2Cp(e)} and strictly positive for & = 21(£2). Therefore, for suitable
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constants cp(e), Cg(e), cr(e), we have

(33) cp(e)S(z)z™" < —V{(z) < Cp(e)S(x)z™!

for |z —21(Q)| <cr(e)r(Q), Q€ 6,0 —¢].
Similarly,

(34) cg(e)S(x)z™ < Vi(z) < Cr(e)S(x)z™t

for |z — 22(Q)| < cr(e)x2(), Q2 € [6,Q —¢] .

Again, since V¥ (x)[S(x)x~2]~! is continuous on F and strictly positive for z =

z0(€2), we have

(35) cy(e)S(x)z™2 < V() < Ck(e)S(x)z ™2

for |z — zo(Q)| < cr(e)zo(Q), Q€ [6,Q—¢] .
Now suppose we are given c; satisfying
. 1
(36) 0<c < IIllIl{E, ca(e),cr(e), cr(e),crle)}

Since z1(Q2) > 0, 22(2) > 0 are continuous, we can find cps(e,c1) < € such that
Qele,Q—c¢], Q-9 < ceule er) imply [z;(Q) — 2;(Q)] < c12:(Q) (6 = 1,2), so
that [21(Q)- (1—c1), 22(Q)- (14¢1)] D [21(Q), 22(Q)]. Set @ = Q—car(e, e1). Since
Va(z) = ear(e, e1)z™2 + Vg (2) and V() > 0 outside [z1(Q), 22(Q)], it follows that

(37) Va(z) > cy(e,c)z™? forz < (1—c))z1(Q), Q€ [e,Q—¢] ,and

(38) Va(z) > cple,cr)z™2 for x> (1+c¢1)za(), Q€ [e,Q—¢] .
Also, for all 2, x, we have

(39) Va(z) =Qz 2 —y(z)z™t < Qz™ 2.
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Equations (37), (38), (39) show that properties (13) and (19) hold for ¢ small enough
and C large enough, depending on ¢; and «.

Next, note that —Vq(z)S~!(z) is strictly positive and continuous on {(£2,z): Q2 €
[, —¢], 1 +c1)z1(Q) <z < (1—c1)z2(R)}. Hence,

en(e,e1)S(x) < —Va(z) < Co(e, c1)S(x)

for (14+c1)z1(Q) <2< (1—c1)z2(Q), Q€le,Q—¢] .

This proves property (16) for ¢ small enough and C large enough, depending on ¢;
and e.

Since V' (z1(2)) = 0, properties (14) and (15) follow from (33) and (36), for &
small enough and C large enough, depending on ¢; and e. Similarly, properties (17)
and (18) follow from (34) and (36).

Thus, we have verified properties (13)...(19).

Next, since x¢(Q) is continuous, we can find cp(e, c1) < € such that Q € [e, Q2 —¢]
and |Q—Q| < ¢p(e, ¢1) implies |z (Q) —20(Q)| < c120(Q). Taking Q = Q—cp(e, ¢1),
we obtain z(Q) > (1 — ¢1)zo(Q), so that Va(z) <0 for z < (1 — c1)zo(£2). Since

Vao(z) = cp(e, c1)z™2 4+ Vg (z), it follows that
(40) Vi(x) < =2¢cp(e,cr)z™ for < (1—c1)ro(Q), Q€e,Q—¢] .
On the other hand, for x < (1 — ¢1)zo(Q2) < 20(2) < Cp(e), we have

(41) V(@) =| -2z —y(@)z7 2 + ¢/ (z)z7| < Cole)z ™2 .

Estimates (40) and (41) imply property (20) for Q € [, Q — ¢], if ¢ is small enough
and C large enough, depending on ¢; and ¢.
Property (21) follows at once from (35), (36), if & is small enough and C large

enough, depending on c¢; and e.
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Next, note that V§,(z)-[S(x)x 1]~ is strictly positive and continuous on {(£2, z): Qfj
€ e, —c¢], (14 c1)zo(R) < 2 < (14 c1)za()}, since (z0(€2), (1 + c1)z2(Q)]
C (z0(R2), zm () by (32), (36). Therefore,

cr(e,c1)S(x)rt < Vi(z) < Cs(e,c1)S(x)r™?

for (1+c1)zo(Q) <z < (14c1)z2(), Qele,Q—¢].

This proves property (22) for ¢ small enough and C large enough, depending on
c1 and €.
Next, since [(%)QVQ (2)][S(z)z~2]~! is continuous on {(Q,z): Q2 € [¢,Q—¢] and

321(Q) <z < 2z5(Q)}, it follows that

‘(%)QVQ(JJ)‘ < Cyle)S(z)z™* for %:L‘l(ﬂ) <z <255(0), Q€ [5’5_ .

This implies property (23), since ¢; < 1—10 by (36).
Finally, properties (24), (25), (26) follow from (31), (32), (36) if we take ¢ small
enough and C large enough, depending on ¢y and €. Thus, we have verified prop-

erties (13)...(26). The proof of Lemma 5 is complete. [

Next, we study Q € (0, €].

Lemma 6. There exist positive universal constants €9, c1, ¢, C, Cy for which

properties (13)...(26) hold for all € (0,&0]. We can take c; = 1072,

Proof. We use kq, K5, etc. to denote positive, universal constants. We start by
applying (5) and (6) with n = 107°%. Thus, there exist constants 0 < k; < K3 such

that

(42) ‘(%)a{y(mt) — 1} <107%°

for0<a<4, —-<t<2,0<zx<k;; and

NN
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3
(43) ‘(d)"‘{M—l}‘<1o—5° for0< <4, -<t<2 z>K,.

1
dt 144 2

We may take k1 <1 < K.

In [k1, K], the function —y(z)z~" is negative and smooth, and its derivative is

positive. Therefore, for suitable constants K3, k4, k5, K¢, K%, we have

(44) —K3S(z) < —y(z)z™' < —2k4S(z) for ki <z < Ky ;
d
(45) 2ksS(z)z™! < —%(y(:c)x_l) < KgS(x)z™! for ki <z < Ky;
d\a -1 «a -«
(46) ‘(%) (y(z)z™h)| < K*S(z)z for a>0, kh<z<K,.
Pick &¢ in (0, 15) so small that 0 < < 2¢¢ implies
d —2 ~1
(47) ‘%(Qx )| < ksS(x)x for by <z < Ks ;
(48) (Qr™2)| < kgS(z) for ky <2< Ko ;
(49) 109 < ki ;
(50) Q2> K, .

Then take ¢; = 1072, We will check that (13)...(26) hold for suitable universal
constants ¢, C, Cy,. We begin by locating z0(Q), 21(€), 22(Q), , (Q), for 0 < Q <
€o. Thus, fix Q € (0, &g].

Set f(t) = QVo(Q) = [t72 —t71 — (y() — 1)t~1]. Applying (42) and (49), we

see that f(1 —107%%) > 0> f(1+ 10%%). Hence there is a point % () satisfying

(51) Z1(Q) — Q] <107%Q and Vu(£1(Q)) =0.
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Next, set
f(t) = 402V4(20t) = —t 3 + 172 + [y(2Qt) — 1]t 72 — t*%{y(mt) —1}.

Applying (42) and (49) again, we see that f(1 —107%9) < 0 < f(1+107*%). Hence,

there is a point Zo(Q2) satisfying
(52) Z0(Q) —2Q[ < 2-107%Q and V{(Z0()) =0.

Similarly, set f(t) = 144Q72V(12Q7 /%) = ¢ 72—t~ —t=4{ (129_1/215)1334(129—1/275) _I

1}. Applying (43) and (50), we see that f(1 —107%%) < 0 < f(1+ 107*°). Hence,

there is a point Z2(Q2) satisfying
(53) |2(Q) — 12072 < 12-107%°Q7Y2 and Vo (i2(Q)) =0.
Next, set

ft) = 1449—2%VQ(12\/§Q—1/%)

122 Q7 1/2)3y(12/2Q1/2
_ —t_3+t_5+t_5[( V2 £)%y(12v2 ) 1}

144
1 41{(12\/59_1/215)3'3/(12\/59_1/215) 1}

-t
4 dt 144

Applying (43) and (50) again, we see that f(1—107%%) > 0 > f(1+10~*°). Hence

there is a point Z,, () satisfying
(54)  |Em(Q) - 122072 <107 12v2Q7Y2 and  V{(8,(Q)) =0 .

Since Q < eo < {5, equations (51)...(54) show that 0 < Z1(Q2) < Zo(R2) < Z2() <
Zm(Q2). Since Z1(2), 2(Q) are zeros of Vg, and Z¢(2) and Z,,(2) are critical
points, Lemma 2 shows that Z1(Q) = z1(Q), Z2(Q) = z2(Q), () = z(R), and

Zm () = 2, ().
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Now we can verify properties (13)...(26). In view of (51) and (53), we have
[21(Q), 22(Q)] C (1 — 1072)z1(Q), (1 4+ 1072)z5(Q)) for Q = (1 — 107%)Q. Since
Va(z) = 1075Q2~2 + V() and V() > 0 outside [z1(Q), £2()], we obtain

(55) Va(z) >107°Qz 2 for < (1-10"%)z1(Q), and

(56) Vao(z) >107°Qz™? and z > (1+1072)z3(Q) .

Properties (13) and (19) with ¢; = 1072 are immediate from (39), (55), (56).
Similarly, |zo(Q) — 2o(Q)| < 1072z¢(Q) for Q@ = (1 — 107%)Q, and we have
Vi(z) = =2-107°Qe ™3 + VE (), and VE(x) < 0 for z < zo($2). Hence,

(57) Vo(x) < —2-107°Qz™3 for z < (1—-1072)z0(Q) .
On the other hand, for all z we have

(58) V() = —2Q2 72 +y(x)z™2 — ¢/ (z)z™t > —2Q2~3 |

since y(x), —y'(x) > 0.

Estimates (57), (58) yield property (20) with ¢; = 1072, They yield also

1 3
(59) 107%072 < —Vi(x) <10°Q72  for SQ<z< 20,

since 20 < (1 — 1072)zo(Q) by (52). Since Vo(z1(©)) = 0 and 1076Q~2 <

(15) with ¢; = 1072 follow from (59) and (51).

1

< 10%Q72 by (51) and Q < gy < properties (14) and

1
10°

Next, we verify property (16). We distinguish three cases.
Case 1: (1 +1072)z1(Q) <z < k;. Then (51) implies

14+107HQ <2<k .



30

We have Vo (z) = (+Qz 2=z~ 1) -z (y(z)—1) < Qz 72—z~ 1+107%z~! (by (42))
=—271(1-1070-Qz7 1) < —z71(1-1070 - Q- [(1+107%)Q] ') < —1075z~ 1.
Thus,

(60) Va(z) < —10755(x) .

On the other hand, for all 2 and > 0 we have

(61) Va(z) = Qz 2 —y(z)z™! > —y(z)z™t > -C S(z)

for a universal constant C, by Lemma 1.

Property (16) in Case 1 follows from (60) and (61).

Case 2: k1 <z < K,.

Then estimates (44) and (48) yield
—K3S(x) < Va(z) < —k4S(2x) ,

proving property (16) in Case 2.

Case 3: K3 < x < (1 —1072)z5(Q). Then (53) yields
Ky<z<(1-107%)-12Q71/2,

We have Vo (z) = Qz~2 — 1442~ — 14435—4{% _ 1} < Qg2 MOS0 gy
(43). Thus, —Vo(z) > z7*{144(1 — 107°°) — Q- 22} > z=*{144(1 — 107°°) — Q-
(1-107%)2-144 Q7 '} = 14427*{1 1070 — (1 = 107%)2} > 10~ *z~* = 107%5(z).
Together with (61), this proves (16) in Case 3.

The proof of property (16), with ¢; = 1072, is complete.

Next, we verify property (22). The proof is similar to that of (16). Again we

distinguish three cases.

Case 1: (14 1072)zo(Q) < x < k1. Then (52) shows that

(14+1073)-2Q <z < ky .
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We have V{(z) = —2Qz73 + 272 + 27 2{y(z) — 1} — 27 '¢'(z). The last two terms
on the right are dominated by 107%%272 by (42). Hence, V(z) > —2Qz73 + (1 —
1079272 =272[1-107% -2Qz7 '] > 27 2[1-107% - (1+1073) 7] > 107272 =

10=4S(z)z~!. On the other hand, for all z, > 0 we have
(62) Vi(z) = —2Qz 3 +y(z)z 2 — ¢/ (z)z™ " <y(x)z™? —y/(x)z ' < CS(x)r™"
for a universal constant C, by Lemma 1.

Thus, 10745 (z)z~! < V{(z) < C S(z)z~!, proving property (22) in Case 1.

Case 2: k1 <z < K,.
Then (45) and (47) yield k5S(z)z~! < V§(z) < KeS(x)x~!, which proves prop-

erty (22) in Case 2.

Case 3: Ky <z < (14 1072)z2(R).
Then (53) yields
Ky <z <(1-1073)-12v/2Q71/2 .
We have V}(z) = —20Q234+4-144 775 +4-144 =5 { Z82) 1} _144 544 {2 ule) _

1}. The last two terms on the right are dominated by 10=4°2 =% by (43). Hence
Vo(z) > —2Qz73 4+ (4-144 - 2107275 = 275{4- 144 — 2- 107" — 2Qz?}
>z7°{4-144-2-107" - 2Q- (1 -107%)%-2-144Q7 '}
=27°{4-144-2-107" - 4-144- (1 -107%)?} > 107327° = 1073S(z)z " .
This and (62) complete the proof of property (22) in Case 3.

