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Abstract

We present a simple argument which gives a bound on the ioniza-
tion energy of large atoms and at the same time proves the bound on

the excess charge of Fefferman and Seco[1].

1 Introduction

An atom of nuclear charge Z with N electrons is described by the Schrédinger

operator
al Z 1
Hor = 28 )t 2 -] W
i J

i 1<i<j<N |z

acting on the antisymmetric space Hp = AN, (L2(IR*) @ @'?).



The Energy of the atom is
E(N,Z) = inf specy, Hy, z (2)

and the Ionization Energy is
I(N,Z)=FE(N—-1,Z)— E(N, Z). (3)

It is well known that there is a critical number of electrons Z < N.(Z) <
27 +1 (see [9] and [4]) such that

I(N,Z) >0 if N<N,
I(N,Z)=0 if N> N,.

The Excess Charge is
QC(Z):NC(Z)_Z' (4)

For N < N, the operator Hy z has a ground state ¥n z € Hp.
We define the RadiusR(N, Z) of the atom by

dr =N -1 5
/|z|§R(N,Z) PN,zQT ) ( )

where py 7 is the Density

pn,z(z) =N > / [N .z(T, 039,005 . . s TN, oN)|*d(22,02) . . .d(TN, ON),

o=1,2

x; are the space variables and o; the spin variables, [d(z,0) = ¥, [dz.
(Throughout most of the paper explicit mentioning of the spin variables will
be omitted). Outside R(N, Z) there is an average of one electron.

It is expected that as Z — oo

Qc(2), 1(Z,2), R(Z,2) =O0(1), (6)



this is part of a much stronger conjecture saying that as Z — oo the atomic
structure shows a universal behavior, which is to say that the quantities in
(6) actually converge to non-zero values as Z — oo.

In Thomas-Fermi theory this universality has been known for some time
(see [5]). In the present paper we will indeed compare with TF theory. In
the Thomas-Fermi-von Weizsacker theory universality was recently proved
in [8].

It is not hard to prove that

Q.(Z2)<CZ, I(Z,2)< CZ" and R(Z,Z)>CZ %, (7)

In [6] it was proved that Q.(Z) = o(Z). This has recently been improved in
[1] (an announcement was made in [2]) to Q.(Z) < CZ(~°) with ¢ = 9/56.
Using the key estimate of [1], i.e. (13) below, we give a simple argument

proving
Theorem 1 For Z < N <N,

I(N,2) < C,20R0=9) _ Cy(N — ) z(R0-9), (8)
We get as an immediate consequence

Corollary 2
Q.(2) < Cz079)

and for N > Z,
I(N, Z) < CzCR)N-e),

As a very easy consequence of the proof of Theorem 1 we also find (see

Lemma 7)

Theorem 3 For N > Z

R(N, 2) > Cz~ (k-2 (9)



We prove Theorem 1 by first proving a general estimate on (N, Z) which for
an arbitrary radius R bounds I in terms of quantities we call the Screening
Charge at radius R, the Excess Charge at radius R, and the 2-point corre-
lation outside R. This general bound is given in Section 2. In Section 3 we
show how to estimate the above quantities using the key estimate from [1].
Our method emphasizes the importance of controlling the 2-point corre-

lation function

PP (w,y) =
NN =1) 3 [ ole, 019,00 2n,0n)Pd(z5, 03) ... d(zn, o),

01,02

(we will often omit the subscripts N, Z). In fact the key step is to estimate

the truncated correlation function

P (z,y) — p(x)p(y),

this is done in Section 3 Lemma 5.

2 General Argument

Given 6, choose 6y € C°(IR;) with 0 < 0y < 1, and 0y(¢) =0ift <1 -9,
Oo(t) = 1if t > 1.
For all R, let 3 : IR® — IR® be given by

0%(z) = Oo(|2|/R) and 0 (z) = (1 - 0f(x)*) .

We define
The Excess Charge at Radius R

= oot



The Screening Charge at Radius R,
VJ(R) = /,0(2 ‘
The Normalized 2-p01nt Correlatlon Outside R,
1
Cs(R) = s [ 0 (2, 9)07(2) 05 (y)*ddy.

We will prove an upper bound to the ionization energy in terms of these

k()05 (x)*dady,

quantities by using a very simple trick which in fact goes back to Benguria
(see [5]) and was used in [4] to prove N, < 2Z + 1. The idea here is to use

the trick on the outside problem (|z| > R). The same method was used in
8].

