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“..que para sacar una verdad en limpio
menester son muchas pruebas y repruebas.”

“Don Quijote de la Mancha”, M. de Cervantes.

In [FS1] we announced a precise asymptotic formula for the ground-state energy of
a non-relativistic atom. The purpose of this paper is to esta lish an elementary in
e uality that plays a crucial role in our proof of that formula. The ine uality concerns
the Thomas—Fermi potential where is de ned as the

solution of
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ithout loss of generality in what follows we will ta e 1.
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where

sup

The su script for  will e used whenever we want to emphasi e the dependence of

on

Then depends smoothly on ~ [S | and our main result here is as follows

for all 1

This is a uantitative form of the non—periodicity of almost all ero—energy or its for

the amiltonian

on

In fact an easy computation shows that a ero—energy or it with angular momentum
is periodic if and only if the derivative is a rational multiple of  see [ r].

ence Theorem 1.1 shows that closed ero—energy or its arise for only counta ly many

Theorem 1.1 will e used in our later papers [FS | and [FS | to control the density

and eigenvalue sum arising from the three dimensional Schrodinger operator

for large
periodicity of ero-energy amiltonian paths is well nown to play a crucial role in
the study of eigenvalues and eigenfunctions. In our setting Theorem 1.1 enters ecause

our formulas for the eigenvalue sum and density involve e pressions of the form

for elementary functions such as [] -. ere[]is the greatest integer in .

Since is ounded we o tain trivially the estimate I



with rational then the trivial estimate for is easily seen to e the est possi le. n

the other hand if then one can prove that the num ers

are e uidistri uted modulo . The argument is close to ardy s estimates on the
num er of lattice points in a disc. Since is periodic and has average ero it
follows that with -.

Thus Theorem 1.1 allows us to improve on the trivial estimate for the sum  which
appears in the eigenvalue sum and density for . The complete proof of our results
on atoms is contained in this paper together with [FS | [FS ] [FS ] [FS | [FS ] and
[FS ].

The proof of Theorem 1.1 is necessarily rather delicate. For small pertur ations of

in a natural topology the analog of Theorem 1.1 fails. Therefore we have to ma e
strong use of the di erential e uation de ning . ur proof uses computer—assisted
methods to solve that e uation and to o tain ounds for . e remar however
that without a computer it can also e seen that vanishes at most nitely many
times roposition . elow see also the recent independent proofin [ S ]| which
also implies that ero-energy periodic or its have measure ero which in turn also
implies the same results stated a ove for sums  and therefore our result for atomic
energies. Theorem 1.1 however is etter ecause it implies etter error terms for all
those formulas. oreover if one wants to understand ground—state energies to a greater

accuracy then Theorem 1.1 with all its strength is unavoida le.
In what follows our proofs will not e computer-assisted unless stated otherwise.

It would e interesting to prove the aperiodicity of almost all ero—energy amiltonian

paths in the Thomas—Fermi potential for a molecule.

The complete programs used in our proof are pu licly availa le y anonymous
from the machine Internet num er 1 . .1 . 1 This machine
also supports other standard methods of such as and . The interested
parties should contact their administrators a out availa ility and usage of these pro
grams on their machine. The machine has a user called

whose password is the e mail address of the actual user. ur programs are stored in

the directory . e refer the reader to the le there for



instructions on how to download the programs. ach one of them has instructions on
how to use them.
ore information a out how to interact with is availa le from the

athematical hysics reprint rchive. In particular the user can o tain detailed

instructions on how to install the pu lic domain programs and . Send
e mail to  _ for details.

e also remar that the merican athematical Society maintains the account
in the machine Internet num er1 . .1.1 . This account includes

a menu one of whose entries is gopher. t the moment the mp_arc gopher connection
is in the main menu. oing through di erent su menus one can also reach the .T.
ath. gopher server. The user may nd out other machines that provide pu lic access

to Internet services.

Preliminaries

In this section we consider a smooth function that loo s li e the Thomas—Fermi

function. ore precisely let then we assume the following holds
a. 1 and lim
. There e ists a point  s.t. for for
and for . lIso
e will denote the two solutions of y . e start y giving
convenient formulas for the derivatives of . e point out that similar formulas were

given in [S ]. ne of the reasons we need formulas of the ind stated elow is to

o tain e pressions such as 1. and 1. elow. Iso we will see that in the case of
an analytic  not only is  analytic on ut it admits an analytic e tension
eyond . owever will e in general an essential singularity.

et e as a ove The follo ing formulas hol



lim

here 1s uni uely speci e y re uiring the niteness of the limit
Moreover, if is any num er less than , then
e uals
lim

again, for a constant  that ma es the limit nite The correspon ing symmetric case

also hol s

The rst two formulas are trivial. For the third let

ote that the formula for amounts to showing that
— lim lim — 1
Indeed the left hand side e uals whereas the right hand side e uals
lim — —
lim —




which agrees with the formula asserted for provided that this previous e pression

for

actually ma es the limit a ove nite.

Therefore the lemma will follow if we show that oth and — converge
uniformly on compact su sets of to functions. This will imply rst that we
can interchange limits in 1. and second that the e pression for a ove is the
right one.

In order to see this consider the change of varia les given y

if
1
if
ote that is smooth and strictly increasing in the range . e can therefore
consider its inverse and use it to rewrite
where
ote that is smooth on and that
1 1 for 1 1
uniformly on compact su sets of which implies that
1
converges uniformly to the function



s for —

with
1 -

The rst term a ove converges with to the smooth function

uniformly on compact su sets of . Thus the lemma will follow if we prove that

goes to ero with uniformlyin . y 1. this will in turn follow if we prove that

y 1. again it is enough to prove that

ut for 1
The rst factor a ove is trivial. The other is clearly ounded y and doing the
same for the lemma follows.

The last remar in the statement of the lemma follows in e actly the same way with
the only modi cation that one of the is in fact constant in  which of course does

not a ect the uniform approach to a function. D



closer loo at 1. yields the following remar

De ne as in the proof of the previous lemma Then
1 _
In particular, if , then , lso, if 1is analytic
a mits an analytic e tension to a comple neigh orhoo of ]
If the same is true for . Therefore thus
and which implies and y 1.

In the case of an analytic  since is analytic in some neigh orhood around it

admits a convergent power series e pansion

This implies

since the odd terms clearly yield an integral and thus drop out of the sum. This in

particular shows that can e de ned as an analytic function around . Since y
1. is analytic also in the corollary follows. D
e will see later roposition . that the limit
lim

e ists is nite and not ero. This shows in particular that has an essential singularity

at and that is not a linear function.

The proof of 1. will now go as follows
e ma e an initial division of into two intervals and | | that we

will refer to as one I and one IT respectively. In one I we will use the formula in



emma 1. to prove 1. uniformly on very little su intervals of . e will deal
with this in Section
Then formula 1. will allow us to show 1. uniformly on one II as e plained in

Section

ur proof will rely on a very precise nowledge of the solution to the Thomas—Fermi
e uation. For this we will use computer assisted techni ues. The ne t section deals

with a description of how the computer will e used to yield theorems.

e wish to e press our deepest gratitude to .dela lave inad
dition to stimulating conversations he taught us everything we now a out computer—
assisted proofs gave us useful advice concerning the presentation of the paper and went
through the e cruciating pain of chec ing our computer programs. e are also grateful
to . ana for providing us with his interval arithmetic pac age. Finally we than the

epartment of athematics of the niversity of Te as at ustin for their help with the

electronic distri ution of the computer programs.

omp ter—Assisted Analysis

et e the set of representa le num ers in a computer that is those num ers that
the computer can represent e actly. epending on the speci ¢ machine they are usually

real num ers with some nite inary e pansion.

It is well nown that computers can only perform arithmetic in an appro imate way
the addition for e ample of two representa le num ers is another representa le

num er that will pro a ly e close to the true sum ut is not e actly the true sum.

The idea to perform rigorous arithmetic is to instruct the computer on how to produce
upper and lower ounds to the true results of arithmetic operations etween repre
senta le num ers in other words we wor with intervals with endpoints in and we
implement arithmetic operations on intervals in such a way that given two intervals
the computer will produce a third that is guaranteed to contain the result of all arith

metic operations etween points in the initial intervals. This is usually called interval



arithmetic .

e denote the set of all these intervals y . Iso given a real function we denote

inary functions of intervals are de ned accordingly. In particular a statement li e

means that for all pairs . lso given [ ]
and we introduce the shorthand notation to denote an interval containing
[ ]. e also point out although it really is redundant that in what follows

nite decimal e pressions for num ers represent the rational num ers with e actly those

decimal e pansions.

The ne t step is to perform a similar ind of arithmetic ut where o ects are functions
in some anach space not num ers. convenient anach space to use in this theory is
the space of piecewise analytic functions with a lower ound on the si e of the domains

of analyticity.

ccasionally it will e convenient to switch to genuine real varia le theory for which
we will do our wor on [ 1 1]. The reason for this is that inversion of functions
in is a little easier than the comple counterpart mainly ecause the domain of
de nition pro lem is trivial in the real case. e remar though that the use of is

not essential and the same analysis could e carried over to with a little more wor .

ore precisely consider the anach Ige ras

and

is continuous on [ 1 1]

with norms

sup

respectively.
is a su space of the set of analytic functions in the unit dis .