Thus, we have verified property (22), with ¢; = 1072, in all cases.

Next, we verify (17) and (18). Equations (52), (53), (54) show that [(1 —
1072)22(Q2), (1+1072)22(Q)] C [(1+1072)zo(2), (1+1072)z5(2)]. Hence, property
(22) shows that
(63) krS(z)z™' < Vi(z) < KgS(z)z™!

for z € [(1—1072)z2(), (1 4+ 107?)z2(Q)] .
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However, S(z)z~! differs from S(z2(Q2)) (22 (Q))_1 by at most a factor of 10, for
z € [(1-1072)z5(R), (14 1072)z2(2)]. Hence, (63) implies

k7
1—05

-1

(64) (22(2)) (22(2)) ™" < V() < 10 KsS(72(2)) (2())

for z € [(1 —1072)z2(Q), (1 + 107 ) z2(Q)] .

Since Vo (z2(€2)) = 0, properties (17) and (18) follow easily from (64).
Next, we verify (21). Thus, suppose = € [(1 — 1072)zo(2), (1 + 1072)z(Q2)]. By
(52) we have

(65) ze[(1-2-107%)-2Q, (1+2-107°)-2Q] .
We have also
(66) Vy () =6Qr~* — 2273 — 2273 {y(z) — 1} + 2/ (x)2 % — ¢/ (z)2~ " .

By (42) and (49), each of the last three terms on the right is dominated by 2 -

10759273, Hence, using (65), we obtain

(67)
692 (2 +1049)
" -4 —40y,.—3 _
Vole) > 60z = 2+ 10700 > o 90 ayap0) ~ (1= 2-10-2)5(20)°

>1072Q73>107" - 273 =10""8(z) - 272,

On the other hand, (66) and (42) yield also V{)(z) < 6Qz™* — (2 — 10710)2=3 <
6Qz~* < 105Q73 by (65). Another application of (65) gives Q273 < 107S(z)z~2, so

that
(68) Vi (x) < 10128(x)z™2 .

Property (21) is immediate from (67) and (68).
Let us verify property (23). Lemma 1 shows that |(%)a(@)‘ < CoS(z)z™™

for all « > 0, z € (0, 00), with universal constants C,. Hence, it is enough to check
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that | (-£)%(Qz~2)| < C,S(z)z~*. This amounts to saying that Qz~2 < K S(z) =

Kmin{x_l,x_4}. Thus, we must show that
(69) Q< Kz and Qz?< K, with K a universal constant .

However, property (23) pertains only to z € [(1 — 107%)z1(2), (1 + 1072)(z2(Q2))]-
Such z satisfy (69), by virtue of (51) and (53). This proves property (23).
It remains only to verify properties (24), (25), (26). These are immediate conse-

quences of (51)...(54). The proof of Lemma 6 is complete. O

Lemmas 5 and 6 produce different choices of ¢, C , ¢1, Cy. To reconcile them, we

use the following trivial result.

Lemma 7. Suppose we are given positive constants c1, ¢, C, Cyo (c1 < 1/2) and
an interval J C (0,9). Assume that (13),...,(26) hold for Q € J, with the given

constants.

(A) If &, &, C, C!, are positive constants, with ¢, = c¢1, ¢ < ¢, c' > C,
C!, > Cq, then for all Y € J, (13)...(26) hold with the new constants c/,
¢, C,C.

(B) Given any positive ¢, less than c1, there exist positive constants &, C', C,
such that for all Q € J, (13)...(26) hold with the new constants ¢, &, C',
Cl.

Sketch of proof. : To verify (A), we just check that each of the properties (13). .. (26)

for the given ¢y, ¢, C , C implies the corresponding property for the new constants

IoA A /
c,, ¢, C" C,.

The proof of (B) is summarized in the following table.
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To prove the property listed below we use the following properties for
for the new constants ¢, &, C', cl, the old constants c1, &, C, Cy.
(13) (13), (14), (24)

14 (14)

15 (15)

16 (15), (16), (17)

17 (17)

18 (18)

A~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~
N =
N N N N N N N N N N N N N

(18), (19), (25)
(20), (21), (24)

21 (21)
22 (21), (22)
23 (23)
24 (24)
25 (25)
26 (26)

To illustrate, we work out the proofs of (16) and (13) for the new constants, which
are the most complicated arguments in the above table.

The proof of (16) is divided into cases.

Case 1: Suppose (14c})z1(2) <z < (1+c¢1)21(€2). Then (15) for the old constants

yields

(70) éciS(21(Q)) < —Va(z) < CerS(z1()) -

Also, S(z) is montone decreasing and satisfies S(Ax) > A~*S(x) for A > 1. Hence,
(71) (14¢1)7*S(21(Q)) < S(z) < S(z1(Q)) , since we are in Case 1 .

From (70) and (71) we get (éc})S(z) < —Va(x) < (C’cl(l +¢1)*)S(z), which proves

(16) in Case 1, provided we take ¢ small enough and C’ large enough.
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Case 2: Suppose (14+c¢1)z1(2) <z < (1—c1)z2(2). Then (16) for the old constants
implies (16) for the new constants, provided we take ¢ small enough and C' large

enough.

Case 3: Suppose (1 — ¢1)z2(2) < z < (1 — ¢})z2(2). Then (16) follows from the
same argument used in Case 1, using (17) in place of (15).

Similarly, the proof of (13) is divided into cases.

Case 1: Suppose 0 < z < (1 — ¢1)z1(2). Then (13) for the new constants follows

from (13) for the old constants.
Case 2: Suppose (1 —c¢1)z1(Q2) <z < (1 — ¢})z1(2). Then (14) gives
(72) &éc S (21(Q)) < Va(z) < CerS(z1(Q)) -

Since © € (0,), (24) shows that ¢Q™ < S(z1(Q2)) < CQ~! with & C depending
only on &, C. Hence, (72) implies (& c,é)Q™ 1 < Va(z) < (CeiC)QL. Another
application of (24) completes the proof of (13) in Case 2.

Thus, we have proven (13) and (16) for the new constants. The arguments for the
remaining properties are similar or easier, and may be left to the reader. Il

Combining the last three lemmas, we arrive at the following result.

N

Lemma 8. Given € > 0, there erxist positive constants ci, ¢, C, Cy (c1 < 1072)

such that (13),...,(26) hold for all Q € (0,Q — ¢].

Proof. We may assume ¢ < g, with ¢ as in Lemma 6. Lemmas 6 and 7(B) show
that for all sufficiently small ¢; there exist &, C’, C, such that (13)...(26) hold when
Q € (0,e0]. Lemma 5 shows that for all sufficiently small ¢; there are ¢, c", cl
such that (13)...(26) hold when Q € [, — ¢]. Taking c; sufficiently small, setting
¢ =min{#, "}, C = max{C’,C"}, C, = max{C",, C"}, and applying Lemma 7(A),
we see that (13)...(26) hold for all Q € (0,Q — €]. O
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We turn to the study of Vg (z) for  near Q.

Lemma 9. There exist positive constants ¢, co, C, C’, Cy such that properties

(27)...(29) hold for (1 —2)Q < Q < Q.

Proof. Pick Q; < Q. For Q € [Q1,Q) we have Vo > Vg, so that {z: Vo(z) < 0}

C {z: Vg, (z) < 0}, i.e.
(73) .’171(91) < CEl(Q) < CEQ(Q) < .’172(Q1) .

Recall that z1(Q2) < zo(2) < 22(Q).
Let —&(2) = min, Vo(z) = Vo (zo(2)), and set Q=0+ (xl(Ql))25(Q). Then we

have

.’El(Ql)
.’L'()(Q)

which shows that min Vi (z) < 0, i.e. Q < Q. Thus,

A

Val20(®) = (-9 (a0() " +Va(z0(@) = (

)25(9)—5(9) < 0,by (73) I

2

On the other hand, set & = Q + (xg(Ql))2€(Q). Then for z < x5(£21) we have

i) (Ql)

Val@) = Va(e) + (@ - Qa2 —£@ + (25 g@) 2 0

while for z > x2(£21) we have Vg(x) > Vo, (x) > 0. Thus, Vg (z) > 0 for all z, which

shows that Q >, i.e.
(75) Q— Q< (22(0))6(Q) .

If ¢ > 0 is small enough that (1 —2)Q > €y, then (74), (75) imply property (29).
Next, observe that ‘(%)QVQ(.’E” < Cy for z € [121(Q1),222(Q1)], ©Q € [, Q).
In the same region we have also ¢ < z < C and ¢ < S(z) < C. Therefore, (73)

yields

(16) |(-5)Vale)| < CLS(a)a

— 1
for Q € [©,Q) and z € [ixo(Q), 230()] .
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Also, since [V'(z)| < C for z € [321(Q),222(Q)], @ € [Q1,Q) by (73); and
VE (z0(Q)) > ¢ > 0 for Q € [Q4,Q) by (8), it follows that ¢/ < V{(z) < C’ for

lz — 20(Q)] < & Q € [Q,Q). Equivalently,
(77) eS(z)z 2 < V() < CS(x)z™? for |z —zo(Q)]| <&, Qe[Q,9) .

If [2—20(Q)| < c270(2) and ¢z < 1 is taken small enough that (73) yields cozo(Q) <
cax2(21) < ¢, then (76) and (77) imply property (27).
It remains to check property (28). We argue as follows. For Q € [Q1,Q), (12)
yields
Va(z) > Vo(z0(Q) + c(z — 20())* for |z — z0(Q)] < ¢’ .

Hence, (29) implies
(78) Va(z) > —C(Q— Q) +c(z — () for |z — z0(Q)] < ¢ .

If Q is close enough to €2, then (78) shows that V(z) has zeros in each of the
intervals [zo(€) — C'(Q — Q)Y2,20(Q)), (w0(2), 0(R2) + C'(Q — Q)1/2]. Hence,
[21(Q) —20(Q)],  [22(Q) — z0(Q)| < C' (A - )/

for € near enough to Q .
In particular, we can find Qs € (24, Q) such that
(79) |£C1(Qz) — 182(92)‘ < C2£L'1(Ql) , with ¢y as in (27) .

Now let 2 € (Qg,ﬁ) Then .’Ijo(Q) € [.’El(Q),.’IJz(Q)] C [.’171(92),.’172(92)], and |.’E1(Qz)—l
z2(Q2)| < c2x0(2), by (73) and (79). Consequently, [z1(Q2),22(Q2)] C [(1 —
c2)z0(2), (1 + c2)zo(R)]. It follows that Vg, (x) > 0 outside [(1 — c2)zo(2), (1 +

c2)zo(2)]. Taking Q3 € (Q2,£2), we conclude that

Va(z) = (2 —Q)z™2 4+ Vo, (z) > (Q3 — Q)22

if Qe (Q3,Q) and 2 ¢ [(1 — c2)20(Q), (1 + c2)z0(Q)] -
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This implies property (28), and completes the proof of lemma 9. O

The Main Lemma on the Thomas-Fermi Potential follows trivially from

Lemmas & and 9.
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THE DENSITY IN AN APPROXIMATE THOMAS-FERMI POTENTIAL

Let VIF(r) be the Thomas-Fermi potential arising from a nucleus of charge +Z
fixed at the origin. Thus, —A,VFF(|z|) = (const)|VFF(|z[)|>/? on R*\{0}, and
VIF(r)=-Z 4+ 0(1) as r — 0+.

Recall that the size of VI (r) and its derivatives is controlled by the weight
functions
(0) S(r)= % for r<Z73 S(r)=r"* forr>z3

B(r)=r forallr e (0,00) .

Specifically, we have
@) [(46)“VZF ()| < CaS(r)r==  (a20),
(ii) VFF(r) < —eS(r), and
(i) LVIF(r) > eS(r)r L.
It will be important to study also small perturbations of the Thomas-Fermi

potential. Thus, we say that V (r) is an approximate T-F potential if it satisfies the

estimates
(1) ‘(%)“V(r)\ < CoS()r— (alla>0), and
(2) ‘(%)Q{V(r) ~VET(} < @S (0<a<2),

with ¢ a small enough constant, determined by the C, in (1). In this section, we use
¢, C, C' etc. to denote constants determined by the C, in (1), and by the constants
e, N, a to be introduced later. We assume that Z is large enough, depending on
the Cy in (1), and on €, N, a.

Our goal is to understand the density p arising from the Hamiltonian H =

—A; + V(]z|) for an approximate T-F potential V. By separation of variables, we
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are led to consider the one-dimensional densities py(r), arising from the potentials

Vo) = LD

2 +V(r).

When V = VZT F the behavior of the potentials V;(r) is very thoroughly understood.
Let us recall how V(r) looks.

Let € be the positive root of the equation Q(Q + 1) = 2133((—7"2V(r)), and
suppose the maximum is attained at » = 7. (The sizes of these quantities are
Q~ ZY3 and # ~ Z71/3.) To describe V(r), we distinguish between the two cases
1</<(1-¢)Qand (1—-¢)Q2 < £ <Q for asmall, universal constant €.

For 1 < ¢ < (1 —©)QQ, there are numbers e (£) < xo(f) < xy(£) with the
following properties:

Regarding the size and sign of Vj(r):

(3)  In (0, (1 — c1)mier ()] we have Vy(r) ~ ee+1)

r2

(4)  In[(1—c1)mien(£), 1 +cr)zien(@)]  wehave |Vy(r)| ~ S | — 06, (¢)|

and V) (r) <O0.
(5) In[(14 c1)miers(£) , (1 — c1)z(£)] we have Vi(r) ~ =S(r).