Theorem 4 For alld >0 and R > 0

I < [vs(R) — 3Cs(R)Qs(R)| R™ + X5, (10)
where the error term is bounded by

o Qs(R(1—0))
X; < cgR2X
8§ Cs 0s(R)
Proof. From the IMS formula we find

Ex [ p(a)folf; (@) de
= 3 (w0 (@)Ll Hov | 0,7
= 3 (b | (o) el e o 8 () ]

=3 (U |IVilOh ()|l )| o,z

> ENA,Z/P(JJ)WHE(@%@"
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Using |V (0% (z)|z|”2| < cR™* we rewrite this inequality as

—RIQs(R) > —ZQs(R)+ / PP (2, y) |x‘f' m%(wﬁdxdy
—csQs(R(1—6))R™.

In [4] the error term (the last term above) could be ignored by use of the un-
certainty principle: [(Vu)? > (1/4) [u?/|z|>. Here the uncertainty principle
can be used to improve cg, but this is not necessary.

The trick is now to symmetrize and use the triangle inequality

RIQs(R) < R) - [ p¥ )] ‘e+< 2)205 (y)*dady
+ csQs(R(1 - 6))R™!

_ @ |zl + 1y
S(RIQ(R) [ o @) |~
+¢5Qs(R(1—6))R™!

< u(R)Qs(R) — 3Cs(R)Qs(R)* + ¢sQs(R(1 — 8))R ™.

0% (x)*0% (y) dzdy

3 Estimates

We proceed as in [1]. Choose ¢; € C§°(IR?) radially symmetric, positive and
with [¢; = 1. Let

o(z) = pz(z) = Z2§01(Z2/3$)7 (11)
then ¢ = 1. With pyp the Thomas-Fermi density for a neutral atom with
nuclear charge Z(see [5] for a review of TF theory), we define a function
Ky : RN — IR, by

N

Kn(ay,.. ow) = D(L el = 20) = pres Yol =) = prr), (12)



where
D(f,9) =} [ f@)w ~ y| g(x)dedy.

It follows from the proof of the Scott correction ! (see [3] and [7]) that for

all N with Z — const < N we have an operator inequality
Hyz > E(N,Z) + Ky (21,...,25) — CsZ 77, (13)

for some b, 1/3 < b < 2/3.

Our main estimate is

Lemma 5 Given § € C*®(IR?) with 0 < § < 1, supp 0 C {|z| > R} and
V0| < ;R and x € C®(IR? x IR?) with 0 < x and x, = x(z,-) compactly
supported. Then for all N with Z < N < N.(Z)

| [162(@.9) = pre()p(@)]6@) (@, y)dody

1

/2
< Ciswp IVl { (27579 + 287 [ p@)0(a)de + 2772 |
1/2
X { /p(x)&(x)zdaz }
+ G2 PVl [ p(@)0()da, (14)

where p and p'? are the ground state density and correlation function. Cj,

Cy depend only on Cy and ¢;.

Remark. The reason for the rather peculiar cutoff in (14) will be clear in

Lemma & below.

Without using the Scott correction, but only the fact (see [5]) that the TF-energy
approximates the quantum energy, one can still prove Theorem 1, but the value for £ will

be much smaller.



Proof. Define N,: IRY™' — IR, and NI'¥ € IR, by

Nolazeoein) = 3 olo) (15)
NI = [ pre(y)xa(v)dy. (16)
Then
| [162) @, 9) — pre(w)p(@)0()x(z, y)dady
< / P (@, y)xa * ©(y) — Xa(v)|0(z) dady
/ (@, Ty, o) [ (N, ... 2w) = NI )daa ... dayO(x)’da

< G2Vl [ p@)0()de

+N

1
/2
+ {N|/‘¢($,.’E2,,$N)‘2|N$ - N§F|20($)2d$d$2 d.’L‘N }

x{ [ p@)0()ds }/ (17)

where we have used Cauchy-Schwarz inequality.