Then our su stitute for intervals are sets of the form



where and are positive real num ers and are intervals in the real line. The
parameter will generally e pro lem—dependent and ed. For the computer imple
mentation and will run over the set of computer—representa le num ers and
the intervals will e those with representa le endpoints. e refer to and as
high and general order error terms respectively for o vious reasons. If intervals have
nonempty interior and or if and then these sets are in fact a
neigh orhood asis for the topology induced y . For this reason we will refer to

these as neigh orhoods even if in general they will not e. e will refer to them

as neigh orhoods of whenever we want to emphasi e the integer in de nition

A0 If we refer to them as type . In general means that is a
neigh orhood of type . Iso we will refer to them as eing of to indicate
that they consist of 1 intervals. In our implementation willnot e ed ut

chosen adaptatively during the e ecution of the programs.

The reason why this is a convenient space to wor in is ecause elementary opera
tions such as addition product integration di erentiation composed with a slightly
contracting dilation evaluation at a point and integration of initial value pro lems in
ordinary di erential e uations can e conveniently ounded y elementary formulas in
terms of this set of neigh orhoods.

y trivial scaling we will e a le to do analysis on

a su space of the set of analytic functions on the dis of center  and radius

s for we will use sets that we will also refer to as neigh orhoods of the type

sup sup

11



where isasu set of[ 1 1] and and are continuous functions on
e will use the superscript or 1 whenever we want to emphasi e in which topology
we are ta ing these neigh orhoods .

ote the natural inclusion

for any [ 11].
These sets of neigh orhoods will not allow us to perform as many operations
as their smaller rothers the ut we can still add multiply raise to fractional

powers and integrate among others in terms of them furthermore the formulas for

these neigh orhood operations are e actly the same as those for the

e illustrate this neigh orhood analysis descri ing how we can raise neigh orhoods
to real powers. t this point we ma e the following remar concerning our use and
description of algorithms

lgorithms descri e a procedure that if successful will allow us to construct usually
upper and lower ounds for certain num ers. hen we descri e these algorithms we
will state under which conditions they fail a failure means that the procedure is stopped
an error reported and no theorem proved. viously if during the description of an
algorithm we use another algorithm a failure in the e ecution of the latter implies also

a failure of the former algorithm.

et 1 Then
if —
Sup —— other ise
The function attains its ma imum when log . D

Consi er, in any commutative anach lge ra, the operators



acting on 1 Then, e have

here
min 1 1 1
1
1 other ise
. 1
min _— 1 1
1
1 other 1ise
First if 1 and
1 1
ow
and
Since 1 is a decreasing se uence in  for 1. Therefore
1
1

n the other hand for in the same range




ow for general and note that

and
log 1 log 1
Therefore
1
and
1
1
wen a neigh orhoo satisfying
if , then 1
e construct another, , such that, if then
The algorithm is in epen ent of , an of hether the neigh orhoo s are in or
If for , then the same is true for
ssume rst that 1.
et . ut SO 1 where
1
for and . ounds for all this can

computed easily since we now that

ow



where . In the topology and

for

where we have used condition . in the statement of the algorithm. In the topology

for

s a result of this the computation of is done in e actly the same way whether we
are in the or topologies.
oncerning the computation of the factor — it is done as follows we rst chec that
1 the chec for eing unnecessary harmless ut convenient then we
compute an upper ound for — with our interval arithmetic pac age nowing that
an over ow will e reported and the program terminated if we cannot nd such upper

ound with machine—num ers.

Iso
1

which implies that general errors are of type . In the case that we are in since
multiplication y is an isomorphism y emma . we see that general errors are

ounded vy

1
If however we are in apply emma . to to get
1 1



since 1 and is increasing in .

Therefore say that

y . . Then
with
1 1
and
and
In the case 1 we can nd an integer such that 1. Then we can nd
a neigh orhood containing .y ordinary multiplication we can thus construct a
neigh orhood containing . D

lthough computer-assisted analysis has ecome fairly standard we refer the reader to
[ o]and [ ] for a description of the asic ideas. The techni ue for solving s is
adapted from [Se | and [Sel] and is tailored to handle our particular . See [ o] for
a thorough discussion on solving techni ues with very good general algorithms.
Iso we refer the reader to | ] T 1[[F ][ ][] and] a] for a sample of
computer—assisted proofs of a wide variety of pro lems. ain ideas in our approach go

ac to those proofs.

ur interval arithmetic pac age is an adaptation of the one used in [Sel] and [Se ]
which in turn is an adaptation of the one developed y . ana. See [ a]and [Sel] for

details on the software.



The Thomas—Fermi ation

In this section we will e concerned with the pro lem of getting good ounds for the
solution of the Thomas—Fermi e uation 1.1 .
It is well nown [ i] that

lim 1

e ists and that admits a power series e pansion

convergent for large enough with 1 and -

Iso is always positive decreasing and it is the only such solution of the

satisfying .1 and

In this section we will e concerned with the solution to the Initial alue ro lem

for

The solution to this pro lem will e in terms of a function satisfying

where and is a small positive representa le num er in particular
ote that the solution of . can e viewed as the ed point of

and that induces in a trivial way an operator of which isits ed point.

Throughout this section we will do our wor on and  will always denote



e e uce con itions on , , , an un er hich s a

ell e me contraction in , an e compute an upper oun for
et . onsider the operators
1

It is clear that

and thus
ow is a ne with an isometry as the linear part and
sing emma . and putting we can see that
ere we assume 1 otherwise we say the algorithm fails.
For we have
whenever
sup
Since
sup
we have
Iso here we assume 1 or else the algorithm fails.

1



e t we need to show that maps into itself. In order to do this note that

- which implies

ote that our assumption on  guarantees that the last term a ove is well-de ned.

Then since

we see that  maps into itself provided

- - - — 1
whenever is an upper ound for . The algorithm also reports a failure if the
upper ound o tained using . is not strictly less than 1. D

ote that if the previous conditions are satis ed we also now that the solution is
strictly positive on | ]. lso we now that it is de ned as an analytic

function on

wen intervals *, * an ¥, an representa le , e construct a
neigh orhoo such that for any * *an *
an any solution  of ith any of these initial con itions, e have

for some

e can also ma e that neigh orhoo to have the form

First we construct in a heuristic way a polynomial



which appro imately solves and we set  such that . et weloo for

such that the conditions on and given y lgorithm .1 hold

* * *

uniformly for all and

e t since isthe ed point of we have

ow formulas . and . allow us to compute an upper ound for the numerator
lgorithm .1 allows us to compute a lower ound for the denominator and we set
to e the resulting upper ound for the ratio. This immediately yields the re uired

y putting [ | for

In order to o tain neigh orhoods of type note that y power matching for a given

we can produce an interval  that contains any of the th Taylor coe cient for any

of the solutions to the for all * * and *. et we pic any
polynomial with and carry out the previous procedure to
o tain an upper ound for . It is clear then that
since if then

D

ote that the previous algorithm ena les us to construct a neigh orhood

of type that contains as a function of

wen is oint intervals * an ¥, an representa le an , e
construct intervals * an  * such that the solutions to ith initial values
an for * satisfy

* *
for any *
hoose a representa le such that * * if we can t we report

a failure and run the previous algorithm for this . Then * can e readily o tained
y simply evaluating the neigh orhood produced y the algorithm at the interval *.



*

In order to o tain we note that

and this can e also easily computed. For a sharp ound note that y the previous
remar we have [as a function of —] and thus we
also have

[as a function of |

fter integration this reduces general error terms y a factor compared to the ones

that would follow from the wea er statement
[as a function of | D

The following lemma has a trivial proof.

ay an are positive solutions of on the interval
[ |, ith
If an for all [ |, then e have that
an for all [ |
If an for all [ |, then e have that
an for all [ ]
- ] 1
* * [ min ma ]
wen s oint intervals * an ¥, an intervals * an *, e con
struct intervals * an * such that all solutions to ith initial values e ual
to any *an any * for any * are guarantee to e ist as positive
solutions on | |, an  furthermore satisfy
* *
for all *



ssume rst that * *. Say * | | and * | |-
e t run the previous algorithm rst for and to o tain intervals
*and * and second for and two o tain intervals *and *. ote

that if the rst algorithm is successful this implies that all solutions with initial values
and for any * are well-de ned as strictly positive functions all the way up
to and y the previous lemma all other solutions involved will e ounded a ove

and away from ero this implies that they can all e well de ned as positive functions

all the way up to . e can then apply the previous lemma again to conclude that we
can put

* * * * * *
If = * then we run the previous algorithm rst for and

* *

to o tain intervals and and second for and two o tain

intervals * and *. It is then clear as efore that we can put

* * * * * * D

ere we will e concerned with the solution to the Initial alue ro lem

1 1
for
In this case the solution to this pro lem will e in terms of a function satisfying
1 11
where and is a small positive representa le num er.