(6) T [(1—c)zn(d) , (1+ 1)z (0)] we have  [Vo(r)| ~ S22 |r — o (4))

and V/(r)>0.

(7)  In [(14 c1)zet(€),00) we have Vy(r) ~ g(i—tl).
Regarding the derivative of V;(r):

(8) In (0,(1 - c1)zo(£)] we have — Vj(r) ~ HE&1)

(9) In[(1—-c1)zo(f), (14 c1)zo(£)] we have V) (r) ~ S(r)r~—2 and
Vi(zo(£)) = 0.

(10) In [(1+c1)zo(®) , (14 c1)zei(£)] we have V) (r) ~ S(r)r—'.

Regarding the higher derivatives of Vj:
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(1) T Iy = [(1 = en)aien(0), (14 1)z (6)] we have | (&) Ve(r)| < CaS(r)r—e.

Regarding the points Zief; (£), To(£), Tt (£):

(12 ml) 20(8) . I (£) — (8] ~
(13) T () ~ L7
Moreover,
(13a) Ziefs (£) < (1 — e1)xo(f) 2o(£) < (1 —2¢1)z(£)
(13b) ¢ <1/2.

On the other hand, suppose (1 —¢)Q < £ < €. Then there is a point z¢(¢) ~

Z~'/3 with the following properties:

(14) In[(1—=c2)zo(£), (14+c2)zo(£)] we have |(d%)a1/'g(r)‘ < CaS(mo(8)) (zo(£)) ™"

and V;'(r) ~ S(T)T_2- At r = z(¢) we have V) =0 and —Vp ~ w.

(15)  Outside [(1 — c2)zo(€), (1 + c2)z0(£)] we have Vi(r) > %.
Here, 0 < c2 < 1/2.

All these properties of Vy(r) = Wr—tl) + V(r) are well-known for the Thomas-
Fermi potential V. (They follow by rescaling from the Main Lemma on the T-F
Potential). Moreover, they persist under small perturbations, and therefore hold
also for any approximate T-F potential.

Using the properties (3)...(15) of V(r), we can verify the hypotheses of our
ODE density theorems from the section “Review of Earlier Results.” Specifically,

we have the following results.

Lemma 1. Set zy = g, Terit = 27910z, = 77810 21 = 1/C, wpig = C, 6 =

CZ=3/20  with C a large enough constant, determined by the Cy in (1). Then for £
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= 0, the potential Vy(r) satisfies hypotheses (Z0)... (Z7") of the Fourth Degenerate
Density Lemma, with the weight functions S(r) as in (0), B(r) = r. The constants
in (Z0")...(Z7") depend only on the Cy in (1).

Lemma 2. Set xg = 6722, Torit = 27910 g, = Z78/10 g on = 62—22, T, = 5,
Thig = (1 4 c1)zw(€), 6 = CZ=3/2 with C a large enough contant, determined by
the Cy in (1). Then for Z'°° > € > 1, the potential V,(r) satisfies hypotheses
(2)...(79) of the Third Degenerate Density Lemma, with the weight functions
S(r) as in (0), B(r) = r. The constants in (Z0)...(Z9) depend only on £ and on

the Cy in (1).

Remark. Since the constants in (Z0)...(Z9) depend on £, we can use Lemma 2 only

for 1 < /¢ < Large Constant.

Lemma 3. Set I = I as in (11), 2y = 2910, By = —Z'8/10, 6 = CZ—3/20,
with C a large enough constant, determined by the C, in (1). Then for C < £ <
Z107" | the potential Vy(r) satisfies hypotheses (20). .. (Z8) of the Second Degenerate
Density Lemma, with the weight functions S(r) as in (0), B(r) = r. The constants
in (Z0). .. (Z8) depend only on the Cy, in (1).

Lemma 4. Set I = I; as in (11), and take K = 100%°, take ¢ > 0 and N > 1. Let
¢ be a small enough constant, depending on e, N and on the C,, in (1).

Then for Z107° < £ < (1—2)RQ, the potential Vy(r) satisfies hypotheses (Z0). . . (ZQ)I
of the WKB Density Theorem in one dimension, with the weight functions S(r) as
in (0), B(r) =r. The number called A in (Z0). .. (Z9) is of the order of magnitude
L. The constants in (Z0)...(Z9) depend only on e, N, and the C, in (1).

Lemma 5. Suppose (1 —¢)Q < £ < Q —cQ7/43, Set S = Q(Q_E), B = M-

72 Qi/z
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and define I = [x(£) — h, zo(£) + h], with h = min(cyz0(£),CB) and C a large
constant determined by the Cy, in (1). Let € > 0, N > 1 be given. Set K = 100%°,
and let ¢ be a small enough constant, depending on €, N and the C,, in (1).

Then the potential Vy(r), the weight functions 5’, B, and the interval I satisfy
the hypotheses (Z0)...(Z9) of the WKB Density Theorem in one dimension. The
number called A in (Z0). .. (Z9) is of the order of magnitude (2 —¥£). The constants
in (Z0)...(Z9) depend only on e, N and the Cy, in (1).

Remark. The reason for using S, B, I as above is that (as we will see) | min V| ~ S,

V) ~ SB~2 at xy(£), and I is comparable to {V} < 0}.

Lemma 6. Suppose Q — cQ"/4 < £ < Q. Set g = xo(£), S = S(z0), B =
xo. Let € > 0 and N > 1 be given. Take K = 100%°. Then the potential Vy(r)
satisfies hypotheses (Z0¥)...(Z6*) of the First Degenerate Density Lemma, with
A~ SY2(#)i ~ Q. The constants in (Z0*)...(Z6*) depend only on €, N and the
Cy in (1).

We will use Lemma 1 for £ = 0, Lemma 2 for 1 < ¢ < (Large Const), Lemma 3
for (Large Const) < £ < Z'" Lemma 4 for Z1°™° < ¢ < (1 — ©)Q, Lemma 5 for
(1-2)Q<L<Q—cQ7*3 and Lemma 6 for Q — cQ7/43 < £ < Q. Thus, all the
potentials Vz(r) (0 < £ < ) are covered by our ODE density results. For £ > Q,
the potential V;(r) is non-negative everywhere, so that p,(r) = 0.

We give the proofs of Lemmas 1...6.

Proof of Lemma 1.

(Z0T) is obvious from the definitions of S(r), B(r).
(Z17) is immediate from (1).

(Z21) is immediate from (ii), (iii) and (2).
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(Z3") holds, since one computes from the definitions that A ~ 61/2, when C >> 1

power

and Z > C .

(Z4T) follows from (1), since z9 = CZ 1.

(Z5%) is proven as follows. From (ii), (iii) and (2), we see that V(r) is increasing
and negative on (0,00). From the definitions we have zyi; < Cxy. From (1) we
have |V (&) < CS(%&) < Cxy?. This proves (Z51).

(Z6") is immediate from (1).

(Z77) is proven as follows. Since V'(z) ~ S(x)z~!, we have V(z,) — V(z) ~
[27S@)t=dt for z < Z=. Since z, < Z7'/3, we have S(t) = Z in [z,z.], so

2

Zy. Also for E € [V(z4),0] and z < %= we

Viz,) = V(z) ~ Zfor 0 < z < 5

N

have 0 < E — V() < [V(z.)| < CS(z.) = CZ < CZ. Therefore, E — V(z) =
(E-=V(zy) + (V(zs) = V(2)) ~ Z for 0 < z < La,, E € [V(z.),0]. Hence, (Z77)

follows if we show that [~ (g)—l/2d$ <cd f%m (Z)_lmdx, which is immediate
o o x

from the definitions. The proof of Lemma 1 is complete U

Proof of Lemma 2.
(Z0) is obvious from definitions of S(z), B(x).

(Z1) is immediate from (11), once we check that T is contained in I,. That follows

from (12), (13) and the definitions of xg, 1.

(Z2) follows from (5) and (10) once we know that I = [zg,z1] C [(1 + ¢1)Z1ess (£),
(1 — 1)z ()] and I = [zg,z1] C [(1 + c1)xo(€), (1 + c1)z(£)]. These inclusions

follow from (12), (13) and the definitions of zg, z.

%y while the

(Z3) holds, because one computes from the definitions that A ~ c
constants appearing in (Zf)), (Zi), (ZQ) don’t depend on C, provided C is large

enough.

(Z4) follows from (3), since Zgman < (1 —¢1)Z1est(£) < o by (12) and the definitions

of Lsmally L0-
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A

(Z5) is proven as follows. From (3), (12) and the definition of xgman, we have
Tmall < (1 — ¢1)z1ete(£) and |Ve(r)| < S% in [Zoman, (1 — c1)z1ete(£)].

(From (11), (12) and the definition of S(r), we have |V(r)| < C;—‘f also in [(1 —

c1)Z1et (£), xo]. Hence in [Zgman, o] we have |Vy(r)| < 6;—22 < Cﬂ;f, which is (Zg)
0
with a constant depending on /.

(Z6) is immediate from (10), (12), (13) and the definitions of 1, pig.

(Z7) is proven as follows. For r € %, (14 c1)zrs(€)] we have |V (r)| < CS(r) =
Cr—* < Cw’f by (11), (13) and the definition of z;. This implies (Z7) with a
1

constant depending on /4.

(Z8) follows from (7), since Tpig = (1 + c1)m (£).

A

(Z9) is proven as follows. From (12), (13) and the definition of zg, we have (1 +
c1)xo(l) < g < xy < Z7Y3 < x,4(¢). Hence (10) implies V/(z) ~ S(z)z~! in
[0, Tu]-

Therefore, we may repeat the proof of (Z77) in the previous lemma. The proof

of Lemma 2 is complete MW

Proof of Lemma 3.

(Z0) is obvious from the definitions.
(Z1) is (11).

(Z2) is proven as follows. From (3)...(7) we get {Vi(r) < 0} = [Z1es(£), 2rt(£)]-
From (8), (9), (10) we get V}/(r) < 0 on [zieft(£), zo(£)] and V) (1) > 0 on [z¢(£), zr (£)].J]
Hence {Vy(r) < E} is a non-empty subinterval of [Zieg (£), 2.4 (£)] for Vi(zo(4)) <

E < 0. From (0), (5) and (13a) we get Vi(zo(£)) ~ and thus Vy(zo(£)) ~

_ Z
a:o(é)’
—Z by (12).

We are taking C < £ < ZW07° B4 = —2Z18/10 5o Ve(zo(€)) < E < 0 for any
E € [Euit,0]. Hence E € [Egyus, 0] implies {Vy(r) < E} = [mier(E), zw(E)], a
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non-empty subinterval of [Zieg (£), .4(£)]- We also have dist(z, 0I;) > cx for any
z € [T1eft(£), 214 (£)], in particular for z = Ties (F), 2.4 (£). This completes the proof
of (Z2).

(Z3) is proven as follows. If |r — zo(£)| < clxg(ﬂ), then Vy(r) ~ —=S(r) ~ —S(zo(¥))
by (5) and (13a), and we saw that S(zo(¢)) ~ Z-. On the other hand, V(e (E)) =
E, and E € [Ei, 0] implies |E| << %—; since Eoy = —Z1/10 0 < ¢ < 71077,

Hence |z (E) —20(£)| > c120(£), and therefore [Tief; (E), Tiet (E) - (14 75)] does not

),
meet [(1— 7§)z0(£), (1+ §5)20(€)]. From (8), (9), (10) we get [V (r)| > cS(r)r~" in
[(1—c1)z1ere (€), (L4 c1)zee (ON\[(1 = §5)20(£), (1+ $5)zo(£)]- In particular, [V, (r)| >
cS(r)r~t in [Ties (E), Tiers(E) - (1 + §5)]- Since Vi(zo(£)) ~ —=S(z0(£)) < Eeris < E,
we have zo(¢) € {Vi < E} = [21ec(E), rs(E)], 50 Tiers(E) < 2o(€) < zoi(E).
Therefore Tief(E) € [1efe (£), To(£)], 50 V} (et (E)) < 0. So Vy(r) < —eS(r)r~" in
[Z1eft (E), Tress (E) - (1 + $5)]-

Similarly, V() > +¢S(r)r" in [(1 — ©)z.(E), 2xe(E)]. This proves (Z3), with ¢;

replaced by 5

(Z4) is proven as follows. If z € [(1—c¢1)xo(£), (14 c1)z0(£)], then Vy(z) ~ —S(z) ~

2

4)i
—S(z0(£)), and we know that S(zo(¢)) >> |E| for E € [E¢t, 0]. Hence E—Vy(x)

2

S(z). If instead & € [z1ec (E) - (14 %), (1= c1)z0(€)], then by (8) we have —V;(r)
S(r)r=! for r € [zer(E), z], and therefore E — Vy(x) = Vi(ies(E)) — Vi(z) ~
f-Twleft(E) S(ryr=tdr > f(1__ S(r)yr~1dr (since & > e (E) - (1 + $5)) ~ S(x).

100

Similarly, £ — Vy(z) ~ S(z) if z € [(1 4 c1)zo(£), z:t(E) - (1 = $5)]. So we know

that E—Vy(x) ~ S(z) in three intervals that cover [(1+ 55)Z1ers (E), (1 — 5)zet (E)].

This proves (Z4), with ¢; replaced by £

(Z5) follows from (8) and (13a), which show V/(r) < 0 in (0, Zief:(#)]; and from (1)
and Vy(r) =V (r) + WH) , which show that V, is C°.