Since
Na(o, - yaw) = N7 = [ (8 oty = ) = pro(w)x(o, )y,

we get again from Cauchy-Schawarz

_ ATF(2 . 2 ¢|2 a oy Ao -2
N = NI < [ Ra(©)PlePdg [1(3 oty - 2:) — prr()) ()] 161 2de
i=2
< ClVxallo ey En-1(22, - -, 2n), (18)

where ~ denotes Fourier transform. From (13) we find using IMS,

EN_l,Z/p(x)G(x)de > EN,Z/p(x)G(x)zdx



N

> Y { < v @) Hyazblw) |6 > = <6 | (Vib(@)* |6 >
=1
+ < | _H(xi)szr%;i P— | > }

> Ey_iy / p(2)0(z)2dz + N / 2K y-10(x)2dzdzs . .. diy

+ Cgz B0 /p(x)@(:r)de —cNR? — cR’l/p(x)H(m)de.
Thus
N / 12| Vx| K v 10(x)2dzdzs . . dzy
< Csup |Vl ((Z(7/3"’) +R2) [ poa)de + ZR‘Q) . (19)
Putting together (17),(18) and (19) gives (14). n
A simplification of the above proof gives
Lemma 6 With the notation of Section 2
[ (0(a) = prr(@) g (o) ds| < C(R™ 2002 1 R1Z'%) (20)
Estimate on Q)
Using that p\2(z) = Z2prp(Z'1) and
2l 21 = Cla|™® < ppp(e) < Culel™,
gives
o[ > 275 = O |2]™ < pre(z) < Cylz|™". (21)
Furthermore [ prpdx = Z. Thus
Qs(R) = N~ [ pla)0z(e)ds
= N~ [ pre()0p(@)*dz — [(p(@) = pre(s))0g (w)?ds

= N=Z+ [ pre(a)0i(@)*dz — [ (p(x)  prr(@))07 () da.

9



Choosing
R=Ry=aZz k7 (22)

gives

a3C_ R < /pTF(x)zdx <a3C,R7? (23)
and from Lemma 6 we then find
(C_a™® = Ca”Z0-31) < Qs(Ry) — (N = Z) < (Cra™ + Ca e Z20-3/1),
Choosing « appropriately we have proved

Lemma 7 With e = 3b/7 there exists a > 0 such that for Ry = oz~ (B)1-e)
N-2Z+4+C72079<Q;<N-Z+0C, 27079, (24)

i From the lower bound in (24) we get the result in Theorem 3 with ¢ = 3b/7.

Estimate on v;

Lemma 8 For e and Rz as in Lemma 7
vs(Rz) < Cy 2179 (25)

Proof. If in (14) we choose 0(z) = 6%(x) and

Ll
x(z,y) = H R(1-26) (11)292(33)2

then, on supp x we have |z — y| > JR, and

e o@)? = g o).

|z =y
Furthermore it is easy to see that

sup || VyXz |22 (ms) < c;R7” and IVxllze < csR™E.
xr

10



From (14) we obtain

10 = orr0le)] 05 Py
< G (Q(;(R)Z(I’E)QJ(R)1/2z(2/3*€/6) + Q(s(R)Z(%*S/?’))

< Gy (Q&(R)ZU*E) + QJ(R)1/2Z(2/3*6/6)) ’

where we have used that 1/3 < b < 2/3 implies 1/7 < ¢ < 2/7. From

Lemma 7 we can now conclude

1 lz|
< _ 9+ 2 2
vs(Rz) < Z Qs(R) prr(y)p(z)dg (z) |x_y|0R(1726)(y) dzdy
+ Cy(219)

< Z- /PTF(y)el_{(l_Q,s) (y)zdy+éﬁz(1_6),

the last inequality follows since |z — y|™! is the harmonic potential, 0;2(1725)
and prp are spherically symmetric and 01}(1_2 5) is supported disjointly from
07. Recalling (21) we get

vs(Rz)

IN A
DT
<
N3
!
—
S
N—r
=Y
=+
=
b
>
—
s
[\&]
=y
<
+
S
N
=
&

|
Estimate on C;

Lemma 9 For Rz as in Lemma 7
C(s(Rz) >Cs>0 (26)

Proof. This can be done without the use of Lemma 5. Indeed notice that
the inequality (F?) — (F)* > 0 used on F = X~ | f(z;) implies

[ 02 @) @) f)dady > ([ (@) f@)dw) = [ o) f(z) e

11



Hence since 6 < 1

1
Cs > ——— R)? — R
5> oy (@B~ Qs(R))
and the result follows from Lemma 7 §
Acknowledgments: We are grateful to C. Fefferman and E. Lieb for help-

ful discussions.
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