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Abstract

The ground state energy of an atom is defined to be lowest possible value of the

energy Hamiltonian.

This work describes an algorithm to obtain lower bounds for the ground state

energy of atoms, together with its implementation.

The results are within a few precent of the upper bounds given by Hartree-Fock’s
method.
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Chapter 1: The History

Quantum Mechanics was introduced with the goal of understanding the atom.
probably its first success was to compute accurately the ground state energy of
Hydrogen. However, it was realized very early that to do the same for the other

atoms was no easy task.

The formulation of the problem is as follows:

The operator

Z A 1
=3 (- ) 3

; 4] 7 |z — 2]

= J
is called the Hamiltonian for the atom of charge Z; it acts on functions ¢ which
are in L2 (R3Z ) with some antisymmetry condition. The energy, F(Z), corre-
sponds to the infimum of its spectrum. The term —A; represents the kinetic
energy of each atom, the term —Z/|x;| represents the attraction each electron
it MTlﬂcﬂ’ which is the one that

makes this a non—trivial problem, is the repulsion between electrons. The nu-

feels towards the nucleus, and the term %Z

clear kinetic energy is not included in the formulation of the problem; this is a

reasonable approximation, since the nucleus is very heavy.

Some qualitative properties associated with the atomic Hamiltonian, such as
essential self-adjointness (i.e. physical significance), qualitative properties of the

spectrum, regularity results for the bound states (i.e. eigenfunctions), etc. we
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soon established. See [K1], [K2] and [K3], for example.

At the same time, a more computational motivation lead others to tackle the

problem of computing atomic energies.

The first important result in this direction was the creation of Thomas-Fermi
(TF) theory. They attempted to understand atoms using a different atomic model
in which the object of study was not the wave function, but the electric density;
this simplifies the problem in the sense that the nuclear charge does not enter as
the dimension of the problem, but rather as a parameter in a one-dimensional
problem.

The main results according to this theory are:
1. Erp(Z)=Crp-Z%
2. Most of the electrons are at distance Z~7 from the nucleus.
3. The outermost electron (chemistry) is at a distance of the order of 1.
4. Atoms are neutral.

5. Molecules do not exist.

It was clear empirically that Thomas-Fermi energy was quite accurate for large
atoms (although not entirely satisfactory) and not so good for small ones, and
with the exception of item 5, the other properties look obvious in nature. But a
rigorous analysis had to wait until 1977, when it was proved that atoms behave
as Thomas-Fermi theory predicts in the limit Z — oo (see [Li] and [LS]).

Other people also considered the problem of atomic energies for large Z (in the
limit as Z — o0). Scott predicted a correction for Thomas-Fermi energy that
recently has been proved correct (see [Hu] and [SW]), and other atomic models
due to Dirac, von Weizsacker and others were created, in an attempt to capture

certain aspects of the real problem neglected by TF theory.

Also, with the creation of computers, other purely computational techniques were



introduced. A specially accurate method to compute upper bounds to atomic
energies was developed by Hartree, Fock, Slater and others (although the first
Hartree papers were done by hand computation!). Their method consists in
finding the ground-state energy for the same Hamiltonian restricted to a smaller
class of functions (this gives upper bounds), namely the antisymmetric product
of one—electron functions. This method leads to a collection of ODE’s that can
be solved numerically. It is believed that the results obtained by this method are
very good for all values of Z. The present work will actually give a bound for

the error in their approximation.

Another method to compute both upper and lower bounds was introduced by
A. Weinstein and his collaborators, the so—called method of “Intermediate Hamil-
tonians”. It is basically a regularity result in which a particular orthogonal family
of functions is constructed and it is proved that the ground-state eigenfunction
has Fourier coefficients that decrease very fast with respect to this orthogonal
family; this allows to reduce the problem to a finite dimensional one, with a good
control on the error. This method works well for small atoms and molecules.

In particular, very good upper and lower bounds are known for the energy of
Helium. See [We].

Up to this point, an open problem is to produce good methods to compute lower
bounds to atomic energies for atoms. An important result was obtained Hertel,
Lieb and Thirring in [HLT]. In this work, we will present another approach to

this problem that improves their bounds.

There is one common feature in all these theories to approximate atomic energies:
they are basically reductions to one-electron problems, which are much easier in
general than many electron problems, even if you loose linearity or other nice
features along the way. In Chapter 7 we introduce a method which is essentially

many—electron analysis.