(Z6) holds, because we saw in the proof of (Z3) that s (E) < xo(£). Hence
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Tie(E) < C’% by (12). Since £ < ZY° and Zeyy = Z-%'°, we know that
Tiefs (E) << Zerig for E € [Egpt, 0], proving (Z6).

(Z7) is proven as follows. It asserts that (for E € [FEeyis, 0])

Terit wrt(E)
/ (E - Vi), de <5/ (E -~ V() de .
T1eft (F) T1eft (E)

We have already proven (Z3), (Z4) with ¢; replaced by 4. Hence, we know that

S (@1es: (£))

B V(o) ~ = 0 (@ = ma(B) for o € [mun(B), (14 J)aien ()

B~ Vi(z) ~ S(z) for 7 € [man(B) - (14 75),7e(B) - (1= 5]

B Vito) ~ 22 (0 (B) o) for 0 € [ (F) - (1= 5), (B
Therefore,

/: (E — Vi(2)) [ ?de ~ /y S~V (z)da

left (E) left (E)

for zie (E) - (1 + &) <y < 2 (E). If also y < Z~71/3, then

y y
P —
Tlet (F) Tiers (E) T

Thus, [¥ g (B-Ve(@)) " 2da ~ 27122/ it (14-58)rren (B) < y < min{ Z71/3, y(E) } ]
From (5), (12), (13) we have —V,(r) ~ S(r) for r € [xo(£), 7]. Hence, —V;(r) ~

+Z >> |Eeis| > |E| for 7 € [z0(€),24], 2. = (small const.) - Z78/10 So we

cannot, have z,4(E) € [2o(£), z+]. We saw in the proof of (Z3) that z.;(F) > zo(£).
Therefore, z,4(E) > x,. Consequently,

y
/ (B~ Va(@)), do ~ 2712258 (14
1ot (E) 10

Taking y = Ty and y = z,, and recalling that 6 = C Z—3/20 we see that

/ crit (E B V'e(x)) 1/2d < 5 * (E’ B W(aj)) 1/2d$ ,
Tiest (E) Tiett ()

which implies (Z7).
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(Z8) is immediate from the definitions and from (12), (13). In fact, A(z) = (£) Y2y

= Z'2g% for ¢ < 273, and A(z) = (¢)/?z = &= for & > Z'/3. Also,

2 _ Z—1/3

xleft(e) ~ 27 and gjrt(f) ~ % Therefore, A 1 _ f$1eft(e) 7722177y
—1/2

(21er(0))

Z1/2

Trt V4
rarks fz—l(/g o ~

+ 24 (£) ~ £~ L. Since £ > (Large Const.), (Z8) follows.
The proof of Lemma 3 is complete. |

Proof of Lemma 4.

(Z0) is obvious from the definitions of S(r), B(r).

(Z1) is the estimate (11).

(Z2) and (Z5) are proven together, as follows. From (3)...(7) we get {Vp < 0} =
[Z1e6(£), 2rt(£)]. By definition of Iy, both & = =z (£) and x = z.(£) satisfy
dist(z, 0I;) > c1x. Hence we know (Z2) and (Z5).

(Z3) is proven as follows. With z¢g = z¢(£), we have Vy(zg) < —cS(z0) by (5), (13a);
and from (9) we have V/(zo) = 0 and V' > c¢S(zo)zy? in [(1 — ¢1)mo, (1 + c1) o).

Hence we know (Z3).

(Z4) follows from (8), (10), since e(l;jl) ~ S(r)r~1 in [Tie (£), T0)-

To compute A, recall that A\(z) = (%)1/235 = ZY22Y2 for £ < Z71/3, and
Mz) = (z=H)Y2z =27 for £ > Z~1/3. Hence if & ~ Z~1/3 then A(z) ~ Z'/22/2
for # < #, and A(z) ~ z~! for z > #. By (12), (13) we can find & ~ Z~1/3

with (1 + ¢)z1es(£) < T < (1 — ¢)z4(£). Then we have A=1 ~ fi“(e) (21/2(1% +

x

ff”“(e) 92—~ 772 (216,(£)) "V 2 + 20 (£) ~ £71. So A ~ £, as asserted in Lemma

z (z= D)z

4.
(7Z5) was proven above, together with (Z2).
(Z6) is proven as follows. Since A ~ £ > Z197° the assertion about z € Igvp =

(0, 00) with z < Tyeg; (£) — AK B(z165:(£)) is vacuous, as the right-hand side is negative.

For x > x,4(£) + AKX B(x,(£)), we have V;(z) > %2 by (7). Also, x ~ x — x(£) for
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x> 2(£)+AE B(2(£)). Therefore Vy(z) > % for z > x4 (£)+AFB(z4(£)),

(x—zrt

which implies (Z6).

(Z7) is proven as follows. For 0 < z1 < x5, we have 1 < ggz;g < (%)4 by definition

of S(r); and 1 < Blza) _ (22), Therefore, the assertions of (Z7) follow, if the
B(ml) X

endpoints Zje (£), 2t (£) of I satisfy (fl;ﬁt((eg))ll < A¥. Since A ~ £ and K = 100,

this amounts to Q * << 8(10090), ie. (£ * << (100°%) " Thats obvious, since
157 l

£> 7" Thus (Z7) is proven.
(Z8) holds because we picked ¢é small enough, depending on e, N, C,.

(Z9) holds because A ~ £ > Z1°™" and Z is large enough. The proof of Lemma 4 is

complete. |

Proof of Lemma 5.

(Z0) is obvious, since S and B are constant functions.

(Z1) is proven as follows. We note first that

(16) S(zo(8)) - (0(£)) > ~8B~2 and that B < Czo(f) -

In fact, since z¢(€) ~ Z~1/3, we have S(zo(£)) - (z0(£)) 2~ 743, (Z-13)=2 = 72,

while SB~2 = ?—j ~ (ZY32(Z713)=% = 72, Also, since Q — £ < €, we have

B <eY%F ~ Z71/3 while zo(¢) ~ Z~/3. So we know both the equations (16).
Next, note that I is contained in the interval in (14), since h < caz9(¢). Hence

in I we have from (14) that |(d%)an‘ < CoS(z0(0)) (xg(ﬂ))_a. If « > 2, then by
(16) we have S(z(£)) (xo(ﬁ))_a < CWSB~2, s0

(17) ‘(%)O‘Vg‘ <C,8B~ in I, provided a> 2.

Moreover at r = z¢(¢) we have from (14) that V;, =0 and

(17bis) v <c2OFD -t @8

(.TO(K))Z ,,‘;2

I
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—1/3 o f.

since zo(£) ~ Z

Since |I| < 2C B, Taylor’s Theorem with remainder and (17) imply for r € I

Va(r)| < [Vi(z0(£))| + CB|V{ (z0(£))| + CB?sup;|V}'|
<CS, and

IV (r)| < |V} (z0(¢))| + CB sup;|V}'| < CSB*.

Thus, (17) holds for & = 0,1 also, completing the proof of (Z1).

(Z2) is proven as follows. Since I is contained in the interval in (14), we have V;/’ > 0
in I. Hence, {z € I | V;(x) < 0} is a (possibly empty) subinterval. Since z((¢) € I
and Vz(zo(¢)) < 0 by (14), the subinterval is non-empty. It remains to show that
the endpoints of {z € I | V;(z) < 0} have distance at least ¢B from the endpoints
of I. That is equivalent to saying that V(z) > 0 if z € I and dist(z,8I) < cB.
Since we already know that |V;| < CSB~"! on I by (Z1) above, it is enough to show
that V; > ¢S at the endpoints of I. We distinguish the two cases h = cy0(£) and
h=CB < cyxo(L).

If h = coxo(£), then I is the interval in (14), (15). From (15) we know that for r an

endpoint of I we have V;(r) > ce(fjl) ~ (Zz_i//z)Q = Z*/3 while S < ?—22 ~ % =
Z4/3. Hence, Vy(r) > ¢S at the endoints of I. In the other case h = CB < cyzo(£),
we have from (14), (16) that V' > ¢SB~2 in I. Also at x¢(£) we have V; > —CS by
(17 bis) and V/ = 0 by (14). The endpoints of I are y = z((£) + CB, and Taylor’s

theorem with remainder in integral form gives

Vily) > Va(wo() + 5 (CB)(c8B™?) > ~CF + [eC?§

Here, C' and ¢ do not depend on C. So, by taking C' large enough, we get V, > cS
at the endpoints of I.

Thus, in either case Vz > ¢S at the endpoints of I. The proof of (Z2) is complete.
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(Z3) is proven as follows. From (14) we have V; = 0 at zo = z¢(¢), and also from

(14) we have —V;(zq) ~ Q(Q&t)(;f)(fﬂ) ~ Q(?Z_E) = S, since zo(£) ~ Z71/3 ~ 7. To
complete the proof of (Z3), we need to show that V;’(z) > ¢SB~2 for |z —x0| < c3B.
In fact, (14) and (16) shows that V;” > ¢SB~2 in I. (Recall that I is contained in
the interval in (14), since h < caxo(£).) Hence it’s enough to show that {|z — x¢| <
csB} C I, i.e. dist(zo,dI) > coB. This is immediate from —V;(zg) ~ S, which we
just saw, from |V}| < CSB~" in I, which follows from (Z1) above; and from the

fact that V; > 0 at the endpoints of I, which follows from (Z2) above. The proof of

(Z3) is complete.

(Z4) follows from the fact that V} > ¢SB~2 in I (as we noted above), and that
V) =0 at zo(4).

Next we compute A. Since Vy(2¢) ~ —S and |V}| < CSB~! in I by (Z1) above,

we see from (Z2) that x.¢(£) — Zies (£) > ¢B. On the other hand, z,4(£) — Zie (£) <

diam I = 2h < 2CB. Thus () — 2165 (£) ~ B. Also, A(z) = SY2B = (Q — ¢).

Therefore, A=1 = f;:“(fz) X (‘js = ~ (2—=£6)7", ie. A has the order of magnitude

(Q— ).

(Z5) is proven as follows. In view of (Z2), it is enough to show that V; > 0 outside of
I. We already know from (15) that V; > 0 outside J = [z0(£)(1—c2), zo(£)(1+c2)].
Inside this interval we have V' > cSB~2 by (14) and (16). Since V; ~ =S, V/ =0

at 2o(¢), we conclude that

Ve(z) > —CS + 5(CSB—z) -(CB)? forz e J, |z —=zo>CRB.

The constants C', ¢ here don’t depend on C. Hence if we pick C large enough, we
get Vy(x) > 0 for z € J, |z — x9| > CB. So if z € (0,00) satisfies V;(z) < 0, then
z € Jand |z —zo| < CB. That is, |z — z¢(£)| < min(cazo(£), CB), i.e. z € I. Thus,

Ve > 0, outside I, completing the proof of (Z5).
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(Z6) is proven as follows. We have A ~ (Q — £) > Q35 ~ Z¥3 while K = 100%.
Hence AKX > 7190 50 AKB > (14 ¢)zo(#). This shows that e (£) — AXB < 0,
so the assertion of (Z6) concerning z € (0,00) with < zjeg(£) — AK B holds
vacuously. Also, z(£) + AXB > (14 ¢3)zo(£). Therefore, (15) shows that Vy(z) >
% for z > z,4(£) + AKB. We have z — x4 (£) ~ = for & > z, (£) + AXB >
Zrs(£) + (1 4 c2)xo(£), since z(£) € I and thus z,4(£) < (1 + c2)zo(¢). Therefore
Ve(z) > % for > z,4(¢) + AX B, completing the proof of (Z6).

(Z7) is trivial, since S and B are constant functions, and since |I| = 2h < 2CB,
while A ~ (Q—£) > ¢ Zzm >> C.

(Z8) is trivial, since we picked ¢ to be small enough.

(29) is trivial, since A ~ (Q —£) > Q7/*3 ~ Zza, and we take Z to be large

enough, depending on ¢, N and C,, in (1).

The proof of Lemma 5 is complete. |

Proof of Lemma 6. Take I = {z | | — zo| < coxo} with ¢y as in (14), (15). Thus
(Z0*), (Z1*) (Z2*) are contained in (14). We have A\ = S'/2(zq)xo ~ S'/2(7)F since
xo ~ Z~Y3 ~ 7 and thus also S(z¢) ~ S(7). Specifically, A ~ (Z4/3)1/2. Z=1/3 =
ZM3 ~ Q.

(Z3*) is proven as follows. From (14) we have V/(z¢) = 0, and

QQ+1)—L+1) QQ—-2)  Q-QaF

(18) 4 (z0) = <y
On the other hand, S¥/2 = S§1/2(z) = 201 80
2 s
(19) IS TIPS SO
Zo Zo

Since A ~ Q, we may take ¢ small in our hypothesis 2 — ¢ < CQ%, hence in (18),

and obtain from (18), (19)

36

0< —W(.’Bo) <) ATs1S§.
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This proves (Z3*).
(Z4*) is immediate from (15).
(Z5*) is proven as follows. Since A ~ Q ~ ZY/3 any z € (0, 00) satisfying |z —

zo| > FAEB = IAKzo must also satisfy z > (1 4 c2)zo. Hence z ~ z — zo, and

Vi(z) > % by (15). Therefore, V;(x) > CLUH) which implies (Z5%).

|z—x0|?
Finally (Z6*) follows from our assumption that Z is large (depending on e, N and
the C,, in (1)), since A\ ~ Z/3,

The proof of Lemma, 6 is complete. |

Our plan is to use separation of variables, Lemmas 1... 6, and our density results
for ODE’s to control the density p arising from —A + V on R3. The precision of

our results depends on number-theoretic properties of the potential V. Specifically,

define
o —1/2
(20) ne= [ (Vi) M
and
1 [ 1
(21) ¢e=;/0 (—Ve(r))i/zdr—a ,for0<£<Q.