The solution of .1 can e viewed as the ed point of

and again induces in a trivial way an operator of which isits ed point.



e e uce con itions on , an un er hich s a contraction

m , an e compute an upper oun for
et . onsider the operators
1
1
1
It is clear that
1 1
and thus
ust asin lgorithm .1 isa ne with an isometryt as the linear part -
and for we have
where in this case
sup
e chec that 1 otherwise the algorithm fails.
Therefore
Then we chec that the upper ound for thus o tained is strictly less than 1
otherwise the algorithm fails.
e t note that - which implies
- 1
Then we see that maps into itself provided



wen representa le  an e construct a neigh orhoo

such that the solution of is ell e mne on| ]an satis es

Similar to lgorithm

wen representa le  an , e construct intervals * an * such
that the solution of satis es
* *

*can e o tained with a trivial variant of lgorithm . via Igorithm
For * note that if we put
then

1

ote now that in our representation we have a neigh orhood of type

containing as a function of . e can thus construct another neigh orhood of type

such that



Thus

1

whenever

- D

et an e the solutions of , ith values an s
Then, assuming that are ell e ne an strictly positive for [ |, ehave
that an for [ ]
et and e associated with and asin .11 . Since

1
and

1
for all small enough we have that and thus . Since the

are integra le at the origin we conclude that

for all small enough. The lemma now follows from emma . . D

wen representa le an , an an interval *, e construct inter

* *

vals an such that any solution  of for any *

can e continue to

[ ] an satis es



E3

un lgorithm . twice once for each endpoint of to o tain two

* *

pairs of intervals * and *. emma . then shows that all solutions of .1
with * are ounded a ove and away from and can thus e e tended as well-

de ned positive functions over [ |. Then emma . again allows us to put

ere we will e concerned with the solution to the Initial alue ro lem

1
where the last condition is interpreted in the sense of
The solution to this pro lem in this case will e e pressed as
1
. | 1
where for some large. In this case the operators involved are
not so o vious. e ne
1
1
where in the last formula . Then put
e now chec that if isa ed point of in then de ned asin .1 solves

.1 . ote rst that




where

1 _
Therefore since and its derivatives vanish at
1 1
— 1
Since - satis es the e uation 1 satis es .1

The pro lem here is considera ly more su tle than in the previous cases due to the
fact that  does not scale with . s a conse uence contraction properties of either
hold or dont and ta ing large  won t help much. e are luc y however that the

norm of  is essentially - and that the norm of  is essentially

1
which says that the ipschit norm of will appro imately e -. e ma e this precise
now.
Put ssume that Then s a contraction
m , an
et and put

So



ow since is linear ounded and the sum converges a solutely we have

ote now that for any we have
1
and that
Thus
1 1 1
- 1
1 1
1
1
where we have set
- 1
1 1
and
- 1 1 - 1
1 1 1
for 1 and we have used
1 1



n the other hand

Thus
- 1
_ —
1
Therefore
1
and maps into itself. D
wen * interval an representa le , e pro uce such that,

for any * the solution of s given Yy

1

— 1

ith ere, epen s only on *, i e, it is in epen ent of hich particular

i * e are consi ering

e rst chec that we are in the hypothesis of emma .11. In this case

has a ed point and as we saw efore de ned as a ove satis es the

In order to o tain ounds for we rst loo for a heuristic guess for e ample
we iterate and truncate a few times starting with the function . Then since
computing rigorously for all * poses no di culty in view of Ilgorithm . we

conclude that
7 all *

ote that 1is the same for all *

ut still depends on . owever the compu
tation of

sup



poses no pro lem since it is less than or e ual to in the interval arithmetic

sense.

The algorithm fails if the hypothesis of emma .11 are not met or if . D

wen an , e pro ucet o intervals * an * such that, if

15 the solution to 1 , e have

First run lgorithm .1 for these values of and
gain it is easy to o tain *.

et erelated to asin .1 . Then say

Then
1 1
1 1
1 1
with
D
1
ote that it is enough to run this algorithm for representa le values of
due to the monotonicity of the T-F e uation emma . . e omit the trivial details

which are similar to those in Igorithm



e t we discuss how to solve the oundary alue ro lem

e rst descri e how to o tain ounds for

et e the solution of , ith If
then, there e ists a point such that can e e ten e as a ell e ne positive
solution of the D to | an , furthermore, inf
ssume the lemma is false. It follows from general considerations that
either can e e tended as a positive well-de ned solution of the or else there

e ists a  such that sup
et

and note that in oth of the two cases a ove e tends to a well-de ned positive solution

of the to and furthermore on | ]. Indeed consider
two cases
a. can e e tended as a positive solution of the all the way up to
Then if it is trivial.  therwise let e the rst and only
ero of  this means in particular that on | ]. Then our claim

follows y noting that

sup

which implies | | ] ]



can e e tended as a positive solution of the all the way up to  where

it lows up. Since there e ists such that and
s efore is the rst and only ero of on [ ]
and
Then again since on [ | we conclude that

The lemma then follows y noting that this para olic ound attains its minimum at
e actly and that this minimum is non—positive if the hypothesis in the statement

of the lemma is satis ed. D

wen a representa le , e construct an algorithm that, if successful,

il in icate hether or

y repeated applications of the previous algorithms we can determine

points  and intervals for for large such that the solution to the
TF e uation with initial values 1 satis es and
These algorithms also guarantee us that does not vanish on | ]
If for some we have or this implies that for some is
increasing and conve on [ and will either not vanish at or low up and
cease to e ist at a nite . It is then clear y emma . that

n the other hand we now that if  ecomes ar itrary small on for some then

sing the previous lemma we then now that if for some we have

then we have that
If neither of the a ove happens then we uit the algorithm without ma ing any claims

for ounds for . D



ssuming oun s for , an given , ecan pro uce * an

, , such that
* *
pply lgorithm .1 for and then iterate Ilgorithm . for the

. This algorithm will fail if either lgorithm .1 or any of the runs of Igorithm
fails. D

In order to ensure success for all algorithms the choice of the  will in practice e

rather delicate as will e e plained in Section

et an e the solutions of ith an
respectively then, if an on [ , then e have that
an for all [
viously it is enough to assume . et and e the functions

associated with the as in .1  with common for the two of them and large

perhaps a lot larger than . Then

1

— 1
and

1

— 1

ow ta e large so

1
This ensures that for and thus for all
ow note that
for 1
which implies that not only do we have for ut also
for all . Finally if is larger than we apply emma
to guarantee that and for [ | and thus for all

D



ssuming oun s for , e can pro uce ,an ¥, " ,
1 , such that
* * 1
e choose the in increasing order in . e apply Ilgorithm .1 and
emma .1 for and then iterate going ac wards lgorithm . for the

. This algorithm will fail if either lgorithm .1 or any of the runs of Igorithm
fails. D

Strictly spea ing the choice of the  a ove is purely heuristic and any
choice yields a rigorous answer. In practice most choices of  will yield as an answer
which although completely rigorous after all no theorem is claimed is
not very useful. s aresult it is important to ma e a good choice of the . In practice

these  will e the same as the one used in lgorithm .1 whose choice is e plained

in Section
wen a representa le , an assuming oun s for , e construct
an algorithm that, if successful, ill in icate hether or
lso, assuming oun s for , an given , e in icate hether or
et e the Thomas—Fermi function and e the solution of .1
ssuming ounds for lgorithm .1 allows us to produce representa le  and in
tervals and  such that and . For these  using lgorithm .1
and repeated applications of lgorithm . going ac wards we can produce intervals
and  such that and . In this situation we can again guarantee
that

Then if for some

or

then we have . If however we have

or



then we have

e report a failure if

for all in which case no relation is claimed etween and

The rest of the algorithm follows along the same lines. D

ote that the last part of the previous algorithm constitutes a re nement of lgo

rithm .1 ut it re uires ounds for . 1Iso Igorithm .1 allows us to o tain an
initial pro a ly wasteful ound for . This initial ound allows us to o tain a ound
for which in turn will allow us to improve our initial ound for . Iterating this

last algorithm in this way allows us to o tain improved ounds for oth  and . The
intersection of the ounds produced y Igorithms .1 and .1 are improved ounds
for the Thomas—Fermi function and its derivative at points . These translate imme

diately to etter ounds for the solution of the Thomas-Fermi e uation and related

constants.
e can pro uce , an
1
such that
1

an

ur previous remar gives us the and . The rest follows y
applying lgorithm . for every .

The follo ing ine ualities hol

1 1 11 1 1 11 1
1 1 1



ee less to say, the ecimal num ers wuote a ove stan for the e act rational num ers

they represent

The ine ualities for and follow y carrying out
previous algorithms.

The ine uality for  follows y chec ing that
1 1 1

The ounds for are then trivial.

one

The purpose of this section is to prove 1. forall in onel as de ned at the end of

Section 1. e will do this as follows

First we partition one I into fat intervals . ote that the rst such interval
will have the form | foran  to epic ed much later in our proof. In fact the
role of the will change as they approach ero the larger ones most of them y the

way will receive identical treatment. Then there will e a family of them rather close
to ero which will receive a sort of special treatment and then the single |
which will e on its own.