It is interesting to point out that good bounds for atomic energies are important
not only quantitatively, but also because certain qualitative aspects of ordinary
matter, such as binding and no-binding theorems, stability of matter, neutrality
of atoms, etc., depend critically on whether the energy of atoms is within a certain
range or not. See [Fe], [FS1] and [FS2] and [SSS] for examples of such results.

In particular, it was shown in [Fe| that nuclei and electrons arrange themselves
into atoms and molecules provided that the ground state energy of atoms is
within a factor 2 —roughly speaking— of the constant in the inequality of the
stability of matter (see [DL], [LT]| and [Ll]). We also refer to [Fe] for a detailed

description of some of these results.



Chapter 2: The Problem

Consider the Hamiltonian for an atom of charge Z with Z electrons:

VA
A 1 1
H; = N, N - -
z Z( 20 \m)%Z\xi—mw
17£] J

=1

acting on functions
Y eH=A, (L*(R?) ®C? (2.1)

with “A” denoting antisymmetric product.
The ground state energy is then defined to be the infimum of the spectrum of
H Z:

E(Z) = inf A= inf (H
(%) /\ESIpI}ac(H) ";%11( 2%, ¥)

It is known that this infimum is achieved, and the functions that give this infimum

value are usually called “ground states”.

Upper bounds can be obtained by using trial functions. Lower bounds for F will

be found as follows:

If we have an inequality of the form:
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with V radially symmetric decreasing function vanishing at infinity, we have an

operator inequality

z
Z
Hz>Y <—%Azi Tl T V(a:)) oY%y, .
i=1
Let now A\; < A2 < -+ < 0 be the negative eigenvalues of

Hl electron _ _lAm _

acting on L2 (R3). Then, the eigenvalues of
Z Z
=1 ¢

are then given by sums of the type

)‘i1+)‘i2+"'+)‘iz

were the eigenfunctions are given by the tensor products of the corresponding
eigenfunctions of each );,. The antisymmetry condition (2.1) implies that no

more than two of these A;, can be equal. Therefore,

( Z/2
22&—0 Z even
=1
B2 Z—1
2
22,\i+,\%—0 7 odd
\ =1

The way to determine the eigenvalues of H! €l¢¢tron j5 standard, and follows from
decomposition into spherical harmonics; as a result, the eigenvalues of H! electron

are the same as the eigenvalues of the ODE operator
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Ly (Eu _Wixy V@«)) "

r 2r2
acting on
Hode = {u crtu(r) € L2(0,oo)}
for | = 0,1,2,.... Every eigenvalue of (2.3) corresponds to an eigenvalue of

H?U etectron with multiplicity 21 + 1. Note that if u is a solution of (2.3), then
u € Hode iff u(0) = u(oc) = 0.

From now on, we will consider the ODE problem associated with

- (D

r r2

- 2V(r)) u (2.3)
and we will remember that there is a factor 2 affecting the results.

These eigenvalues can be worked out explicitly if V' = 0, and they are given by
the formula
Z2
Ap=———— 2.4
2(n +1)2 (24)
but for general V' the ODE cannot be solved explicitly. We will, still, however be
able to estimate accurately its eigenvalues. For this we will use computer assisted

techniques. This will be done roughly as follows:

First, we will see how to obtain rigorous upper and lower bounds for the Taylor
coefficients of our function V', up to any finite order, as well as upper bounds for

the high order terms.

Next, we will use these upper and lower bounds (that we will refer simply as “in-
tervals”) to obtain upper and lower bounds (intervals) for the Taylor coefficients
of the solution of the ODE, and this, at least in principle, is trivial, by matching
powers. This will give equations for the Taylor coefficients of the solution —up
to some finite order— in terms of those of the equation, and will also provide

bounds the high order terms.
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Thus, to obtain bounds for the solution of initial value problems is reduced to a
finite number of manipulations with intervals. Chapter 4 explains how this can

be done using the capabilities of a computer.

To go from here to estimating the eigenvalues we will use comparison theorems

for Sturm-Liouville problems.

The next issue is is how to obtain good lower bounds for the energy of atoms with
this method:
First, it is important to obtain good functions V' in inequality (2.2). Some care

will be taken to optimize the choice of V.

Next, for every choice of a function V', we will obtain a constant C', but it will
not be optimal. It is also important to improve the inequality by choosing C' as
small as possible. This will lead to the problem of ball packings in R3.

Finally, observe that what we really needed in the original problem is not the

strong assertion

but only
L pa—— >§Z:<V(x~>w ¥y —C
2 |~'L'z _ fL'_7| ) = 2 A )

i#]
for 9 equal to the ground state of the atom.