We will get sharper results if the ¢, are approximately equidistributed modulo 1.
Define sets £, £ by

(22) L={1<4<Q|[¢— nearest integer| < %}
~ . C
(23) L£L={1<£<Q||¢s— nearest integer| < W} .

We say that the potential V has Number-Theoretic Type a > 0 if the following
conditions hold.

_ [Number of £ < T belonging to L]

<N %
7 <C

(24) D(T)

for QI <T<Q.
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7 [number of £ € £]

< —2a .
Q < CQ

(25)

Finally,

(26) ‘ Z (2£+1)x(¢e)‘§09_2a Z (2¢+1)

<<y e <tz
—9 . _ —
for Z'0 < £y < £y < Q with £y — £ > cf57* and £y > QT4

Here, x_(-) is the elementary function appearing in our ODE density results. We
expect (26) with a > 0 if the ¢, are equidistributed mod 1, since x_ is periodic and
has mean value zero.

In this section, we simply assume (24), (25), (26) for an a > 0. In [FS6] [FST7],
we will show that a can be taken strictly positive for the Thomas-Fermi potential
VFE. Note that (24), (25), (26) hold trivially when a = 0, and that (24), (25), (26)
become stronger as a increases.

We are ready to analyze the three-dimensional density p. Let V be an approxi-
mate T-F potential having number-theoretic type 0 < a < 1/43.

Separation of variables tells us that

(27) dwrip(r)= Y (20+1)pe(r)

0<4<2
2
where py(-) is the density arising from — s + Vi(r) .
For each ¢, set
1 12 1, L({+1) 1/2
¢ _ —
(28) pholr) = L)Y = L(-TEED v
(29) () = — () X
nt n N ’

and define pgeo,(r) = pe(r) — {p(r) + phy(r)}, so that

(30) pg(’l‘) = pﬁc(r) + pfbt(’r) + pﬁrror(T) .
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From (27), (30) we get

(31) 4r?p(r) = prow (1) + pse(r) + pnr(r) + pERROR(T) , With
(32) prow(r) = Z (26 + 1) pe(r)
0<e<z107?
(33) pse(r) = D (2+1)pl(r)
71079 <p<Q
(34) pnr(r) = D (24 1)ph(r)
Z1079 <<
(35) pERROR(T) = Y (204 1)pberor(T) -
Z1079<p<Q

Let us begin by estimating pgrror (7). We write
(36)

PERROR = [ Z (2£ + 1)p£rr0rj| + [ Z (2£ + 1)p£rror
Z1079 << (1-2)Q (1-2)Q<L<Q—cQ7/43

+ [ Z (26 + 1)p£rror} = PERROR,1 + PERROR,2 + PERROR,3 -
Q—cQ7/134<Q

For Z107° <4< (1-19%Q, Lemma 4 and the WKB Density Theorem imply the

estimate

R ’ 2\ 1/2
61 (il | P r)ir)

1/2

<7 N o8 e V() dr + o1 o -V d
< + . ( 2(7'))_|_ T+ Xeer o ( E(T))+ r-

Therefore, by definition of pgrroR,1, We have
R 9\ 1/2
(38) (AU|R—R0|<%R0 | /0 PERROR,1(r)dr| )

R ’ o\ 1/2
< Z (2£ + 1) (A'U|R—R0|<%Ro | / perror(r)dr| )
71079 <4< (1-2)Q 0

10-N o 45 2Ro 1/2
< 71N 4 ¢ Y @+ (—w(r)) dr
—9 _ 0 +
2107° <4< (1-2)Q

1 2R 1/2
+C 9 Z (2£+1)¢ /0 (—Vg(?"))_l_ dr - X,er
71079 <4<(1-2)Q

= 79N L ERR;(Ry) + ERR4(Ry) .
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Interchanging sum and integral, and recalling the definition of V;, we see that

ERR;(Rp) < C/OzRo{ Z (e (_K(ETJ; 1) B V(T))im}dr

71079 <4< (1-2)Q

< o/mo{ > AV

0 -
77 <e<(1-v)0
LL+1)<—r?V(r)

<C e 2 5+3s e 1/2d
- X_T-Zv(r)>z2-10—9 (_7' V(T)) (_ (’r)) T
0
(39)
2Ro (—7‘2V(7‘)) 5+3
= CA X—r2V(r)>ZQ'10_9 T dr .
Similarly,

o) <0 [T Y w2 v

71079 <0< (1-2)Q

<o [Tlve) Y e

717 <<(1-9)Q
L(L+1)<—r?V(r)

< C/2RO{(_V(T))1/2X
B 0 + M 2y(r)>z21079

[Number of £ < (—TZV(T))1/2 belonging to L] }dr
=C 2Ro (—V(T‘))l/2 ) (_T2V(T))1/2D((—T2V(7’))1/2)dr
N 0 X—T2V(T)>ZQ-10_9 +
e 1/2 1/2
< C/O XZQ.10—9<_T2V(T)<CQ2_8Q (—V(T))+ (_7'2V(’r'))+ dr

e 1/2 1/2
* C/o XZQ'1°_9<—T2V(T) (_V(T))+ (_T2V(T))+ - Q2

(by (24)). That is,

(Vi)

22'1079<—7‘2V(T)<CQ2_80» r

2Ro (—T2V(’r‘))
—2a AN
(40) +CQ /O P G S,

2R0
ERR,(Ro) < C / X .
0

dr .
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From (38), (39), (40), we get

R 1/2
(41) (AUIR—R0|<%R0‘/O PERROR,l(’I‘)dr|2>

2Rg a2
10—N 2 et+33 OT
<Z + C/O X_T2V(r)>1(—r V(r))Jr 43 -
2Ro dr 2Ro dr
—2a 2 2
+CQ /0 X_ 2y et (—r V(r))+7+0/0 X_ 2y (ry<ca2-sa (—7" V(r))+7 )

So we have estimated pgrror,1.- Next we turn to prrrROR,2-
For (1-2)Q < £ < Q—cQ7/43 Lemma 5 and the WKB Density Theorem imply

the estimate

R 1/2
42 (Ao e pm| [ Paer(ir]’)
0

1/2

+dr

45 2Ro
<z N re@— / (=Vi(r))
0
1/2

2R,
—I-C'(Q—E)_lxl_,eé/0 (—Vg(r))Jr dr .

(Note that the intervals {|R— Ry| < 15Ro} and [0, 2Ry)] in (42) are larger than their
analogues in the WKB Density Theorem. Hence, (42) is strictly weaker than the

conclusion of that Theorem.) Also from Lemma 5, we get
Oo 1/2 31/2 F
(—Vg(r))Jr dr < CS"*B=C(Q21—1{) .
0
Moreover (—W(T))i_/ ? is supported in [cF, 00) when £ > (1 — €)Q. Therefore

2Ry 1/2
[ )i < O @0
0

Substituting this in (42), we see that

R ' o\ 1/2
(AIU|R—R0|<%R0|/(; perror(fr)dr| )

— _2
S Z N + CXR0>C7‘ (Q - E)E B+ CXR0>cf-X

tef
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Therefore, by definition of prrrOR,2, We have the estimate

R 2 1/2
(Ale_RO|<%Ro|A PERROR,2()dr| )

R 1/2
< Z (2£ + 1) (AU|R—R0|<11—OR0 ‘ /0 pﬁrror (T)dT’|2)

(1—2)Q<<Q—cQT/43

S Z]-O—N + CXR0>CT" Q%-'-E + CXR0>CFQ2ﬁ

(by definition of D).

Hence, by (25), we have
& 2\ 1/2 10—-N 2-2
(43) Avip_Rol< iR, PERROR,2()dr| <Z + COXppner 27777
| | 10 0 0

(Recall that 0 < a < 1/43). So we have estimated pgrror,2. We turn to pgrroR,3-
For Q — ¢Q"/* < ¢ < Q, Lemma 6 and the First Degenerate Density Lemma

imply the estimate

R 1/2
Y 2 _
(A,U|R—R0|<11—OR0‘ /(; perror('r)d’r‘ ) <7 N + CXR0>cq= :

(Here we have weakened drastically the conclusion of the First Degenerate Density
Lemma.)

Therefore, by definition of pgrroR,3, We have

R 1/2
(44) (AU|R—R0|<%RO‘/O PERROR,3(T)dT|2>

R
Z (2£+ 1) (AU|R—R0|<11—ORO‘ /0 pﬁrror(r)dr|2)

Q—cQ7/430<Q
<ZYN 4 Cxppoer D, (2641)
Q—cQ7/430<Q
— ZlO—N +CXR0>CfQ5O/43 < ZlO—N +CXR0>Ci-Q2_2a ,

1/2

IN

again because a < 1/43.
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Combining (36), (41), (43), (44), we obtain an estimate for pgrroOR, namely

R
(45) (AU|R—R0|<%R0 ‘ /; pERROR(T‘)dT‘z) 1/2

S ZlO_N‘FCXRONsz_%

2R0 2120
5+ d a d7‘
+C/o X7r2v<r)>1( r V(T)) 43 +CQ ? /0 X—T‘QV(T)>1( r V(T))

2Ro 9 dr
+C/0 X_r2v(ry<on2-sa (_T V(T))+7 )
We can simplify the right-hand side, because 0 < a < 1/43 and max,so(—r?V(r)) =
Q(Q+1) ~ Q2 Taking € > 0 so small that € + 2 < 1 — a, we can dominate the

first two integrals on the right in (45) by C [, 2RO( 2V (r)) +_ dr  Hence,

R 1/2
(46) (AU|R—R0|< %RO ‘ /; pERROR(T‘) dlr‘2)

l—a dr

2Ry
< zZ"o-N + CXRO >cr~Q2_2a + C/ (_T2V(T))+ 7
0

2Ro 2 dr
+ C/(; X7T2V(1‘)<CQ2_80’ (_7" V(T))_‘_T *
This is our basic result for pgrrOR-

Next, we study py7. We will use the following elementary observation.

Lemma 7. Suppose (ug)o<e<e, 15 an increasing sequence of non-negative numbers.

Let vy, Uy be numbers that satisfy | > ’Ug‘ < > 9y for0 < 0y < 4. Then it
0 <8<0y 0, <U<0s
follows that | > ’LLg’Ug| < DT upy.
0<E< 4y 0<E< 0,

Proof. The conclusion is obvious if uy = Xe>i, for fixed 171. The general (uy) is a

linear combination of these, with non-negative coefficients. H

Corollary. Suppose (ug)o<e<e, 5 an increasing sequence of non-negative numbers.

Let vy and v# > 0 be numbers that satisfy ‘ > Ug| < CLe Y v# for
0 <<ty 0, <E< Ly
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£, < 4, and |vg| < Cvf for all £. (Here, £ needn’t be an integer). Then

Z um‘gc Z uw#—l—C@Q_z“ Z uevf.

0<t<ty i<t<t, 0<<ty

Proof. Take 9y = C(€5%* + x - Z)UZ#, and apply the preceding Lemma. [ |

We use the above Corollary and inequality (26) to make the following estimate

of pnT.

Lemma 8. For r > 0, let £5(r) be the largest integer £ > 0 with (£ + 1) <
(=r?V(r)). (If —=r*V(r) < 0, then set £5(r) = 0.) Then we have the pointwise
mequality

—Va(r ~1/2
o (r)] SC[ > (2@-4-1)%]

n
Zlo*gsescgl—yz ¢

V()2
+C[ 3 (2£+1)£—2a—( V),

21079 <4< 0, (7) e
—1/2
_w r
+ C[ 3y (20 + 1)%]
Ny
£a(r)—c(£a (1) 740 <0<l (r)
eZZIO_g

= Cpnt1(r) + ConT2(1) + CoNnT 3(7) -

Proof. Recall that pyr(r) = — >,  (20+1) (—Vg(r));lmx‘;fl). The sum-
Z1079<p<Q
mands are zero for £ > £5(r); and also £2(r) < Q by definition. Hence,

ovr(r)=— % (2¢+ 1)x_(¢¢) (—Va) 2 .

+
g
21079 <<ty (r)

If £5(r) < ¢Q'*%, then already |pnr(r)] < Cpnr,a(r), so the conclusion of the

Lemma is trivial. Hence we may assume £(r) > cQ! 42
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1/2 ~1/2
Set uy = (— Vg(r)) / X, pro-0 = (—Wr—tl) -V (r)) / X,y pr0-07 Ut = x_ (¢e) -
%Xezzm—‘a’ vf = Xzzzlo—g% for 0 < ¢ < fy(r). Also, set £ = £y(r) —

c(f2(r))1=42. Thus, u, is an increasing sequence of non-negative numbers, and
lvg| < Cvf. Moreover, for £; < / we have
(47) ‘ 3 w‘ <CUa)™ Y o, by (26).
£, <e<ts(r) 0 <t<ls(r)

In fact, £3(r) > cQ=42 and ly(r) — £, > c(€2(r)) =44, so (26) implies (47) pro-
vided £, > Z197°. If instead ¢; < Z'197°. then we can replace ; by fmin —
(smallest integer > Z1°7°) without changing either the left or the right side of
(47). Since £y(r) > cQ' 74 and £y(r) — €5 > c(lo(r))1 4%, we again deduce (47)
from (26). Thus, (47) is proven.

We have verified all the hypotheses in the Corollary to Lemma 7. The conclusion
of that Corollary shows that |pnr(r)| < Cpnr,2(r) + CponT,3(T).