Second each fat interval  is divided into a nite partition of lots of suita ly small

su intervals * e cept which will e oth a fat and thin interval at the same
time.  ur aim is to produce uniform ounds for for all * for we will
e a le to produce only lower ounds since is un ounded there for the others

we will e a le to produce oth upper and lower ounds.

Say * | | is contained in the fat interval [ |-

* *

constant on each su interval * such that

e construct two functions and



In practice and will e very close to and  respectively.

ow we recall emma 1. our o is then to compute each of the following

1
lim 1
lim 1

with such that the limit is nite.

The computation of is done as follows

rea up

where and
ote that each  can e computed directly since it involves only elementary operations.

owever computing all 1li e that will ta e a very long time. To remedy this we do

as follows

First we ta e two num ers * and * constant on each su interval * such that
with 1 and . ormally we will have that . It could happen however
that meaning that the computation of the is always done directly without
using the faster method elow.

Then we ta e for to e the same for all * | | [ ]

and we compute once and for all the following num ers

for 1 and

e t note that the functions



are increasing and conve on . Therefore if [ |

ma,
Thus
ma,
This gives us intervals * such that
* *
In practice and will efar from and . They will enclose a region which is safely
away from the singularities of the integrand in our formula for for which we can
e pect . to e sharp.
For outside of the range | | we compute and directly and y our
previous remar
* [ ]
Thus we have de ned * for all 1 and we conclude that
* *
onsider a small num er that we can ma e coincide

with one of the endpoints of the fat intervals

e distinguish two cases and
If we use lgorithm . to compute  such that
where and is uniform for all *.  ote that . Iso
in order to apply lgorithm . we need to o tain ounds for and for

the rst can e done y o taining heuristic ounds and and chec ing that



which can e easily chec ed using the information given

and
y lgorithm ounds for can e o tained using the ounds for  and
the information on hence on given y lgorithm See the section on

implementation for more details.

Therefore

for a new function that can also e enclosed in a computa le

ote that also. Thus if

we see that

This implies that

with

hen we proceed as follows



onsider the change of varia les given y the inverse of . Then y the last remar

in emma 1.

for

In order to compute  we consider the following

et  and e small num ers satisfying
a. 1 for [ |.
. For a se uence we have
1

Furthermore we now that

1
with [1 1] and [ ]. ere denotes and
e ne
e also consider a small num er . It will e chosen so that .1 elow
holds. e start y o taining e pressions for and similar to the one for
in . . ote rstthat . is e uivalent to an e pression for . Then y the

Thomas—Fermi e uation and y integration we have



from which we o tain

ote that since we now a neigh orhood of type that contain  we can enclose

and  also in neigh orhoods of type and  and in neigh orhoods of type

e start our analysis understanding

First a technical algorithm.

wen a function ith
vali  for [ 1], an given a neigh orhoo mn , e can compute another
neigh orhoo , also of type  in  , also vali on , such that if
then for
e assume that for

onsider any



with * the * easily determined intervals

e can see on one hand that

with
_ ma _
and
* *
where
sup _if
otherwise

n the other hand since



we conclude that

with
1
ma, D
wen , e pro uce intervals * * an a constant ,
such that
1
for constants * , an for
First we will construct an inductive procedure to de ne num ers
such that
1
where
1
y induction. For 1 let . ote that that for
1 and that if then 1.
Therefore we have
1
Thus
inf
Since for small enough the denominator is ounded elow y 1 and

we conclude



For general  we set

1
where satisfy the induction hypothesis.
ote that we have
Thus if for any real num er we put
1
we see that
1
1
where
1
y the induction hypothesis . ise ualto 1 . Thus using . we can
see that
1

where the here are the same as those in

Therefore y putting

we get rid of all terms thus o taining



So far we have proved the e istence of num ers  such that . is satis ed.

This procedure also gives us an algorithm to compute the *. Indeed ounds * for
the can e computed e plicitly since y the induction hypothesis we already now

* for 1 1. s for the recalling
with

sup if
if 1
In particular it follows immediately that
To o tain a good value for the constant we proceed as follows
First chec that
1

See also .1 elow. This allows us to invo e lgorithm .1 with [ |
to o tain
and thus we can write
with  elonging to the product neigh orhood of

* *
and . ow since . implies that 1 we can ta e [1 1] and
[ ] for 1 . ote that this is relied crucially on the fact that  is of

type in fact since

we can nd constants such that



n the other hand since 1 we must have
1 thus
1

1 and for

If lgorithm .1 had produced a neigh orhood of any other type it would have een

harder to conclude this without changing . ore precisely if we have de ned
on [ 1 1]such that
and
for [ 1 1] we cannot conclude
with the same constant  unless . ountere amples with are readily
availa le simply ta e then ut is not
ounded vy
So we have that
e t note that
inf
Then the fact that and . a imply that
1 ma
from which the lemma follows y ta ing
D
1
e pro uce a neigh orhoo such that

for



e note that

Therefore we chec that

and as a result of this we can apply lgorithm .1 and o tain neigh orhoods of type

in containing functions and s.t.
which are valid for . These functions are o tained y putting
1

ote that with this de nition and are normali edto el at and
Thus

1
1 1
and
for a function elonging to an easily computa le neigh orhood of type in
ote that y our normali ation the terms drop out. Furthermore there are no
terms since neither nor  have terms and in fact which we can
easily see as follows  rst 1 1 and

therefore




and

thus

oreover if we set

then

valid for

ow let

with

Finally then let e a small num er such that set and consider

for which we set

dla

with



t this point we introduce another small num er on which we impose rst the

condition
11
pression .lla a ove can e computed easily for all . The evaluation of
integrals of the type 1 can e done Yy enclosing the integrand locally in
neigh orhoods in . e omit the trivial details.
hen consider rst the following trivial emma.
If , then
1 - =~ hen
1 1 hen 1
1 - - hen -
Then y .11c a. . c. and emma
is ounded elow y
— —_ 1
where we have set
ere we also consider two cases and . The rst
case is dealt with in a similar manner to . e omit the trivial modi cations. The

second case is also treated in much the same way with a few di erences coming mainly
from the di erent powers in the asymptotic e pansion of at and at . e include
the details although many of the di erences are asically typographical considerations

ecause conclusions are somewhat di erent. In particular as will e noted elow is

mainly responsi le for the singularity of at



et e a large num er satisfying

a. and on [
. For a se uence we have
1 1
S — 1 1
Furthermore we now that
1 [1 1] 1
ere denotes and as a rule we set
C. 1 1 for
e ne
1
e also consider a small num er . It will e chosen so that .1 clow
holds.
e start y o taining e pressions for and similar to the one for in .1
ote rst that .1 is e uivalent to an e pression for . Then y the Thomas—

Fermi e uation and y integration we have

1 1 1 1
1
1 1
_— 1
from which we o tain

1

1

1

1




for and in normali ed so 1.

The strategy will e as in the case for  to change varia les to the inverse function of

wen a function

ith

satisfying the hypothesis
whenever [ 11]

an given

e compute another neigh orhoo of type  in , such that, if e set

then
vali  for
onsider * for .out
1
with *  and



e can see on one hand that

with

ma
and

* *
where
sup if
otherwise
n the other hand since
1

we conclude that



with

1
ma
If we cannot chec that
1
the algorithm fails. D
ow we analy e
wen , e pro uce intervals * *, an a constant ,
such that
1 1
for constants * 1 , an for
First we will construct an inductive procedure to de ne num ers
such that
1 1
satis es
1 1
y induction. For let 1 . ote that since 1 then
Iso for 1 and if then 1. Furthermore
implies which we will need elow.
Therefore we have
1 1 -

Since

inf



ote that hypotheses a. and c. imply

— 1 provided [

ur previous remar s and our assumption on then imply

ere we have used the fact that for

For general we set

where satisfy the induction hypothesis.

ote that we have

Thus if for any real num er we put

we see that

where



y the induction hypothesis .1 ise ual to 1 . Thus using .1  we

can see that

for e actly the same asin .1

Therefore y putting

we get rid of all terms thus o taining .1
So far we have proved the e istence of num ers  such that .1 is satis ed.

*  for

This procedure also gives us an algorithm to compute the *. Indeed ounds
the can e computed e plicitly since y the induction hypothesis we already now

* for 1 1. s for the recalling .1

with
sup if
if 1

In particular it is easy to see that - recall .1

To o tain a good value for the constant we proceed as follows

y lgorithm . we can construct a neigh orhood such that

see .1 a provided for .t this point then we chec that

See also .1 elow.