Note that, even if
1 1 Z
E(xy,...,25)=5Y ———— 3 _ V(z;)+C (2.5)
2= |z — =]

=1

is smallest possible pointwise, (E1), 1) might still be big.
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Obviously, if E = 0 at some point, then there is no hope that (E1, ) can be
bounded from below with something strictly positive for all ¢, since you can take
1) more and more concentrated around that point. However, in this problem, this
would cause the laplacian term to grow very much (roughly as the square of the
inverse of the diameter of the support); this means that the ¢ that play a role are
to some extent “smeared out” and cannot concentrate too much on the points
were (2.2) is sharp; this argument will imply that (E1), ) is in fact positive. As
a consequence, if E(Z) is the lower bound obtained using inequalities of type
(2.2), then

E(Z) > E(Z) + (E, ) (2.6)

for 1 the ground state of the atom, which is a strictly better lower bound.

Chapter 3 will be devoted to obtain all formulas involved in the calculation of V'
and C in (2.2).

Chapter 4 will explain how the computer can be used to prove certain rigorous

mathematical statements related to out problem.

Chapter 5 contains the necessary results in theory of Ordinary Differential Equa-
tions to reduce the sharp estimates for the eigenvalues of the ODE problem (2.3)

to a finite number of computations.

Chapter 6 discusses several techniques used to obtain good lower bounds for the

energy, and lists the actual results that were obtained.

Chapter 7 shows how the lower bounds can be obtained by leaving the realm
of pointwise inequalities of type (2.2) and using inequalities of type (2.6) in two
different ways: first, by obtaining an a priori constant lower bounds for (E, )

and, second, by obtaining a lower bound as a sum of one particle potentials.

Finally, Chapter 8 will take care of improving the constant C in (2.2). This

analysis leads to ideas coming from the problem of ball packings in R3.
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An announcement of our results appeared in [Se].
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Chapter 3: The Potential

3.1 The Definition

The method to obtain inequalities (2.2) has its origin in the elementary formula
first used in [FL]:

- 1/ / (z) - ) dzdR
z =yl 7 Jrso)sere XB(zR) XBR W) Rs

that implies

1 1 1 dzdR

- - = N(N -1
2;\%‘—%\ 2m /R>O 2€ER? ( ) RS

where N is the number of z; that belong to B(z, R):

z
N = N(z1,...,222,R) = Y XB(z,R)(%:)
i=1

Observe that
N(N -1)= (N —-N)>4+ (2N —1)N — N?

15



for any number N = N(z, R); and, since (N — N)2 > 0 we get

;Z| '1 .‘ —//(2N—1 dzdR //NQdZdR
T
dzdR . dzdR
= Z// (2N —1) )Xz:€B(2,R) — 5 27r// N?
:ZV(.’IIZ)—
=1

|
| \%

with

dzdR
x’_Qw/[z $|<R N(z,R)—1) 7

C——/ N2 dzdR
27

What we throw away here is the quantity (N — N)?2; thus, we should take N
to be close to the expected number of electrons in B(z, R) in some approximate
ground state. Also, observe that if N = k + % for k integer, then, since N is also

an integer, we can sharpen the inequality by observing that (N — N)2 > 1 and

// _1 dzdR
27r 4

Observe that this inequality is sharp for every ball in which N = k + % and that

= 4;
thus, we may take

contains either k£ or k + 1 electrons.

The method to select a particular half-integer valued function N(z, R) will be as
follows:

Select a ”charge density”

p(z) > 0, /R pla)de =2
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that we believe (but need not prove) is close to the real one; then, choose N
according to the following rule:
Define functions R;(z), 1 <¢ < Z — 1, such that

/ p(x)dx =1 (3.1)
B(z,R;(z))

Then, given (z, R), put

1/2 if R < Ry(2)
N(Z, R) = 1+ 1/2 if RZ(Z) <R< Ri+1(2§)
Z—1/2 ifR>RZ_1(Z)

In practice we will take R;(z) to be piecewise linear, for that closely approximates
the functions (3.1). Observe that this does not affect the correctness of our

estimates.
The following Lemma proves useful

Lemma 3.1: Let p(z) be a radial function defined on R3; then, if p(x) =
f(lz|), we have

Y BTN el Gl ) e
/;&Jafﬁm)dx__ﬂlA;_w|yf(y) - dy+—4wj£ v f(y) dy

where |z| = x, and the second integral does not appear if x > R.

Corollary:
(0 if M < |z| - R
dm . o i
?M if R > M + |z|
BO,M)NB@R)|=1{
T

—R? if M > R+ ||

| H(z, R, M) otherwise



for

(M? —R?>)? 4R+ M3 RZ+M?2 1
1o +§ 5 — |z 5 +E|x\3 (3.2)

1
—H(z,R,M) = —
m

The following Lemma lists some of the properties of the functions R;.