Hence the conclusion of Lemma 8 holds also when £5(r) > cQ17%%, The proof of

Lemma 8 is complete. |

Let us estimate pyT,1(r). For 7107 <y < (1 —¢)Q2 we have
R (—Ve(r))_l/2
+
(48) /0 ne dT' S XR>wleft(€) ’

by definition of ny, and by virtue of the fact that (—Vg(r));l/ % is supported in
[Z1e6(£), 00). In that range of £ we have also z,(£) > (1 + ¢)zert (£) by (12), so

< 2R dr
Xrsmer(t) =~ [ Xre@ien @@ 7

_c 2R dr _C 2R dr
Xl(l+1)+v(r)<0 r o X7T2V(r)>l(l+1)7 :

Combining this with (48), we get

R (=Ve(r) ;' 2R dr
(49) /0 ——F—dr < C/o Xe(e+1)<,,«2v(r)_ ’

Ty T

for Zt7° <p<(1-2)Q.
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In particular, (49) holds for Z107° < g < Q4. Hence, by definition of pnT,1(T),

we have

R 2R dr
60 [ mandrs 3 @DC [ s

710—9 <I<cQl—4a

= C/OZR{ Z (204 1)}% < C/OZR min{(—r2V(r))+,cQZ_8“}% .

71107 cpcoql—1e
L(L+1)<—1r2V (1)

Thus, we have estimated pnr,1(r).

Next, we estimate

pnT,2(r) = Z (204 1)

Z1072<p<Q

- [ Y @

71079 << (1-2)Q

(=Va(r)) ;1/2 }

g

(—Ve(r));lm]

Ty

[ > e

(1—2)Q<L<Q
(51) = para(r) + pra(r) -

We can estimate p%v%g(r) by the same idea as in (50). In fact, (49) yields

dr

r

R 2R
/Op%v%,2<r>drs S @+nenc / Xoiesn <2V (1)

71079 <p<(1-2)Q

2R a1 d
sof { ¥ oeeT

L(L4+1)<—r2V (1)
£>0

2R
(52) < C’/O (—7"2V(r))i_a dr .

7

To handle plzf,ITg, we simply note that

—1/2

R (=Va(r
(53) A (n—g+dr < XR>W1eft(l) < XR>cr for (1 — E)Q <IL< Q.
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That’s obvious from the definition of 1, and the fact that (—Vg(r)):LI/ ? is supported
in [Z1er:(£), 00). (See the opening paragraphs of this section for the definition of 7.)

Summing (53), we find that

RN
5 [ s Y @rene [ .,

(1-2)Q<t<Q 0 ne
< OXpoer Y, (2+ 107 < Cx, Q777
(1-2)Q<L<Q
Combining (51), (52), (54), we obtain
R 29 2R 2 l1—a dT'
69 [ onmalrdr < Cx 90 40 [ (V)T
Thus, we have estimated pnT,2.
Next, we estimate pnyr 3. Define
—1/2
—Vi(r))
¢ _ (V)
(56) pJUNK(/r) - ne XZQ(T)—C(ZQ(1‘))1_4GS€S£2(7‘) bl
so that
(57) pnra= Y,  (20+1)pfunk -
Z1079<p<0

We investigate the support and integral of p§ynk-
First suppose Z10° < ¢ < (1 — 2)Q2. Then Lemma 4 applies, so V(r) satisfies

(Z0)...(Z9). In particular,

68) Vi)~ 2 () in i = [ (6 1+ ca)onn (0]
(59) —Vi(r) ~S(r) in Jpa = [(1 + c1)x1es(£), (1 — 1)zt (£)]
S(ze(4))

(60)  —Vi(r) ~ c(@et(€) —7) in Ty = [(1 = 1)z (0), 20 (0)]

Tyt (K)
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and V;(r) > 0 outside Jiegr U Jiia U Jyt.

—1/2

We know that (—Vi(r))

, hence also p4ynk (), is supported in Jiegy U Jmia U Js.-

In fact, p4uni(T) = 0 in Jumig- To see this, fix 7 € Jiia- By (59) we have —V(r) >

—cV(r),ie. 0> 1—e)V(r)+ 24N e £(£+1) < (1—c)- (—=2V(r)). This implies
£ < (1 — c)ly(r), so that we cannot have £o(1) — c(f2(r)) % < £ < £y(r). (This
argument uses the fact that £ > 7 107 5> 1 to avoid trivial problems arising for
£ =10, —r2V(r) << 1. When a = 0, we must take care to pick ¢ small enough in
L(r) —c(l2(r))1 =4 < £ < £5(r) in order to contradict £ < (1 —c')¢(r).) Hence, the

characteristic function is zero when r € Jyiq, SO pﬁUNK =0

La(r)—c(la(r) 140 <<ty (r)
in Jmid, as claimed.

Next, we study ngNK in Jiers- We need the observatioin

(61) (@£ (£)) S (w186 (£)) > .

This can be read from (12) and the definition of S(-), or we can invoke Lemma 4 to
see that

el < A< CX@1ege () = CSY 2 (2150 (£)) - Tre (£) -

Hence we know (61). Now suppose 1 € Jieg and £o(r) — c(f2(r))1742 < £ < £y(7).
Since £ > Z1907° >> 1, this implies £3(r) < £+ Cf'%. Hence, ly(r) +1 <
£+ C'ft—%a, By defintion of £3(r), this shows that —r2V(r) < (£ + C'41—42) (£ +
C'f*=4e + 1), which implies —r2V (r) < £(£+ 1) + C"£274 j.e.

[ é 1 62_40'
( "2‘ ) < CHT—2 ,  whenever r € Jiof;

and Lo(r) — c(€a(r)) 42 < £ < ly(r) .

(62) —Vi(r)=-V(r) -

r

From (61) we see that f—z < CS(x1ert(£)) for r € Jesy-
Therefore, (62) implies
—Vi(r) < C"*8 (21650 (£))

whenever 7 € Jieg, and Lo(r) — c(fa(r)) 742 < £ < ly(r) .
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In view of (58), this means that r € Jieg; and £o(1) — c(fa(r))1 74 < £ < £y(r) imply

1 € [T1et (£), (1 4+ CLT*)mrep; (£)]

Hence
(63) (supp piunk) N Dets C [t (£), (1 + CL*)z1eg (£)] -
Similarly,
(64) (supp phunk) N Jes C [(1 = CLT4 M)z (£), 204 (£)] -

From (58), (63) and the definition (56) of piyng, we have

(65) prowic < O 18tmalt)), (1 — m1est (£)) e

ne Ll Tieg (£) X 10 (0, (14 CL—4) a1 050 (D]

for 7 € Jeg; -

A similar estimate holds in J.

From (58) and the definition of ng, we get the lower bound

Y N2> . Mr—m _1/2r
ne—/o (—Va( ))+ dr > /Jleft rose () ( teft (£)) d

> 512 (T1ett (£)) - Trers (£) -

This and (65) yield

/ piunk(r)dr < CE*
Jleft

A similar estimate holds for J,, and we know that p4ynk is supported in Jieg, U Jyt.
Therefore, fooo Phunk(r)dr < C¢=22. Again using supp(piynk) C Jiefs U iy C

[Z1et:(£), 00), we obtain

R
(66) /O pionk (r)dr <CE X, oy for Z0 <2< (1-2)Q.

For Z1° < ¢ < (1 —2)Q we have 2:4(£) > (1 4 ¢)1e(£), 50 fo ng(r><o T =

/: 2R dr Hence (66) implies

0 Xetsn) yiyco 1 = Xreloren 0,00
r

2R dr

X““‘l)+v(r)<0 r

(67) /OR Piunk(r) < Cf_za/o

for 290" <4< (1-2)Q.
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This is our basic estimate for p4yng when 210" < ¢ < (1 —2)Q.

Next we derive an analogue of (67) for (1 —2)Q < £ < Q — Q=2 Here, ¢’ is
a small constant to be fixed after a few paragraphs. Fix /£ in this range, and apply

Lemma 5. Thus we have

| W

(68) —Vi(r) ~ = (r — 1o (£)) 0 Jiofe = [108s (£), Tregs (£) + c1B]
(69) —Va(r) ~ S in Jpq = [Z1e(£) + 1B, xrt(£) — clé]

S , 5
(70) —Vi(r) ~ E(xrt(é) —7r) in Jy = [2(f) — 1B,z (0)]

and Ve(T‘) > 0 outside Jiert U Jmiqa U Jrt-

Here, S = 279 | Jqi |, | e, | Jmia| ~ B; and

(71) re~7F forr € Jeft U Jmia U Jrt -

Therefore,

(72) ne= [ (Vi) e ~ 575
0

Note that (—W(T‘));l/ 2, hence also p§yni(7), is supported in Jieg U Jmia U Jrt.
Suppose r € Jiers U Jmia U Jrt belongs to the support of ngNK. Then £5(r) —
c(l2(r))=4® < £ < fo(r) with a small constant c. Since (1 —2¢)Q < £ < Q, this
implies £5(r) < £+ 2¢Q174% hence £o(r) + 1 < £+ 3c¢Q1 %%, By definition of £5(r),

this yields
—r2V(r) < (€4 3¢ (£ 4+ 3¢Q 742 1) < L(L+1) + 100742
Therefore

(f+1) 10024 ’
< 3 for r € supp pjunk -

(1) V() =-V(r) - = )
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If r € Juig, then (69) and (73) show that S < 59:;4a. We can make ¢ small by

taking ¢ small. From (71) and the definition of S, we conclude that
(74) (Q—p) <FQite

On the other hand, we are studying £ in the range (1 —¢)Q < £ < Q — J/Q~4e,
This contradicts (74), provided we take ¢ small enough in (56) and pick ¢/ = 2¢'.
Therefore, no r € Jyiq can belong to the support of ngNK' Now we know that
supp piunk C Jee U Jre-

Suppose 7 € (supp piunk) N Jiets- ¢From (68) and (73) we get

2—4a 2—4a
Q Q

Z(r = aen(0) < C=—5— <O (by (71)).

B

Sy

By definition of S, this is equivalent to %(r — Tl (£)) < C'Q149 e,

C/Ql—4a -

(75) 7 < Zief (£) + a_7 B for r € Jiete N SUPP Pjun -

Putting (68), (72), (75) into the definition of p§ynxk, We obtain the inequality

(§-1/25)1 [%(r )]

piunk(r) < Cx

10l—4a =~
0<r— g ()< CLF"2 B

for r € Jiest, -

Hence,

Ql—4ay1/2
¢
<
/Jleft pyunk(r)dr < C( O_7 )

A similar inequality holds for Jy. Since pSynk is supported in Jieg, U Jyy C [cF, 00),

it follows that

R 1-4
Ql—4a\ 1/2
‘e _—
(76) /o prunk(r)dr < CXps.x ( q_ 5) ;

for (1-)Q<L<Q -4,

This is our basic estimate for pSyng when (1 —2)Q < £ < Q — Q14
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For Q — Q' < ¢ < Q, we use the obvious inequality fOR psunk(r)dr <

—1/2
o (—Vi . —
A %dr =1 (any £). Since supp piynk C supp(Vg(7‘))_|_1/2 C [eff, 00) for
the £ in question, it follows that
R
(77) / Piunk(M)dr < xp.., for Q- <1 <Q.
0

We can now control pyr 3(r) by using (57), (67), (76), (77). (From (57) we get

(78) pnT,3(r) = pyunk,1(r) + psunk,2(r) + pyunk,3(r) with

(79) PIUNK,1(r) = Z (2£ + 1) pfynk(r)
71079 <4< (1-2)Q

0 paunKa(r) = Z (2£ + 1) pfunk (r)
(I—E)Q<£SQ_CIQ1_4Q

(81) PIUNK,3(T) = Z (2£ 4+ 1) pSunk(7) -
Q—c'Ql—4a <<

Equations (67) and (79) yield

R 2R dr
(82) / pova(dr<C Y @) [ e ar
0

X
0 0 L sve<o 1
Z1079 <p<(1-6)Q

2R
< { Z =20y }ﬁ
~— Jo t<=r2veny? )

Z1072 <4< (1-2)Q

2R
<" /0 (—r2V(r))1+‘“@

r

Equations (76) and (80) yield

R R
63 [ poskadr= 3 @) [ poidr
0 (1-8)Q<I<Q—c/ Q1 —4a 0
Ql—4a 1/2 3
< CXpser Z (2£+1)(Q_£) < C'x o, Q22

(1—2)Q<L<Q—c' QL 40
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Equations (77) and (81) yield

R R
(84) /O PIUNK,3(r)dr = Z (25"‘1)/0 piunk (r)dr

Q—c/Ql-4a<f<Q

S Z (2€ + 1)XR>C7‘ S CQ2_4aXR>cv‘ S CXR>C1"Q2_2G *
Q—c'Ql-4a<t<Q

Combining (78) with (82), (83), (84), we obtain

l—a d?"

R 2R
69 [ ewralrdr < Cx @20 [ (V)T
0 0

At last we can estimate pyr. In fact, Lemma 8 and estimates (50), (55) and (85)

together tell us that

1— a,d'f'

R ZR
(86) | / pnr(r)dr| < Cx,., 022 4 C / 2V ()
0

r

2R dr
+C/ min{ (— 7)), Q78— -
This is our basic result for py7.

Let us review what has happened so far. Equation (31) expresses the density
p(r) in terms of prow, Psc, PNT, PERROR, Which are defined by (32)...(35). We
have estimated pgrror and pyr by (46) and (86). It remains to understand ps.
and estimate prow-

Next we study ps., which is of course the main term in p. We will prove the

following elementary result, from which the behavior of ps. can be read off easily.