If we put



then

with

and is the product neigh orhood of and . ote that .1 implies that
1 therefore we can ta e [1 1] and [ ] for 1
This implies that

ow note that

inf
t this point we chec that for all 1 which implies that
e then conclude y hypothesis c. that

from which the algorithm follows y ta ing

D
1
ow we compute ounds for the derivatives of also in the topology this will
allow us to compute ounds for ——. e chec rst that
1 1 — 1
e pro uce a neigh orhoo such that

for , here e e ne



e note that

1
s a result of this in view of .1 a and .1 and lgorithm . we o tain neigh
orhoods containing functions and s.t.
1 _ _
which are valid for and where
Thus
1
1
and
1

for a function elonging to an easily computa le neigh orhood in D

ote now that our choice of functions was normali ed so that 1
which implies that . This is important it says that if the Thomas—Fermi
potential were e ual to then which still ma es sense would e constant

recall Section 1 and would ma e Theorem 1.1 completely wrong. ut it is not and

one can easily see that

as follows recall that



ote that

1
1

which are easily guessed y termwise di erentiation of the e pression for and
so easily  chec ed using the formulas for and a ove. This yields

1

— 1 — 1 — 1 — 1 —

1 1 —
which immediately implies
ow let
with
Finally then let e alargenum er such that we set
for all and arguing as efore we have
— 1
1

not



with

- — 1 - 1
1
ow we recall on which we impose now the e tra condition
oth . 1la and .1 can e computed easily for all . The evaluation
of integrals of the type 1 can e done y the same method as in the
previous section.
hen note that the rst termin . la goes to in nity as while all the

others remain ounded. e use this to o tain a uniform lower ound for the a solute
value of this derivative.

y . we now that thus we have

~|
p—

where we have put

ote that since the e ponent 1 does not fall under the cases considered in
emma . . is only correct provided . f course one can try to modify
emma . to include the case ut since it so happens that there is no
need. vy this we mean that we chec if the chec fails our proof of Theorem 1.1

fails and we claim no theorem.
utting together now .la dc 1 Adlc . and . we conclude that
if
- min

then

~



for

The following is a conse uence of formulas . la .1la  and emma

e have

as

e now organi e the main results in this section in the following algorithm.

wen representa le  small an large , an given neigh orhoo s
m containing the functions i lgorithm an , vali  for
an respectively, e compute strictly positive lo er oun s for *

for all thin su intervals * of one I

ote that our hypotheses imply that the re uirements for the smallness
of and largeness of have already een chec ed.
rea up into the three terms in .1 . can e computed as descri ed earlier

all the way down to

If = similarly for can also e computed as descri ed a ove. Thus we
are left only with the computation of  for * similarly for . ote that the
dicotomy * or * can e trivially achieved y choosing to e one of the
endpoints of the *.

e assume rst that * . e egin y computing ounds for * if we

cannot chec that these ounds are greater than or e ual to 1 we report a failure and
uit. therwise we compute ounds for  using .1la with the error ound for

given y .11 . ote that this procedure will prove in particular that satis es



the smallness re uirement a ove. This is of mild importance since the choice of  will

not e e plicit in our computer implementation.

hen we simply chec that the right hand side of .  is strictly positive for
. Trivial monotonicity properties will then imply the positivity for

e also chec that re uirements .11c and . for  are satis ed. D
one

The purpose of this section is to prove 1.1 for all close to

et e analytic in , continuous up to the oun ary,
ith
if an  only if
If , then
Then, there e ists analytic,
such that for

onsider the curves

with  positively oriented.

ondition implies that



is continuous in

ondition 1 says that

and it is therefore constant.
1 for all

small enough. Thus

1 1
Finally let e given. ondition implies that does not intersect
for for some other indeed assume not then there e ists such
that such that assing to a su se uence
with and which contradicts
Therefore is contained in one of the connected components of the comple
ment of  for . This implies that the inde is constant in  i.e.
1
Thus if are the solutions of inside
1
— 1
for
from which ta ing we deduce that there is only one and . This
implies that e ists and is analytic. D
et , smooth on the oun ary of , of the
form
satisfying
, an

or a constant e have



Then, as in can e e ten e analytically to , an there is an inverse

of , analytic in here
an
sup
First note that 1. implies that
e ists as an analytic function in i.e. 1 since the radicand never

vanishes and a all is simply connected and note also that this de nition agrees with

1. if is real.

Iso note that satis es the hypothesis of the previous lemma in the circle
. Indeed unless y 1 and if then 1 and
Therefore y the previous lemma e ists for all and we also have

ow note that

sup sup —— sup

Since

and



we deduce that

The other conclusion follows from auchy s ine ualities applied to
D

e now switch to the notation of emma 1. .

on

wen an oun s , e construct
a representa le  an , such that if
an
ith , then , ith
ote that since satis es . on we have the identities

which imply




hoose representa, le and such that

and put . ere we assume that and 1. therwise the algorithm
fails.
y the previous lemma can e written as where can
e computed y power-matching for 1 1 ecause we have and
- 1
neigh orhood of type  and order containing can e o tained vy inte
gration.
This allows us to construct a neigh orhood  of type  and order 1 containing
the function in the statement of the algorithm y simply dividing the neigh orhood
for y the neigh orhood for . D
e compute a oun for m one I
ote that
1
— 1
1
so their computation poses no di culty. ote also that for all

Therefore y 1. if we set

we can see that



The rst term is a polynomial in  so we can easily compute its derivative anywhere.

In fact its derivative e uals

with

ere we chec that one II is included in the set of that ma e 1. therwise we
report a failure and we uit the proof.

s for the other term using emma .1 and ta ing

we have
—— sup
1
if 1 —
in any case
log
Il previous e pressions can e easily computed using . . Ilso note the slight

improvement in the result as a conse uence of ta ing the neigh orhoods in the previous

algorithm to e of odd order. D

This concludes the description of all algorithms needed for the proof of Theorem 1.1.

e summari e its computer—assisted proof in the following algorithm.



e pro uce a constant  such that

Theorem hol s

un lgorithm . and algorithms thereof to o tain all necessary

nowledge of the Thomas—Fermi function.

Ta e as e plained at the end of Section 1. to de ne one I and one II. s stated
earlier in this section we chec that 1. Then we compute an upper ound for

in one I and chec that it is strictly negative.

hoose and as in Section  and a partition consisting of fat su intervals of
[ | whose endpoints contain oth  and and a su partition of thin intervals
*. e compute the num ers and . et we chec that is ounded a ove
y a strictly negative num er on the interval | and on | ] as descri ed in

lgorithm

Theorem 1.1 then follows y ta ing the ma imum of all these nitely many  strictly

negative constants. D

ome tensions

The purpose of this Section is to e tend Theorem 1.1 to a neigh orhood of the Thomas—
Fermi potential in an appropriate topology. s pointed out earlier the fact that The

orem 1.1 holds is a rather delicate one. The following theorem shows this precisely.

wen any t o large num ers an  , an given small, there e ists

a smooth function such that
a for

or all ,an all , e have that



an , ho ever, e also have that vanishes at least  times in ote that,
if s large enough, s in epen ent of

The are universal constants In particular, they are in epen ent of , an

ote that we can assume to e as large as we need.

y orollary 1. is ounded in the range . lIso
in the same range.

From a trivial adaptation of Section it follows that if

1
— 1
then
1 - 1
for uniformly in . Therefore ta ing there is such that
. This gives a function such that has at least one ero. To get more
eros ta e large depending on so that [ is independent of
outside of . Then de ne
1
— 1
and smooth. Then for small enough . This gives us two eros for
nd so on. D

From this theorem it is then clear that if we want Theorem 1.1 to hold we need a

stronger grip of the ehavior of the function at in nity.
The following theorem is ust a conse uence of the rest of this article. Its proof is

computer assisted.

There e ist  large integer, an large constants, an an

small, such that if satis es

1 ith , analytic an

, here 1



ecall formula .1 a  Then,

—

ith

ere, 15 assume to e small enough so that our assumptions on  state at the

eginning of ection are satis e

Then,
ma,
Ta e any small num er. If is small enough hy
pothesis . and . imply that formulas .11la and . la remain valid for y
pertur ing the  and y at most percent. lso for small enough hypothesis 1.

implies that the value of integral in .la remains valid for also with an error at

most percent. s a conse uence and  will change y at most percent.
Therefore
1
where  and di er from the ones in . y at most percent. In fact we only
need -
Therefore ta ing we see that for
ow set
inf

This is the only point where we use a computer—assisted result. From formula 1.

it follows that hypothesis 1. for small enough implies that
— [

which concludes the proof of the theorem. D



The mplementation

The aim of this section is to provide details a out the way algorithms were implemented.

The section will e organi ed as follows

1. eneral remar s in particular the choice of several heuristic parameters is of special
importance for a successful run of the computer proof we list the appro imate

values.
. The second deals with the computer programs which can divided into two groups.

a. ne is a general pac age that performs general arithmetic and functional op
erations on certain general o ects. This asic interval arithmetic pac age is a
variation on the one used in [Sel] and [Se | which in turn is an adaptation of
the one developed y . anain [ a]. It is too long to present here ut we
will give enough information a out it so that a similar pac age can e uilt with
little thought. In particular we will list all function names with a very rief

description of each.

Such pac ages are uite common already and pro a ly they will soon e stan
dard.