Lemma 3.2a: Let R; be defined as in (3.1), for p integrable, radially sym-
metric, decreasing function. Thus, R; will take values in R' from now on.

1. R; is a radially symmetric, continuous increasing function.
2. If we define b; to be

/ / / p(x1, 29, 23) dxy dre drg =i
b; —o0 J —00

|z| =00

Then

3. Ri(z) <+ Ri0).

It will also be useful to consider the inverse functions

R7YR) if R> R;(0)

Mi(R) = { 0 if R < R;(0) (3:3)

The properties for R; then translate into properties for M; as follows.

Lemma 3.2b: Let M; be defined as before.

1. M; is a radially symmetric, continuous increasing function.
2. lim|$|_>oo M;(z)— (x+b;) =0

3. M;(R)> R — R;(0) for all R.
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Note that the freedom in choosing N translates in the freedom to choose any set

of functions R;, or M;. This will be of importance later.

3.2 The Formulas

Given functions M;(R), we will describe all the calculations involved in the com-
putation of V(z) and C:

1 dzdR
V(z) = _//| $|<R(2N(z R -1) B

1 dzdR
- Z R5

First, we will introduce the functions

. 3ifR>R; (2)
Niz R) = { Lif R < Ri(2)
and call
Vi(z) = // 2N;(z, R) — )dZdR
// dzdR
R>R;(2) R®
Clearly,
Z-1
V()= Vi(z)
=1
since
Z-1
N(z, R) = Nz(z, R)
=1



for

1 = dzdR
Ci:g//(Nf—%) B
1

_ 1 // dzdR
™ R>R;(2) RS

In order to see this, we have to check that

Z-1
i (V- ) = -
j=1
or, equivalently
Z-1
(N1 =i+ for Ri(z) < R < Riy1(2)
j=1
Since
74 2 forj <1
we have
Z-1 i
J-(N;—3)=2) j=i"+i
=1 i=1
as claimed

Thus, it is enough to calculate V;(z) and C;. Let’s put M;(R) = M(R).
Observe that
< 2 if |z| < M(R)
10 if 2| > M(R)

therefore,

20



1 dzdR
Vi) = ﬂ/ﬁsz(R) 2 RS

|z—z|<R
1 d
- _/ |B(0, M(R)) N B(z, B)| 2
T JR>0 R
B 4 _,dR 4 . dR
T RreMr)> 10l gR RS + RAM(B)> 2] 3 ( )ﬁ
2|+ R< M (R) R—|z|>M(R)

dR
+ /R+M(R)>|ac| H(:L‘, R7 M(R))—5
|z|4+R>M(R) R
R—|z|<M(R)

where H is as in (3.2).
At this point, a difficulty appears when trying to solve the equations

|+ R=M(R), R-l|z|=MR), |z|-R=M®R) (3.4)

For this reason, since we are free to choose M as we please, we will take functions

M;(R) that are piecewise linear, i.e.:
Pick numbers a;, b;, n for 0 < ¢ < n, such that

Ri(O):T‘0<T‘1<"'<7‘n
ag>ay>-->a, =1 (3.5)

bp<bi < - <by,
and take M(R) = a;R + b; for r; < R < riy;.

We will limit our attention to conver piecewise linear M;, to ensure that equations
(3.4) have unique solutions, which simplifies the problem.
Call |z| simply z. Let’s consider two cases: z < R;(0) and z > R;(0).

case I: = < R;(0)
The straight line R — 2 will cross M (R) at a point R where
Tio S R S Tio+1
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In this case,

-'17+bi0
1—0,2'

jno]]
Il

0

Similarly, R + = will cross M (R) for R =

Therefore, we have:

17(11 fOI' T'Zl < R < 7'114_]_

1

m-l—b —m+bi1
T— alo 4 dR T—a,1 dR o 4 3
Vi) = [0SR G+ [ e RME) G+ [, g
R;(0) T=ay, 1—%1
o=l prien g JAR [T 4 dR
= Z/ 3(akR+bk) ﬁ'l‘/ 0 g(aioR—i_bio)sﬁ
k=0 v Tk Tig
g+ dR
+/’;+bio H(JZ,R,aiOR-i-bio)ﬁ
1_‘11‘0
Wl ren dR
+ ) / H(z, R, arR + br) 5
k=i0+1
7:c+b 0o
1—%‘1 dR dR
+/r H(x’R7ai1R+bi1)ﬁ+ﬁx+bi _R3R5

i1 lfail

Now, define functions:

4 dR 46  _a? dab?® 10
Gl(a,b;R):/g(aR—kb)?’ﬁ:— R b a4

4 dr —4

d
Gg(a,b,m;R):/H(a:,R,aR+b) R

RS
All integrals are taken to be indefinite integrals. So,

22
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io—1

Vi(z) = ) [G1(ak,bk; rr+1) — G1(ak, bkﬂ“k)}
k=0

T+ bi,

"1 — A,

+ Gl (aio s bio ) - Gl(aioa bloa Tio)

T+ b;
+G3(aioabi07$; rio-l-l) _G3 <ai07bi07$; 0)

1-— A,
31—1
+ ) [GB(akabka$§7‘k+1)_GB(akabk;-T;Tk)]
k=i0+1
L b b
+ G3 (aiubiu X5 g) - G3(ai1’bi1a$; Ti1) - G2 (u> .
1-— agq 1-— Agq

Since all these functions are always evaluated at points of the form ax + 3, the

functions we really need are

Fl(a'a b,Ol,,B;.’IT) = Gl(a’7 b; a37+/8)

_ [é a3 49 a?b N 4 ab? N 1 b3 ]
3 (ax + B) (ax+03)2  3(ax+0)3 3 (ax+ B)*
:[ U B B } (3.6)
(az+B)  (az+P)? (az+p)?  (az+pB)*] '
4
Fy(, Byz) = Ga(az + B) = Saz+A) (3.7)
Fs(a,b,a,B;x) = Gs(a, b, x; ax + )
__ pa(2) p3(x) ZICO R S1C))
(az+ )t (ax+06)?  (az+p6)*  (az+pP)
+ po(z) log(az + B). (3.8)

where
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So,

po(z) = B (3.9q)
b(a? —1 2

i) =P 2040 (3.90)
b2(1—-3a%) 5, (1+a?

pa(w) = ———= —a’b+ (3.9¢)
ab> 2 ., ab
vtooobnd b2 1

pa(z) = — — —+ —z— —z° (3.9¢)

i0—1

Vi(x) = Z [Fl(ak, b, 0,7k11;2) — Fi(ag, by, O,Tk;a:)]

=0

1 b;
+F1<a'igabio71_a. 71_1001. ,.T)
10 10

- Fl(aioabioa 0,7‘2‘0,.’13) +F3(a’iou bioaovrio-l-l;x)

1 b;
_F3<a'i07b'i071_a. 71_2(;. "/L.)
10 10

721—1

+ Z |:F3(ak,bk,0,’l"k+1;.’13)—F3(U,k,bk,0,7'k;.’17)i|
k=1i0+1
-1

b.;
+ F3 (ail,bil, 1 — a1 _“a. ;I) — Fs(ai,; biy, 0,733 2)
11 71

-1 b;
—F2<1 : ;x). (3.10)

—a;, 1—a;

Given a, b, a, 8 all three functions Fy, Fs and F3 are analytic functions in z in

some fixed common neighborhood of some xy. All singularities come from terms

of the form W or log(az + B); therefore the radius of convergence of F;

around xq is

min(a:,a: + é)
Q
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The values for g are either b;, or —b; ; thus, if either b;, or b;, are very close
to x, the radius of convergence of V' will be very small; this will happen if the

piecewise linear pieces M (R) is made of, have slopes very close to 1.
case 2: = > R;(0)

As in the previous case, consider the intersection of M (R) with z — R and R+ x.

The crossing points are respectively
r — big

B —:C-l—bil
o 1 —{-aio

and y; = T
21

Yo

We thus have

y1(z) dR © 4 .dR
= [ H@RME) G+ [ S
vo (2) R® " Jy @3 R

rig+1 dR L et dR
— [ H@RME®) g+ Y [ HeRME)
R5 - R5

Yo (z) k=ig+1" Tk

vi(@) dR [ 4 _.dR
+/ H(a:,R,M(R))——i—/ SR
r R ), 3 R°

i1

1 —b;
= _F3 <a'7}0; bi07 1+ s, ) 1+ ;(;O;x) + F3(ai07 bimoario;x)
i1—1
+ > [F?,(ak;bkyoﬂ'k—i—l;x)_FS(ak;bkaoaerfﬂ)}
k=i0+1

- F3(ai17 b'i1707 T'il;x)

+F3(ai17bi1a1_a. ’1_7:10/. ,l')
1 11

—F2< 1 biy a:) (5.15)

l—ail’l—ail

The considerations for the radius of convergence in this case are similar to those

of the previous section.