Lemma 9. For all real numbers W, we have

172 2
3 @)W -+ 1)) = WX e
ZZZlO_g
210" %1571/2 3/4
+O(Z w XW>Z2 10—9 +W XW>Z2-10 9)

Proof. If W < 22Z2107°  then the conclusion of the Lemma is trivial. Suppose
W > 272107°,
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Let tmax be the positive root of t(¢ + 1) = W, and set
1/2 107°
G(t)= (W —t(t+1)) for Z' " <t < tmax -

We will bound the derivatives of G(t). In fact, ()™ G(t) is a sum of terms of the

form

A
(87) (W —tt+1)> " H(%)’""{t(H ),

v=1

withm, >1land m;+...+ mg=m.

For a nonzero term we must have m, < 2,501 <m, <2and A <mi+...+my <

2A. Thus A <m < 24, ie. 7 < A < m. Since ‘(%)mU{t(t_i_ 1)}‘ < Ct2=™ for

1
2

t > 797" the term (87) is dominated by (W — #(t + 1)) ~A424-m Therefore,

((ymew| < Y (Wt 1)i am
F<A<m
(%) = m§<m(W —t(t+1)) 7 (mf :

We distinguish the cases ¢ < Ltmax, ¢ > 2tmax. If ¢ < Ftmax, then % < C,

so the largest term on the right of (88) comes from A = 7. Hence

(89) ‘(%)mG(tﬂ < Ch (W —t(t+ 1))%_% <Cl'wi-%
if 7197 <t< ltmax
2
If tax >t > %tmax; then
0 [ = 40+ 1] ~ W2t = 1)

> ¢, so the largest term in (88) comes from

t2 W
Therefore, W—tG+1) ~ W2 (tman—t)

A = m. Thus, (88) and (90) yield

d
(=
(91) = O WY (tmax — 1)] Y2 (e — )™

)mG(t)‘ <C, [W1/2 (tmax — t)} %_m[Wl/z]m
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for tmax <t < tmax-

From (89) and (91) we see that

92) ()" G0)] < O [W2(t ~ 1)

1/2 —m
" (tmax — t)

for Z19° <t <ty .

Now set F(t) = (2t+1)- (W —t(t+1))"? = 2t + 1)G(t) for 297" <t < tomax.
Since
(%)mF(t) = (2t+ 1)(%)mG(t) + (constm)(%)m_lG(t) for m>1,

estimate (92) implies

d\m m :
(93) ‘(a) F(t)‘ < Cro(t)T—™(t) , with
(94) o (t) = WYt (tmax —t)/?  and  7(t) = min{t, tmax — t}

for Z'° <t <tmax.  (Recall tax ~ W1/2) .

From (94) we see that on [a,b] = [Z107" tmax — 20], we have 7(t) > 20; |t; — o] <
c7(t1) implies 7(¢1) ~ 7(t2) and (1) ~ o(t2), since t1 ~ tg and tmax—t1 ~ tmax—t2-
Therefore, the hypotheses of the Lemma on Riemann sums are satisfied by F(t),
o(t), 7(t) on [a,b]. That Lemma yields

(95) Y 20+ 1) (W — £t + 1))

Z1079 <<t nax —20

b
= ) F@-= / F(t)dt + Error; ,  with
£€[a,b]NZ a

(96) |Error;| < Co(a) + Co(b) + C / ’ o) 1% dt .

From (94) we see that o(a) ~ W2 Z197° 5(b) ~ W3/4,

1
§tmax

Ftmax
/2 o (t)r~100(t)dt ~/ [(WL/24) . 71000 < WH/2 |

z10—9
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b tmax —20
/ o (t)T710(t)dt ~ / (W3 (tmax — )2 (bmax — )~ 100dt
1
2

1

tmax 2 tmax

~ W3/4 .
Putting these results into (96), we see that

(97) |Error;| < CW3/* + Cw/2z107"

1/2 ,,  rb(b+1) _
dt = fa(a+1)(W —u)?du = Z2(W —

Here, W — b(b + 1) ~ W' 2(tpax — b) ~

Also, [P F(t)dt = [1(2t + 1) (W — t(t + 1))
a(a + 1))3/2 —2(W —b(b+ 1))
b

W2, so (W —b(b+1))*? < CW¥4. Also a(a + 1) < (1.1)22197" < 2, so

3/2

12W3/2 — 2(W — a(a + 1))3/2| < CW'2a(a + 1) (by the mean-value theorem)
< C'W1/2722107°  Therefore,

b
2 _
(98) / F(t)dt = §W3/2 + Error, , with [Errors| < CW/22%107° 4 cw3/4
a
From (95), (97), (98), we get

2
(99) Z (2£+1) (W — L+ 1))1/2 =3 W?3/? + Errors , with
Z107% <P<tmax—20

(100) |[Errors| < CW3/4 + cZ210 "w/2
Since tmax is the positive root of ¢(t + 1) = W, we have

3 (2£+1)(W—12(£+1))i/2:[ > (2£+1)(W—£(£+1))1/2]

>z7107° Z1079 <<t an —20

(101) + [ Y @ y(W e+ 1))1/2] .

tmax_20<e<tmax
The first sum on the right is controlled by (99). The second sum has at most 20
terms, each of which is dominated by CW?3/* by virtue of (93), (94). Hence the

second sum on the right of (101) is dominated by CW?3/4. So (99), (100), (101)
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1/2

imply 3> (24+1)(W —£(£+1))

ZZZlO_g
CZ*197"W1/2, This is the conclusion of Lemma 9, since W > 272107°, [ |

= 2W3/2+ Error, with |Error| < CW3/* +

To control ps. using Lemma 9, we simply recall the definitions (28), (33) to write

)= 3 e L= V)
32210—9
:% @)=V - ae+1) Y7
e>z7107°

Lemma 9, with W = —r2V (r), gives

2 3/2 . .
(102) psc(r) - %(_TQV(T)) ! X_r2v(r)>z2-1o—9 +,0EXTRA(7') ’Wlth
- (_T2V(T))3/4 2.10~° (_7"2V(7"))1/2
(103) ‘pEXTRA(T)‘ < CX*T2V(T)>Z2'1079 {f tz T } )

We rewrite (102), (103) slightly as

3/2
—V(r) _
psc(r) = 4mr? - % —r2v(r)>z2:1077 + pexTRA(T) ; OF
3/2
(=V() .
(104) Psc(r) = rr? - 62 4 PEXTRA(T) ,  Wwith

3/2
(105)  |prxTRA(T)] < Cr*(=V (1)) X 2y myepsios
3/4 1/2
C—(_MV(T))Jr C72107° (=r*V(r),
+ r . X—‘r'2V(1“)>Z2'10_9 + r ><—r‘2V('r')>Z2'10_9

These are our basic results on ps,.
Next, we estimate pLow. Fix C as in Lemma 3. For C < £ < Z97°, Lemma 3
and the Second Degenerate Density Lemma yield

(106)

7—9/10
/0

pe(r)dr < C+CZ—3/20/ (—Ve(r))iﬂdwc/ (=213 — V() dr
0 0
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and

(107) /OOO pe(r)dr < C + c/ooo (~Va(r) " 2dr .

Since V,(r) = E(fﬂ—tl) +V(r)>V(r)~=S(r) by (i), (i), (2), (106) and (107) imply
7—9/10 0o
/ pe(r)dr < C + C’Z_?’/QO/ SY2(rYdr + C/ SY2(rYdr
0 0 S(r)>cZ18/10

and
/ pe(r)dr < C’—I—C/ SY2(r)dr .
0 0

Recalling the definition of S(r), we get

7—9/10
(108) / pe(rydr < CZ™/0  for T <4< 7Y
0

(109) / pe(r)dr < CZY3  for C<t< 270",
0

Similarly, for 1 < £ < C (with C as in Lemma 3), Lemma 2 and the Third

Degenerate Density Lemma yield

(110) /0

7—9/10
1/2

+dr

pe(r)dr < C + C’Z_3/20/ (—Ve(r))
0
+C / (Berie — Va(r)*dr
0

and

(111) /000 pe(r)dr < C + C/OOO (—W(r))_l‘_/Qd'r ,

with Eey = Vo(Z78/19). When 7 = Z8/10 and £ < C, we have Z(t;‘——;l) < CZz16/10
and V(r) ~ —=S(r) = —=Z'8/10 by (i), (ii), (2). Thus Eeyy = Ve(Z~8/10) ~ —Z18/10,
Hence (110), (111) simply assert that (106), (107) hold for 1 < £ < C. Just as
(106), (107) led to (108), (109), we now obtain

7-9/10
(112) / pe(r)dr < CZ™/0 for 1<4<C
0
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(113) / pe(r)dr < CZY/3 for 1</<C.
0

For £ = 0, Lemma 1 and the Fourth Degenerate Density Lemma yield

J

and

7—9/10 0o 0
pe(r)dr < C + CZ_3/20/ (_V(r))i/zdr * C/ (Berie — V(T))imdr
0 0

/000 pe(r)dr < C + C’/OOO (—V(r))i/Zdr ,

with Egy = V(Z278/10) ~ —§(Z-8/10) = —718/10_ 30 once again we obtain
Z—9/10

(114) / pe(r)dr < CZM1/%0 for £=0
0

(115) / pe(r)dr < CZY3 for £=0.
0

Putting (108), (109), (112), (113), and (114), (115) into the definition of prow (),
we obtain the estimates:

7—9/10
/ prow(r)dr < CZ% . 7210
0

o0
/ prow(r)dr < CZM3 . 7210
0

Thus,

R
(116) / prow (r)dr < C7e5+2107° +Cy Zi+2:107°
0

R>z—9/10

This is our basic estimate for prow-.
At last we have learned enough to draw conclusions about the three-dimensional

density p. From (31) and (104) we have

(117) 4mr? [p(r)—# (—V(r))iﬂ} = pLow (1) +pExTRA () +pNT () +PERROR(T) -
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The integrals of prow(r), pexTrA(T), pNT(7), Oon [0, R] are estimated by (116),
(105) and (86). Hence we obtain

(118)
R 1149109 1492.107°
[ lorow () + pxrnae) + o ()ir| <[220 v 0x, 284207
R R
2 3/2 2 3/4 dr
+ [C/O r?(=V(r) X_TZV(T)SZ2_10_8dr—I—C/O (—r2V(r)) X_ 2y (s n210-9 5

dr

—r2v(r)>z2-107° r }

R
+CZ2'10_9/ (—TZV(T))ipX
0

l1—a dT

2—2a 2R ) “r 2R : 2 2—8a @
+[CX s or Q7 2%4+C (= V(?"))+ " +C min{ (—r V(’r‘))+,c§2 }
0 0

r

]

(For convenience, we have harmlessly changed a 107 to 1078 in (118). This merely
weakens the estimate.)
We will check that several of the terms on the right-hand side of (118) may be

dropped, because they are dominated by the remaining terms on the right.

In fact,
R
10-° 1/2 dr
(119) z*10 /0 (_T2V(T))+ X*T2V(r)>z2'10*9 r
R R
2 3/2 2 3/4 dr
S/O\ T (_V(T))+ X_T,2V(T)Sz2-10—8dr+/0\ (_T V(T))+ X—T'2V(T)>ZQ'10_97

R 2R
9 3/4 dr 9 1—adr
(120) /0 (=r V(r))Jr X_ 2y s z210-9 S/O (=r V(r))Jr .

R
(121) /0 TZ(—V(T))j’_ﬂX dr

2 V(r)§Z2'10_8

R
<o [" s i< C2 by 0)
0

r2S(ry<cz2-1078

< Oz 210

Hence on the right-hand side of (118) we may delete the left-hand side of (119),
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(120), (121) without changing the total order of magnitude. Thus, (118) becomes

‘/O [pLow (1) + pexTRA () + PN (r)]dr]

< CZé + CXR>z—9/1o : Z%+2.10_9 + ng_ga X

1
R>cZ 3

2R 1-adr S 2 2_844 07
+C/ (—r V(r))_l_ — +C’/ min{ (—r V(r))+,cZ3 51
0 r 0

,
(Here we dominated Z&+2107° by 78 = 71/5 and we recalled that Q ~ Z1/3,
P~ Z713)

This implies trivially that

R 1/2
2
(122) (AU|R—R0|<%R0‘/ [PLOW(’I“)+PEXTRA(’I“)+pNT(7')]d7“)

<CZs + CX,, L Za 21070

+ C’Z%_%“x

Ry>cz—1/3

4R, 4R, . .
+C’/ (—7'21/(7‘))2r wdr +C’/ min{ (—T‘2V(T))+,CZ§_§Q}% .
0

This estimate can be combined with estimate (46) for pgrror. In view of (117)

>127-9/10

we obtain the following result.

1
(A rirol [ 100) = g (V)Y amrar ')
0 ™

i 1.9.10~9° 2_2
S [0Z5 +CZ?’+ XR0>%Z—9/10 +0Z3 3(1X

R0>cZ_1/3

ro [T vy e [T mn{rviezii]

4 [ZIO—N i CZg—gaX

R0>cZ_1/3

+ C/O2RO (—7'2V(7'))i_a dr + C/()zRO(_T2V(T))+X ﬁ] '

7 —1'2V(7')<CZ%7%G r
Each of the last four terms on the right is dominated by one of the previous terms

on the right. Hence, the above estimate may be rewritten as

R 1
(123) (A’U|R_RO|<%RO‘/O [p(r) L(_V(r))s/z}zlmquz)/

62 +
1 1i9.107° 2_2
<CZs +0Zst Xggsyz-0/10 +CZ5 3%

Ro>cz—1/3

4R 4R
-I-C'/ 0 ladT-I-C’/ Omln{ ) cZ3~ }%
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The right-hand side simplifies further. For r ~ Z~1/3 we have —r?V (r) ~ r28(r) =

Zr ~ Z2/3, 50 that Z3—3% < C [ (=r?V(r)), "%, Thus, the term

Ro>cz—1/3 —

may be deleted from (123).