. The other is a pac age which ta es care of the speci ¢ functions needed to prove
our theorem. It follows very closely the algorithmic presentation in the present
paper. e will list all these programs preceded y a short e planation for each

function which will relate each of them to the corresponding algorithm in the

te t a ove.
ccording to the general pac age see elow we can store
functions locally using the neigh orhoods in function space in
troduced in Section as follows say —  where . Then our nowledge

of can e stored as a structure varia le consisting of
1.  pointer to an array of intervals it is used to store the

. Two integers one has value the order of the Taylor appro imation. The

other has value the type of the neigh orhood.



. Two dou les to store and

. Two dou les to store and

y considering arrays of the structures a ove we can store our glo al nowledge of
functions as a single structure varia le consisting of a pointer to an array of the struc
ture varia les a ove. s a conse uence o ectsli e the Thomas-Fermi function
are represented as a single varia le. This gives a special computational meaning to

lgorithm .  the main result of Section

e divide our remar s according to the section they are related to.

In lgorithm . note that the choice of the and is in principle
ar itrary ut in practice it is very important that they are chosen carefully. ain

points to ta e into account are
1. 1l runs of parent algorithms should e successful

rror ounds and o tained when we run the algorithm are sensitive
to our choice of and . The proof Theorem 1.1 is in turn sensitive to these
error ounds. In principle the smaller the the etter. It is important that

these error ounds are small enough so that we can prove our theorem.

. The num er is important also a large is a conse uence of small  which
will give small error terms for the ut will ma e the computation of

in Section very slow may e too slow to prove our theorem in a nite time.

n the other hand a small  will speed up the computation of ut will
yield ad ounds for the . Similar considerations hold for the choice of
The choice of is ed on a trial and error asis. 1 wor s. out the and

note that their choice was made in lgorithms .1 and .1 . They were pic ed
adaptatively inside the program in the sense that if during the e ecution of Igo
rithm . a parent algorithm one of the error ounds grows outside a pre—speci ed
range then we ma e the ne t a little smaller. nd viceversa if that error goes e

low a certain range then we ma e the ne t  a little igger. The error we loo at

in deciding this is in lgorithm . and we wanted it to e within the
ounds [ 1 1 ]. e chose and . The radii grow
as we leave the origin. In carrying out this procedure we made . This

1



gave enough overlap etween intervals to capture the ehavior of our functions all over
s a result of this method we o tained and

The following remar is of mild interest when choosing the we instructed the com

puter to include the point .1 with the idea in mind that is close to this num er.
Since the information given y Igorithm . is the only one we would li e to use
when computing the neigh orhoods for around  which would have to e

computed in Section turn out a little etter.

The actual value for is a out only 1 from . Thus
one II will turn out to e very small. This is unavoida le using our comple —varia le
methods for one II since with radii larger than that we cannot e clude the e istence

of other eros of in the vicinity of  in the comple plane.

The rst heuristic choice we have to ma e is the num ers and asafunctionof . e
descri e the choice of . The choice of 1is similar. In the notation of lgorithm

choose the closest to  such that

This is a trivial prere uisite if we want to understand in . The choice
of is delicate though if it is very close to 1 then the fractional power operation will
yield ad error ounds. If it is very small we will e forced to ta e  far away from

. This will hurt the error terms when we compute and it could even ma e the
computation of not possi le with our method. The pro lem is that we will e forced
to solve . . .s at rather large distances this is already dangerous and even worse

we will have to ta e fractional powers of Taylor e pansions with large radii this may e

impossi le if for instance the solution of the . . . has eros within our large radius
in the comple plane. value of a out . for wor s most of the time ut it needs
ing for some values of . e refer the reader to functions and in the

program listings for the speci ¢ choice of as a function of

e continue now with the computation of  the most time—consuming procedure. The
division into fat intervals is done with intervals of length 1 . This is large enough
so we can cover the all of onel [ | with not so many of those fat intervals around

1 of them and it is also small enough so that the appro imation given y . in



terms of the and is good enough. s we approach  we made the length of

these fat intervals smaller a out 1 . ote that a reduction in the si e of the
results in having to compute the and  more often ut if we are close to the
interval | | is very small anyway which re uire few and thin  won t hurt.

e t we have to choose and or which is e uivalent we have to choose and
e chose them to e 1 1 . This wor s. The choice of the * is the
most delicate.  hat we did is give the computer an initial interval of length and let

it compute ounds for as wellas and if these ounds are good enough so that

we can show that on * we tell the computer happily to ta e another *
inside and do the same until all of is covered with tests. If for some interval
we cannot produce the ound then we tell the computer to su divide that

interval into two halves and try each half recursively until hopefully we nish. The
process nished so we conclude all over . The length of the * that wor
isa out 1 degenerating until a out 1 near note that this will generate a
lot of computations.

In principle we could have given the computer as a rst try all of the interval even
without hope ut let the computer gure out how much ner to go efore getting the
desired ounds. This is ne from the rigorous point of view ut we would e wasting a
lot of precious time as ing the computer to ma e chec s that we are con dent are going
to fail. It is thus important to grind into ner intervals efore feeding the computer

with this recursive procedure.

oncerning the computation of and  they are analogous and the only thing worth

mentioning is our choice of the following heuristic parameters 1
1 and . The degrees of Taylor e pansions we chose are 1 for and
for . Iso 1 and . See the implementation
comments for functions and for more a out the

e nally discuss the peculiarities of one II. ecall that the diameter
of onelIlisa out1l . Iso it follows from Section that it is rather easy to
o tain good ounds for the value for . The analysis for one II therefore
loo s unnecessarily complicated since it would follow from the apparently easy ut in
practice deep statement that is ounded ya out1 . Since it is numerically
evident that is ounded y a num er much smaller than 1 may € one can

o tain a good ound for which would ma e the analysis of one II trivial.



The only parameter of real importance is . Too large are ad ecause as mentioned
efore it forces us to carry our fractional power analysis to large distances. Too small

will force us to ta e small and therefore small  and will result of restricting our

nowledge of to a too small neigh orhood of thus eing una le to
cover all of one II. ur choice was . nce is chosen we ta e as large
as we can still satisfying . and we are left with the choice of only. f course we

would li e to ta e as large as possi le ut note that the closer we ta e to  the
closer  will get to 1 which will give us a ad error estimate in . . This negative
e ect can e neutrali ed y ta ing  which until now was ar itrary to e ig so that
the power ma es the right hand side of . verysmall. e too and
ut larger  will e even etter. The only pro lem with large is that it will
force us to invert a polynomial of large degree. ven with our sloppy implementation
of the inversion procedure errors and speed are of negligi le importance.
It follows from these remar s that the analysis of Section will wor on an interval
around  whose length depends asically on how large we can ta ¢ . ithout a more
re ned analysis our choice of is imposed on us y the apparent comple solutions of
around and thus is not su ect to improvement. In other words there
is a good reason for ta ing and not smaller one II is given to us 7y the
pro lem not y the computer s a ility to compute fast or accurately. s a result with
a slower or less accurate computer which would not e a le to compute in onel
all the way up to  we wouldnt e a le to prove our theorem in this way. ne would
need to perform a real varia le analysis to a larger one Il in a similar way to the

analysis of and  for

Finally all programs are written in and were run on several | S simultane
ously. s e plained later our pro lem can e naturally split into several independent
processes ma ing it a very appropriate pro lem to run on di erent machines at the
same time. ecution too a out two days for the programs related to the Thomas—
Fermi e uation and a out hours for the ones involving the actual computation of

ecuta le les averaged each.

The asic varia le types in this pac age are the following






The following are the function descriptions.
eturns a representa le strictly larger than

eturns a representa le strictly smaller than

The functions to follow return varia le of type . aria les and are of type

is of type and is of type
eturns an upper ound for
eturns a lower ound for
onverts a into
onverts into
eturns an upper ound for the sum of and
eturns a lower ound for the sum of and
eturns
eturns

eturns the minimum of and

eturns the ma imum of and
eturns an upper ound for the product of and
eturns a lower ound for the product of and

eturns an upper ound for the inverse of



eturns a lower ound for the inverse of

eturns an upper ound for
eturns a lower ound for
eturns an upper ound for
eturns a lower ound for
eturns an upper ound for

eturns a lower ound for

The functions to follow return a varia le of type

eturns 1 if otherwise.
eturns if 1 otherwise.
eturns 1 if otherwise.
eturns 1 if otherwise.
eturns 1 if otherwise.
eturns 1 if otherwise.