We point out that all the radii of convergence of V' are bounded below by

R(0) x)

min( ,
Ap—1 — 1
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because ax + 3, being the intersection point of M(R) and R + x, has to be at

least R(0), and « is at most ﬁ,
n—1

However, the singularity at 0 is unavoidable, and this is inconvenient. What we

since {a;} is a decreasing sequence.

will do is pick a small number, 7, and for x < 7 just set V(z) = V(n); since V is
decreasing, this will still give a lower bound to the correct potential; moreover,
it is not wasteful, for two reasons: first, V/(0) = 0, therefore V is close to a
constant around 0; second, since the solution of the ODE vanishes at 0, first
order perturbation theory says that the effect of the potential around 0 is not

important.

Therefore, the ODE (2.3) takes the form

1
u"+(g—l—l(l+ )+c>u:0 (3.12)

r2

around zero
Also, if x > 2r,, + b, then

V(z) = 1(—; + - —4bn> (3.13)

and so, we may take (since we are only looking for lower bounds)

Vi(z) = ¢ for ¢ = min 1,M
3(xz —by)
and in particular, given A > 0 and [ > 0, we can find a positive integer

Z—ZCZ‘
A

k=k()) = [ ] +1 (3.14)

(where [] denotes “largest integer smaller than”), such that

Z-Xe l(l+1)
Z;Vi(a:) > - (3.15)
This will be useful in order to bound our ODE (2.3) by means of the easier to
study ODE’s
2k
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and

at infinity.

This completes the description of V;(z). The upshot is that for every z¢ > 0 we

can write the potential

V() :i%an (;c—rxo)” +H

where r is the radius of convergence and is bounded below. H is a function with
small norm in a sense to be made precise later; it contains all the high order
terms. The values of a,, and estimates for |H| can be obtained from zy by a

finite computation.

Vi, as defined by this procedure, is a piecewise analytic function; that is: there are
points {z;} (where in fact each z; is of the form either r; + M (r;) or r; — M (r;),
such that V; has a power series expansion around every point 0 < z < oo, and
it agrees with this power series except at the x;, where it only agrees to the left
of x;. V; is continuous everywhere, and has continuous first derivatives except at

the smallest and largest of the {z;}.

The fact that V' has so many singularities has as a consequence that a regularity
theory analysis of the ODE (2.3) (for example, reducing the problem to a finite
dimensional one via a clever orthonormal family) will not be appropriate. Also,
the fact that V introduces a perturbation which is unbounded as Z grows implies
that you can expect trouble if you try to analyse the ODE as a perturbation of —
for instance— the Hydrogen atom (V' = 0). It seems then that the ODE problem
has to be dealt with using the powerful machinery of computing the solution of

the ODE everywhere with very good bounds.
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Chapter 4: The Computer

In this chapter, we explain the basic techniques used in proving rigorous results
with a computer. All of this is becoming quite standard. For similar and more
detailed analysis see [Mo], [KM], [EW], [EKW] and [Ra].

4.1 Arithmetic

Let R be the set of “representable numbers” in a computer, that is those numbers
that the computer can represent exactly. Depending on the specific machine, they

are usually real numbers with some finite binary expansion.

It is well known that computers can only perform arithmetic in an approximate
way: the addition —for example— of two representable numbers is another rep-
resentable number that will probably be close to the true sum, but is not exactly

the true sum.

The idea to perform rigorous arithmetic is to instruct the computer on how to
produce upper and lower bounds to the true results of arithmetic operations
between representable numbers; in other words, we work with intervals with
endpoints in R, and we implement arithmetic operations on intervals in such a

way that given two intervals, the computer will produce a third that is guaranteed
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to contain the result of all arithmetic operations between points in the initial

intervals. This is usually called “interval arithmetic”.

As an example, let’s consider one possible interval arithmetic implementation of

the sum. This is fact the one that was used in our programs.

The computer manufacturer provides two operations on representables, a; and

as with the property that
Vr,s € Ray(r,s) <r+s < ay(r,s)

Then, given two intervals, Iy = [r1, 1] and Iy = [rg, sa], the sum of these two

intervals is defined to be

I3 = [a1(r1,72), az(s1, 52)]
It is then clear that for all real numbers x € I; and y € Iy we have that z+y € I3

Another possible implementation, that was also occasionally used in our pro-

grams, is as follows:

We construct two functions on representables up and dn, with the property that

o
up(r) 2 inf {s >r}

<
dn(r) < 3127%{8 <r}

The computer manufacturer again provides us with a function a, which is in fact
floating point addition for the computer we used, with the property that a(r, s)
is the closest representable number to r + s. This implies that, again, given two
intervals, Iy = [rq, s1] and I = [ra, 2], if we define the sum of these two intervals
to be I3 = [r3, s3)] with 73 = dn(a(ry,72)) and s3 = up(a(si, s2)) then for all real

numbers x € I, and y € Iy we have that z +y € I3
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4.2 Functional Analysis

A convenient Banach space to use in this theory is the space of piecewise analytic
functions, with a lower bound on the size of the domains of analyticity. The
purpose of this section is to formalize definitions and set up the framework for

computer assisted analysis in function space.