Ro>cz—1/3

4Rg o dr oo dr
/0 (—7‘2V(7'))i o S/O (=r QV(T))—F Xorvima

r
4Ry dr
+/ X*r2v(r)>1 -min{(—r2V(7‘)) ’CQ2(1_a)}_
0 >
. 4Ro d
= C/ (r*5( ))1 X 25(r)<c r C/ min{ (- ) @ rr
7—1/3 0o
a dr _ _a d'f‘
= [C/O (er)]— XZ'I'<C7 +C/Z—1/3(T 2)1 Xr_2<07i|
4Ry 2 2 dr
+C’/ min{(—r2V(7‘))aZ§_§a}_ 5
0 4R0
<C’+C/ mln{( ’I‘V ) }—

So the terms f(;mo (=r?V(r))} *4 and fO4R° min{ (—=r2V (r)), Z373} 4 are both
dominated by f04R° min{ (—r?V(r)), Z%_%“} dr 4 CZ'/5. Consequently, (123) may

be rewritten in the form

R 1/2
(124) (A’U|R_RO|<%RO‘/ [p(r) — 61?(—‘/(7"))3/2]47T7'2dr|2) /

4Ro
< CZVP 4zt ng0>12 0/10 +0/ min{r2S(r), z§——a}_

By definition (0),

Zr if0<r<Z- 35 3a
min{rzS(r),Z%_%“}: Z3—50 ifz-5-8e<p< 7758
P2 if 7735+% <r < oo
SO
Z Ry if0 < Ry < Z—3—30

Z 3 3

i 2 1_2
/ 0 min{r2S(r)’Z§—§a}ﬂ ~{ Z3780 gn(=CBo ) if Z735780 < Ry < Z71/34e/3
0 T

Zi73%14afn Z] if Z7Y3e/3 < Ry < o0
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Hence (124) becomes

R 2
(29)  (Avn i [ 1ot = ooz (V) amr?ar) " < ceat)

with
1
(126) 50,(R()) = Z% for 0< Ry < §Z_%
(127) ga(RO) — Z%+2-1079 for % Z_% <Ry < Z_%+2 10-2
(128) E.(Ro) = ZRy for Z 3t¥107° < R < z—3—3a

(129)  E.(Ro) = Z373%(1 + fn[Z35T3°Ry)) for Z 5 5% < Ry < Z~5+39

(130) E(Ro) = Z373%(1 +atnZ) for Z73T3% < Ry < oo .

Estimates (125)...(130) are our basic results for the three-dimensional density p
associated to —A + V.

The next two lemmas are elementary consequences of (125)...(130).

Lemma 10. Suppose U(r) is a smooth function supported in {dr < r < 26} and
satisfying |U(r)| < C, |U'(r)| < C6~L. Assume § < Z~'/3. Then
3/2

|/ U(r)p(r)drridr /OO U(r) - wﬁlwrzdﬂ < C&(CY) .

672

Proof. We use (125)...(130) with a = 0. In particular, we don’t need to assume

number-theoretic type a for a > 0. (See (24)...(26)). With

R IRYTANL T
G(R) = /0 [p(r) — %]4%7"2& ,
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we have

‘ / r)dmridr — / T U (_‘/6(772)3/2471'7'%7“

‘/ r)G' (r)dr| = ‘/OOO U ()G (r)ir|

<c / (7 / U'(R)| |G(R)|dR)dR,
0 0 J|R—Ro|< 75 Ro

o q /2,1 1/2
gc/ —/ U'(R)|%dR —/ G(R)|%dR) ' dR
0 (RO |R—R0|<11—0R0| () ) (RO |R—Ro|<1—10Ro| () ) ’

<C [ 6 NeaengeosbolRa)dRy
0

(by (125), and by our assumptions on U(R)) < C&y(C9). [

Lemma 11. We have the estimate

3/2
) dR 2
A /[p E i o < cat e

3/2
Proof. With G(R) = fOR[p(r) — %]471‘7‘261’/', we have

> G(R)
G(R)|? / / |7dR dR
[ iewp s < i 272 7 FEOR) AR
/ . (R) dR)—dRO 2
0 R0|<10R0 R
_an
<c/ g by (125).

Now (126). ..(130) yield:

e E.(R 2 ARy _ o TR cZs 7573
< 5 pry 5 §—§CL N
/o EalBo)) 72 g < /o Z7%+ R} == ’

—245.10—9
J T (a2 < gy / = ozh- T o gicde,
1z-9/10 Yz Ry T iz-% R} ’

a

z- z-3" e

dR dR s_2,

/Z2+2_10_9(5a(R0))2Z_27+0R2 S/O (ZRo)? = = Z373%
8 0

ol
ol
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o0 . dR
s/_uaz %(1 4 fn[Z313%Ry))? R;
Z 3 3

|
N

4_a 124 [T o dt 5_2
573%. 73573 (1+¢nt) t_QSCZ3 59 .
1

* dR o 4 2dR
LRy s < [T it amz

z 3t3% RZ
1
3

=731+ qbnZ)2- ZV37359 = 237391 + adn Z)2 < CZ3 30

Hence, [;° |G(R)]> =% < C [;~ (Ea(Ro))? LOO < CZ3~3% which is the con-

clusion of the Lemma. [ |

In Lemma, 11, we want to replace (Z~2+R?) by R2. If we simply use (125). .. (130)}}
and try to repeat the proof of Lemma 11, then we get a divergent integral because
of the singularity at R = 0. This reflects our lack of attention to the vanishing of
fOR[p(r) — &z (—V(T))3/2]47T7‘2d7' at R = 0. To remedy the problem at the origin, it

is convenient to return to R3, and invoke the following elementary elliptic estimate.

Lemma 12. Suppose —Au = Wu on R3, with |W(z)| < & on the ball B(0,3).

[z]
Then

lullzo (B(0,1)) < Cllullz2(B(0,3)) -

Proof. The Sobolev and Holder inequalities give

(131) |ullze(B(0,1)) < CllAul|g30/17(B(0,2)) + Cllull 5 (B(0,2))
(132)  [|Aul[gso/17(B(0,2)) = [IWullpsos17(p(o,2)) < ||W||L%(3(0,2))”U”L5(B(0,2))

(133) lullzs(B0,2)) < CllAUl|L15/13(B(0,3)) T Cllullz2(B(0,3))
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(134 [1Aullgesrsano sy = IWallpssroqoom) < IWI, 1 g0 0 ill20.) -

Since ||[W{|z30/11(B(0,3)) < C, estimates (131) and (132) show that

(135) lull Lo (B(0,1)) < Cllullzs(B(0,2)) ;

and estimates (133) and (134) show that

(136) lull s (B(0,2)) < Cllullz2(B(0,3)) -
The conclusion of the Lemma is immediate from (135), (136). [

The indices here are somewhat arbitrary, and the proof is very old. Rescaling from
the unit ball to B(0,Z!) by setting u(z) = u(Z~'z) for u € L?(B(0,Z71)), we

get from Lemma 12 the following result.

Corollary 1. Suppose Au = Wu and |W(z)| < % on B(0,3Z71) C R3. Then

max  |u(z)|* < CZB/ lu(z)|?dz .
z€B(0,Z2-1) B(0,3Z-1)

This in turn implies

Corollary 2. Let Ej, be the non-positive eigenvalues of —A + W (z) on R®, and
let Y (x) be the corresponding normalized eigenfunctions. Form the density p(x) =

Xk: [Yr(z)|? onR3. If[W(x)| < % on R3 then meér(loa’uzc_l)p(x) <Cz? fB(o,sZ-l) p(m)dm.l

Proof. The Ej, are all bounded in absolute value by CZ2, since —A+W > —A— %

Hence [W(z) — Ey| < % on B(0,3Z~'). Apply the preceding corollary to each
Yr(z), and sum on k. [ |

Let us return to functions of one variable. Corollary 2 says that

3271
(137) max p(r) < C’ZS/ p(r)dnridr .
o<r<z—1 0
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We can estimate the right-hand side by using (125), (126). In fact, from (125),

(126) with Ry = 2027, we get

[

( ) 3/2
-t ]47r7"2d7“ <Cz\/s

for at least one R with |R — Ry| < ERO , hence 1027 < R < 307!

Since also

30z~ ! 3/2 30z~ ! 30zt
/ (—V(r)) r2dr < C’/ S3/z(r)r2dr = C’/ Z3/2p12 gy
0 0 0

<c',

this implies

R
/ p(r)anridr < CZY5 |
0

hence

102~
/ p(r)anrldr < CZY/5 .
0

Putting this into (137), we find that
(138) p(r) < CZ¥%/5 for 0<r<Z7t.

Hence

z~! R 2dR
2
(139) /0 ‘/0 p(r) - Amredr 2

Z_l 16 dR 32 Z_l 7
< 0/ (Z5 R*)?— = Cz—/ R*R=C'Z53
0 R 0
Since also
71 R Vv 3/2 2
[
0 0 67'(' R
z~ ! R z~1!
dR dR
<C 73/2:1/24p) 2 52 C/ Z3R3
- /0 (/(; r T) R2 0 ( )R2

o
:023/ RIR=CZ ,
0
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it follows from (139) that

z-1 3/2
[ 1 o~ ) w48 < oz

6wz

This inequality and Lemma 11 show that

3/2
(140) / |/ [p(r) — ()) ~——2Larridr ‘ —<CZ§—§“.

Equation (140) has a three-dimensional interpretation. In fact, let E be the

potential energy

1 f(x)f(y)
2/]1{3><R3 |a:—y| dmdy

associated to a radially symmetric charge density f on R3. Then F is expressed in

terms of the corresponding function f(r) on (0, 00) by the formula

/ ‘/ f(r 47rr2dr‘2dR.

This follows immediately by integrating Newton’s formula

/ / darea(z) darea(y)  (4wR})(4mR3)
z€S(R1) Jy€eS(Rz) |z — | max(Ry, Ry)

S(R) = sphere of radius R .

Hence, (140) means that

1 3/2
(141) pers () = pla) = = (~V(@)*” on B’
satisfies
(142) /R3 . W dedy < C7%~%
X

For future reference, we record (141), (142) and Lemma 10 above, in the next

section.
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THE WKB DENSITY THEOREMS FOR APPROXIMATE TF POTENTIALS

Let VT (z) be the Thomas-Fermi potential on R3. Thus —AV}F = (const.)|V T [3/2]}

on R3\{0}, and

Z
VZTF(x):—m—I-O(l) asx — 0.

Let V() be a radially symmetric potential on R®. We write also V(r), VAT (r) as

functions of one variable. Assume

d.a e T
(1) ‘(5) V(T)‘ < Cor™*min{ =, 74} fora >0,
d\a TF ca. (L _4
(2) ‘(%) {V(”") - VZ (’l")}‘ < cor «a mln{?,’r } for 0 <a<?2 ,

with ¢g a small positive constant determined by the C, in (1).

Form the Schrodinger operator H = —A + V(z) on R3. Let Ej, be the non-positive
eigenvalues of H, and let ¢, (z) be the corresponding (normalized) eigenfunctions.

As usual, form the density
p(e) = 3 [s(e)? on B
k
Then define perror(z) = p(z) — g2 (—V (2)) 2 Our goal is to estimate perror (7).

Theorem 1. Let U(z) be a smooth, radially symmetric function on R, supported
in {6 < |z| < 26} with 6 < Z~Y3, and satisfying |U(z)| < C, |VU(z)| < C6~L.
Assume Z 1is greater than a certain large, positive constant determined by the C,
in (1).
Then
| /R?, U () pereor(x)dz| < C'Z8 + C' 23421077

The constant C' depends only on C above, and on the Cy, in (1).

Proof. This is a weakened form of Lemma 10 in the previous section. |
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For a more refined estimate, we introduce 2, the positive root Q(Q + 1) =

max(—r2V(r)). Thus Q ~ Z'/3. For integers 0 < £ < €, we define

>0
Ny :/ (=V(r) - fe+ 1))_1/2 dr and
0

r2 +

$o = l/OOO(—V(T) J A Dyuzy, 1

T r2 2

Theorem 2. Suppose the numbers, ng, ¢p satisfy the following conditions, with

0<a<1/43.

(A) There are at most CQ1~%% integers £ < Q for which |¢,— (nearest integer)| <

5—6/43'

(B) For Z1077 <4y < by < Q with £y — €1 > Q192 ye have

5 (%H)x_(m)‘sm”“ g @+

n n
0 <t<ts ¢ 0 <t<ts ¢

Finally, suppose Z is greater than a certain large, positive constant determined by

C, ain (A), (B); and by the C, in (1).

Then fR3xR3 Perror (Z) Perror (Y) fiz_dg' < C'Z373%. The constant C' depends only

on C, a and the Cy in (1).

Proof. (A) and (B) imply (24)...(26) in the previous section, so our Lemma is just

(142) of that section. [

Clearly, we shall have to do some work to establish (A) and (B) for a positive a.
Note that the analogues of (A) and (B) are false for the harmonic oscillator and for

the Hydrogen atom, as mentioned in the introduction.
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