The functions to follow return varia le of type

a les and are of type is

type
onverts into
onverts into

onverts Into

eturns an interval containing the true set—theoretic sum of

eturns

eturns

and

unless stated otherwise.

are of type

and

and

ari

is of



eturns an upper ound to . The function returns a varia le of type
eturns a lower ound to . eturns a varia le of type
eturns 1 if the arguments are e actly the same  otherwise.
eturns an interval containing all points at distance at most from
eturns an interval containing the true set—theoretic product of and

eturns an interval containing the true set-theoretic division of y . If

then we a ort the program.

eturns an interval containing the true set-theoretic inverse of . If

then we a ort the program.
eturns an interval containing the true set—theoretic s uare of
eturns an interval containing the true set—theoretic power
eturns which also elongs to

eturns the smallest interval containing the union of oth

arguments.
eturns an interval containing

eturns an interval containing . This can e easily constructed using the

Taylor e pansion for the e ponential.

eturns an interval containing log . This can e easily constructed using

the Taylor e pansion for the e ponential in the case [- 1 and the general case
follows trivially after we o tain upper and lower ounds for log . These ounds can
e o tained heuristically and then chec ed using the function . lternatively
ounds for log are availa le in the literature which are etter than the ones we could
chec with we preferred our way since we simply dont now whether those
ounds in the literature are rigorous. This is somewhat wasteful since is rather

conservative not much . ut it did not a ect our proof in any noticea le way.

The functions to follow return varia les of type unless said otherwise. rguments

starting with  are also of type is of type and are of type



and varia les starting with are

_ . eturns a of degree with ero coe cients.
eturns a identical to
eturns an

eturns the th coe cient in the alge raic product in the
interval arithmetic sense of  and

eturns ounds for
eturns an containing the alge raic evaluation of at

eturns a which is an upper ound for the sum of the a solute

value of the coe cients of
eturns ounds for the alge raic sum of the arguments.
eturns ounds for the alge raic product of the arguments.
eturns ounds for the polynomial in given y
eturns ounds for the alge raic derivative of
eturns ounds for the alge raic integral of
eturns ounds for the alge raic composition

eturns ounds for th coe cient in the alge raic composition

eturns ounds for the rst 1 Taylor coe cients of the functional
inverse such that Id.
The following functions return varia les of type with same radius center

order and type as the arguments unless stated otherwise. aria le names continue

with the same type e cept that those starting with and are now of type

eturns a with and . olynomial

coe clents are ero.



eturns a identical to
eturns ounds for

eturns a neigh orhood for 1 with center at radius

and degree
eturns a of degree which contains . It a orts if
eturns ounds for
eturns ounds for

eturns ounds for the sum of the arguments. The order and type are
the smaller of those of the arguments. It is assumed without chec that the center of

the arguments are identical.

eturns ounds for . The order and type are the smaller of those
of the arguments. It is assumed without chec that the center of the arguments are

identical.

eturns ounds for the product of the arguments. The order and type
are the smaller of those of the arguments. It is assumed without chec that the center

of the arguments are identical.
eturns an with ounds for

eturns a neigh orhood for the functions where and
. The polynomial order and type of the output is one more than

those of the argument.

eturns a with ounds for where
eturns ounds for . It is assumed here without chec
that e actly and the type of is at least 1.
eturns a neigh orhood for log with center at radius

and degree

eturns an containing ounds for the derivative of at



eturns an containing ounds for the th derivative of

at
eturns a which contains an upper ound for

eturns ounds for the functions

eturns a with an upper ound for as in Section
eturns a with an upper ound for
eturns the argument a pointer to an array of con

taining ounds for all powers of from to
eturns ounds for

eturns a containing ounds for the Taylor appro imation of

degree of

The functions to follow perform operations on varia les of type represented y

arguments starting with

Functions

perform the corresponding operations as their counterparts on each

mem er of their structures.

eturns ounds for the integral from to of all glo al functions

in . ote here that the role the of and is reversed with respect to

. This function simply returns a with  mem ere ualto and with space
allocated for 1 varia les of type . ote that the further allocation needed in
the mem er of is not done here. This should e done using either
or _ a ove.



eturns a a heuristic choice for the middle point etween
the centers of the thand 1thmem ersof . Ifwe denote the centers y  and

and corresponding radii y and this function returns appro imately the num er

nother heuristic function. eturns an integer representing the mem er
of the structure which est captures the ehavior of near  i.e. the one that

minimi es in a heuristic way the output of a ove.

The functions with names e ual to the a ove followed y an perform the same op
erations plus they destroy the arguments containing pointers y freeing the memory
they have allocated.

In addition to these functions we also have the following which are of an entirely
heuristic nature. They are designed to ma e the heuristic guesses of in lgorithms
and similar. They manipulate polynomials this time de ned simply as arrays of 1
varia les of type we too in our programs we will denote such
varia les here with names starting with . They also use the additional varia le
smaller than at all times intended to allow us to vary the e ective degree
of these polynomials inside the programs. They do not return any varia les a values

only as arguments. 1l operations they perform are oatingpoint.

. Initiali es to

opies into
eturns a with a oating—point appro imation to
uts in the alge raic di erence of and
uts in the alge raic product of and truncated to
uts in the alge raic integral of truncated to
uts in the product of y the
uts in the scaled polynomial

. Ta es to the power and puts the result in



ast ut not least we also need functions that give the ecimal e pansion of rationals
ounds for representa le num ers. This is re uired for instance to e a le to state
emma . 1 in the form we did rather than in a form where the ounds claimed are
given in the harder to visuali e he adecimal form. The construction of such functions

while not trivial is not too hard and we omit the details.

The following is a rief itemi ed e planation of the

computer programs included at the end of this paper.

Throughout the programs we will use the e ternal varia les

The varia le will contain consist of ounds for - computed once and

for all at the eginning of each program. The varia les and  correspond to and
of Section and and  correspond to varia les and also in Section

and they are introduced in functions _ _ and respectively. The rest will

e e plained elow.

. Implements lgorithm .1 returning the ipschit norm if we can show that

it is less than 1 and returning 1 otherwise.

. Implements Igorithm . . Igorithm . which is needed for the e ecution

of the former is implemented e plicitly inside the function.

Implements Igorithm . . ote that in this function as well as in

the values and derivatives of the solution of the are returned as ar

guments while the that the function returns as value is an appro imation to
which as pointed out efore will e used in deciding how much to increase

or decrease the ne t choice of

. Implements lgorithm . . ives neigh orhoods of type . This function
and elow returns a neigh orhood valid for all centers in the interval

S a conse uence no of type can e naturally speci ed in the it



returns we assigned the value a etter choice would e . This means that we
cannot manipulate the outcome of this particular function with any general-purpose
function which would attempt to ma e use of the structure mem er . 11
such manipulations should e done e plicitly ta ing into account that the centers are

contained in
. See elow.

. Implements lgorithm . . ives neigh orhoods of type . The power

matching scheme is done in

. Implements lgorithm . returning the ipschit norm if we can show that

it is less than 1 and returning 1 otherwise.
. Implements lgorithm . . gain Igorithm . is uilt in.
_ _ . Implements Igorithm

. Implements lgorithm .1 . In our description of this lgorithm a ove the
and are given. From the logical point of view this is true ut from the computational

point of view the and are produced within

The successive rigorous ounds we nd for are printed in he adecimal form as they
are o tained. The reason for this is that it ta es a long time to run each iteration. In
this way one has rigorous ounds for even if the function does not nish due to

computer shut down or impatience on our part .

. This function implements lgorithm .1 where the has as end
points a rigorous upper and lower ound for . sin the choice of the  and

is done inside the function. The values and are returned as a single varia le of

type

. Implements lgorithm . . The argument  which is of type is the
output of

. The argument a varia le contains ounds for




The function then returns an interval | | which is guaranteed to contain . ecall

that is uni uely de ned y the identity . Thus we rstloo in a heuristic
manner for and and conclude that they are valid ounds after chec ing that
and which we can easily do using the general purpose interval

arithmetic pac age namely function

The heuristic construction of the interval is done via a isection method slightly modi

ed so that the interval produced is optimal in the sense that any representa le

the ounds we o tain for would not e strictly positive similarly for
. Thisis a oo eeping function. It prints the output of ounds for
and the output of lgorithm .1 lgorithm .1  together with
a varia le containing the ounds for produced in and ounds for
. The ounds for and are easily o tained via the general purpose functions
and

The print out is done in he adecimal form so that it can e printed on a le and read

rigorously for later use.
. This function simply reads the output of

iven an this function produces an interval [ ] containing all

solutions to the e uation for all values contained in . The ounds
are rst o tained heuristically using isection as in and seen to e correct
y chec ing that an interval containing is entirely to the right of i.e. larger than

or e ual to and an interval containing is entirely to the left of

. Same as efore e cept that the solutions we are loo ing for are for

oth functions produce optimal intervals in the sense descri ed in

This function only returns a true ound when 1 . This is perfectly ne since it
is only invo ed for and we chec that 1 if fact 1.
. Implements Igorithm .1 for representa le values of and . S

usual Igorithm .1 is implemented inside.

e use our ounds for which transforms for ounds for and
for a representa le we return 1 if we can guarantee that 1 if

and if we cannot guarantee any ine uality.



rgani es to implement lgorithm .1 . The ounds for are
stored in the e ternal varia le . s in instead of returning an interval value
for our ounds at the end this function prints the successive rigorous ounds it o tains

in he adecimal form.