Consider the Banach space

H' = {f<z>|f<z> =3 a2 Y el < oo}

with norm
o0
LF1=Y" lan]
n=0

This is a subspace of the set of analytic functions in the unit disk. It becomes a
Banach Algebra with | |.

We consider a neighborhood basis for the topology induced by | | consisting of
sets U(I1,...,In;C) of the form

o0 o0
{f(z):Zanz" an € I, 0<n <N, Z |an\§C’} (4.1)
n=0 n=N+1
where C' is a positive real number and I, are intervals in the real line. For
the computer implementation, C' will run over the set of computer-representable

numbers, and the intervals will be those with representable endpoints.

The reason why this is a convenient space to work in is because elementary
operations, such as addition, product, integration, differentiation (composed with
a slightly contracting dilation), evaluation at a point and integration of initial
value problems in ordinary differential equations can be conveniently bounded

by elementary formulas in terms of this set of neighborhoods.
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Observe that if we have a function f(z) which is analytic in some disk, |z—zp| < 7,
then, for any 7 < r, it is clear that if we define the normalized version of f

~ 2—20

f(Z)=Ff(——)

7

then f € H'. In the real analytic case, H'[a,b] will denote H! of the disc with

center a and radius |b — al.

In the previous section, we saw that we will have to deal with functions with
are sums of rational expressions. It is possible to produce neighborhoods of type

(4.1) that contain those functions locally.
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Chapter 5: The ODE

In this chapter, we will see how our ODE problem (2.3) can be dealt with the
functional analysis introduced in the previous chapter, and therefore, how one

can obtain computer assisted results about ODE’s.

The discussion will be divided into two parts: the solution of initial value prob-
lems and the localization of eigenvalues. The presentation is taylored to deal
with our special problem, but it can be modified, at the expense of complication,

to deal with more general problems.

5.1 Initial Value Problems

Lemma 5.1 below takes care of the solutions of an IVP with analytic coefficients.
Lemmas 5.2 and 5.3 take care of the expansion of the solutions at the singularities
of the ODE, around 0 and oc.

Lemma 5.1: Consider the ODE:

u +qu=0
u(0) = ug (5.1)
v (0) = uy
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where q(z) € U (qo, - -, qn; 9).
Then, u € U(ug, - - -, un+2; C) where

1
= - iQr—i <n<N .
Un+2 (n+2)(n+1) ;UZQn 0<n< (5 2)
and
N+2 N
e ki) (B+itl)  (N+3+0)(N+2+1)

(5.3)

v | 0
(1_ <k§ (Fr N o)kt N+ 4) (2N+6)(2N+5)>

Operations are performed in the set—theoretic sense.

Proof: For simplicity in the formulas, put ¢_1, ¢_2,--- = 0.
The first part can be obtained by matching powers. For the estimate for C', note

that

> Jual <

n>N-+2
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>N =0
N+2
_ { * Ui G —i] Z Ui — il }
Sl (n+2)(n+1) >N+2(n+2 (n+1)
N~ tittn—i] [uign—i|
= N T 2 D ey
1=0 n>N (’I’L+2 ’I’L+1 >N+2n>z TL+2 n+1)
= "U/Z| n—i _|_ "UIZ‘ n—1

|Gn—i
+ 2l (n+2) ;L+1)

i>N+2 n>1,

N+2 N

g
=D lul > ' '
= NI (k+i+2)(k+i+1)
N+2
N ST D —
pa kNH(—i—z-l—)( +i+1)

+ 2l n+‘§n TZL|+1)

i>N+2 n>z

N+2

|qx| 0
< 7
zz; o= %:1 i(k+i+2)(k+i+1)+(N+3+i)(N+2+i)}|u|

N
x| 8 ) (
+ (Z + Z |ul|
P (k+N+5)(k+N+4) (2N +6)(2N +5) ol
This yields the result. QP

Note that if ¢ is analytic in a disk D(z, R) other that the unit disk, it is possible
to apply the lemma to its normalized version, ¢, with initial conditions uy and
R - uq, and the solution obtained is, then, %, the normalized version of the true
solution u. Also note that by doing this, the coefficients ¢; are multiplied by a
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factor shrinking with the radius, thus improving the estimate for C'; in particular,
note that the denominator in the expression for C, equation (5.3), may very well
be negative (in which case the lemma does not claim any result, although one
clearly exists); however, this denominator becomes positive and if fact goes to one
when you take smaller and smaller radius for ¢g. In other words, it is unavoidable
(in this formulation) to take small steps when solving the ODE.