. This function implements Igorithm .1 with the e tra o vious feature

*and " alone it ta es care of comparing them with the old

that instead of o taining
ounds we had given y function and stored in  and ta es the intersection of

them. This re uires the to e the same as efore which poses no pro lem of course.

_ . Similar to e cept that once ounds for are com
puted it ta es care of using them to improve the ounds for efore printing them

out.

ccording to lgorithm .1 once new ounds for are o tained and the
corresponding ounds for are o tained one can attempt to improve the ounds
for . This function ta es care of this y returning 1 if using the scheme in Igo
rithm .1 we can show that 1 if and if we cannot claim any

ine uality.
. This function simply organi es the previous one.

. This function implements lgorithm .1 again. The di erence with
is only a programming one since the ounds this function computes are assumed to e

re nements of previous ones. Thus the need not e recomputed.

. This function implements a trivial variant of lgorithm . in the type
case e cept that instead of returning ounds for alone which are returned in the
pointer varia le it returns also. s pointed out efore multiplication y
which is implemented as a general purpose routine is not availa le here
since returns a without a meaningful structure mem er
needed in
. This function implements lgorithm .1 . The varia le represents

the order of the e pansion we want.

iven the varia le of type containing ounds for and
at certains points this function returns another with the same ounds at



the same plus the trivial ounds [ 1] [ | at other points
chosen heuristically inside it. This is usti ed since if at the stage we use this function
we already now that which we do ecause y the time we use this function we
would have already run . viously this ound can e replaced y any other
we now to e true y the time we run this function and it will pro a ly have no e ect
on the nal answer since the information produces will most pro a ly never
e used until has already improved it to a uite sharp ound. fter doing
this it also destroys y freeing the memory allocated to it. ote that this function

has a purely administrative role.

The functions elow refer to the algorithms presented in Section . In the e planation

to follow we use the notation introduced there.

omputes in Section for the thin interval and If
it simply invo es _ elow. ote that is implicitly de ned y the rst

statement in this function.

. Same as efore ut for this time.

omputes the num ers and involved in the computation of
in Section . They are stored in the polynomial part of varia les.
ses the num ers and given in
and respectively to compute . The choice of the is made using

. This function computes  directly i.e. computes ounds for the func
tions in Section involved in the computation of = without use of the num ers

and . This function is intended to compute these for representa le arguments.

_ . This function does the same as the previous ut for interval values
of the argument. In other words for the thin interval under consideration | ]
this function uses the previous one to compute the and and then sets

ecall that this is usti ed due to the monotonicity of the

_ . This function uses the previous one to compute ounds for . It

selects the and  computes the either directly or using the and and adds



them up together.

. This function selects heuristically the num er  as a function of  involved

in the rea up of into the 1 in .1.
. Same as efore ut for

. This function organi es the previous ones to produce ounds for in a

thin interval

iven an interval it runs the previous function to chec whether

is strictly positive. If we can chec that it is it reports a success and returns the
ounds. If it is not it su divides the interval and tries each half recursively. ote that
the fact that this function eventually nishes implies that is strictly positive on

the original interval.

t this stage the reader will pro a ly notice our
lac of imagination in pic ing names for all the functions involved in this proof.  iven a
fat interval and num ers stored in and stored in corresponding to
the upper endpoint of  this function computes the missing and corresponding

to the lower endpoint of then it rea s into thin su intervals using the heuristic

varia le and then invo es the previous function to chec that is strictly
positive in each thin su interval.  nce this is done we now that is strictly
positive all over . efore returning this function replaces the arguments and

y the values of the and corresponding to the lower end of . The reason for

this will e e plained in the ne t function.

iven representa le and this function computes the and
corresponding to  constructs the fat interval [ | and gives them to

the previous function note that these are e actly the arguments it needs to do its o .

hen is nished it returns tousthe and corresponding to
the lower end of then we construct the new fat interval [ ]
and we give it to again. ote that the and that we need
now are e actly the ones returned to us y . nd soon. ote
that in the construction of the we used e pressions of the type there

is no need to ma e these computations rigorous as long we ma e sure that the lower

endpoint of each interval is e actly the upper endpoint of the ne t which is trivial to



arrange.

e do not include any stopping criterion for this function rather we instruct it to
print in e act he adecimal form each fat interval on which we can guarantee that
is strictly positive. The reason for this is that it ta es a very long time to do each fat
interval thus we prefer to let several computers run say si of them on complementary

ranges and stop them as they redundantly start to get into each other s territory.

Same as ut designed to go up

rather than down.

p version of

Implements lgorithm . . 1l su —algorithms are e plicitly implemented
inside as needed. is chosen here.
_ _ . Implements lgorithm . . Iso su —algorithms are implemented inside.

is chosen inside also.

uns the two previous functions and types the output in he adecimal form

for later use.

. This function computes ounds for

for 1. It does it y Taylor-e panding the integrand around 1.

omputes rough ounds for

y ounding and integrating 1

omputes rough ounds for

y ounding 1 and integrating



omputes precise ounds for

y Taylor—e panding the integrand. This function is to e used when we re uire pre
cision and are willing to give up speed. The two previous ones are intended for a fast

rather inaccurate answer.

. This function computes rough ounds for

1
for all . It does it y using around 1 and using or in
several other small intervals away from
s the previous function ut using instead for precise
slow ounds.

- . omputes when as e plained in Section . It chec s
that otherwise it a orts the program. Thus if the program eventually ends
without a ortions we are guaranteed that

_ . omputes when . The same comments as _
apply.

_ . omputes as in Section

_ . omputes as in Section . s efore it also chec s that

otherwise it a orts the program. Thus if the program eventually ends

without a ortions we are guaranteed that

_ . omputes
The ne t functions are related to Section . e also use the same notation used there.
. See eclow.
. Implements lgorithm . . The neigh orhood  is computed using
where . The value is in the statement of the algorithm which we

chec it is less than or e ual to . The power-matching scheme is done in



sin lgorithm . computes ounds for in the interval using

the output of

_ . iven an interval = which will e all of one II and the
output of this function su divides recursively until it chec s using the previ
ous function that is strictly positive in each su interval of .  hen this function
e its we now that is strictly positive all over

In order to display how the previous functions can e used to prove Theorem 1.1 we
conclude the present discussion with a list of the nal programs used in proving our
theorem. In doing this we omit the trivial ut lengthy statements such as those dealing

with varia le declarations.

The following o tains from scratch ounds for which are printed in e act he

adecimal form.

ote that it loo s as if in the previous program we are assuming the apparently trivial

ounds [1 | for efore we start. In fact we are not since these initial ounds are
used only to ma e heuristic choices where to loo . The only thing to ear in mind is
that the choices we will e using will e in [1 ]. Therefore once we e it the program
we only have to chec that there is at least one of those choices for which we were
a le to conclude that it ounds from a ove and that there is one of those choices
that ounds from elow. nce we now this the nal ounds o tained will e true

ounds for

sing the ounds for o tained efore we can now o tain ounds for and use

these to o tain ounds for



In the previous program note that without the statement the points at
which we have ounds for may not e very many and when trying to solve the

ac wards starting at the largest  stored inside we may run into trou le since as
pointed out in Section we need large to e a le to solve the around . ote
also that the ounds stored in are printed out in e act he adecimal form since we

will e using them in all programs to follow.

e t we organi e the output of the previous program so that it contains rst the
ounds for ne t the ounds for and then the ounds for contained in

all in e act he adecimal form. Then this output can e used as input for the following

program which will use the new ounds for to o tain improved ounds for
stored in . It will also compute the corresponding and
The ne t program re nes our ounds for and as descri ed in lgorithm .1 .

The output is printed out with same format as usual in e act he adecimal form.

comment concerning the previous program. Since the ounds that the previous
procedures yield are uite sharp the computer may have to solve s with initial
values close to the critical ones that cause the solutions to vanish ut only very slowly.
s a result when trying to chec  ounds for with some choices of
may yield a failure of some of the —solving algorithms which will cause the previous
program to e a orted. The thing to do in this case is to ta e whatever ounds were
successfully o tained y use them to replace the old ounds for written
in some le and restart the previous program without using . To achieve
even greater accuracy one may also rerun the previous program after replacing the
ounds for ~ with the new ones with a di erent choice of the heuristic parameter in
. These comments e tend also to  and although those occurrences

are very unli ely in this case.

nce we are happy with all the ounds for the Thomas-Fermi data we run the following



program which will write in e act he adecimal form the neigh orhoods for in

lgorithm . for in lgorithm . and ounds for and
The program to follow will chec that is strictly positive for
his amounts to settin [ ]
t ;his point e no that on

This program can e complemented with programs of the type

or

for values of and  which can run on separate computers.

ote that these three last programs will tell us in e act he adecimal form which fat
intervals are guaranteed to satisfy on ut will never stop trying to get
closer and closer to . The thing to do is as long as we see that we have chec ed
all intervals inside [ 1 | halt the program set e ual to the lower end of the

last interval chec ed and run the following last program



This program chec s that for all after chec ing that
satis es .1lc and . . saresult any would nish the proof.
In our case lower end of the last thin interval for which we successfully

run





















































































































































































