We point out, for the sake of completeness, an alternative argument to solve the

problem in Lemma 5.1:

A solution to ODE (5.1) is characterized as the fixed point in H' of the functional

T(=) :Uo-l‘/om (u1 —/th(s)f(s) ds> dt

By using the recursion formula (5.2) for the coefficients of u up to any finite order
we want, we can obtain a polynomial uf that we believe to be close to the true

solution u.

It is possible to compute a neighborhood of type (4.1) containing 7 [uf], and,
therefore, we can compute an upper bound for HT[uﬁ] - uﬁH 1> that if our guess
was good, will be small. Also, it is elementary to compute upper bounds to the
Lipschitz norm of 7, [T, . All this upper bounds have to be rigorous; they can

be implemented using interval arithmetic.

Finally, the contraction theorem in Banach Spaces tells us that that if |7, <1,
then there is a fixed point u of 7, and thus a solution of ODE (5.1), and moreover
(this is the important thing)

| 71w - ]

54
T |71, 54

o =l g <

and this gives us very good control over the solution u. Note the close resemblance
of this estimate with estimate (5.3). However, there is one difference which is that

in our approach, all the approximation error goes into the “high order terms”,
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whereas in this method, it goes into what is called “general error” (we don’t know
which Taylor coefficients it hits), and this makes it more convenient to work with

a slightly different type of neighborhoods in H! that control this general error.

These procedures based on the contraction theorem is unavoidable (as far as I
know) to study questions in which existence is not given. Note that this method
proves existence, as a consequence of the fixed point theorem. This was used in
fact to study very deep questions in [LL], [EW], [EW] and [EKW]. Also, in other
problems (see [FL]), in which one has to study dependence on parameters, the
contraction method is better since the recursive computation of the coefficients

leads to explosive growth of the intervals.

We now deal with the singularities of the ODE at zero and infinity.

Lemma 5.2: Consider the ODE

20k
u’ + <——)\2)u:0
r

for k a positive integer, X > 0, then, the only solution of the ODE that vanishes

at oo s .
u=e " Z apr" (5.5)
n=0

where ay, is an arbitrary constant, and

n(n+1)

= B Sy <k—
an an+12)\(n—k) n<k-1

Proof: Clearly (5.5) is a solution of the ODE. The lemma follows by observing

that the solution that is linearly independent from it is
k
u = e Z apr™"
n=0
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where

n(n+1)

. nnt1) B
o1 = “Gnnigyg T, Tqy Sk

and from here, any solution which is not (5.5) will grow exponentially at co. @GP

Lemma 5.3: Consider the ODE

u//+(a+é_w)u:0

T 72

for n a positive integer. Then, the only solution of the ODFE that vanishes at 0

belongs to U(ug, - - -, unt2;C) for u,11 any constant, and
up =0 k<n
b-u 1
Up+2 = — nt

(n+2)(n+1)—n(n+1)

b-ugy1 — a-ug
- _ k> 1
U S Tk + 1) — n(n + 1) =nt

b unt2|+|a- unyi] @ un2|
(N+3)(N+2)—n(n+1) (N+4)(N+3)—n(n+1)

Cc<

B ] al
(1_ (N+D(N+3)—nntl) (1\/+5)(N+4)_n(n+1))+

If a and b are sets of numbers, operations are performed in the set—theoretic sense.

Proof: The first part of the lemma follows from the theory of regular singular
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points. For the estimate for C, note that the recursion formula gives

bl
<
k§+2 el S NI RN+ 2) —nlnt1) N2
0] ( )
’ D Jukl
(N+4)(N+3) —n(n+1)\, 5,
+ |al o
(N +3)(N+2)—n(n+1)
* ° [UN 42|
(N+4)(N+3)—n
|a| ( )
T > lul
(N+5)(N+4) —n(n+1)\, &,
So, the result follows. -

From these lemmas, and from the remarks of Chapter 4, we can solve initial
value problems and evaluate the solution and its derivative at any point within
its domain of analyticity. For its derivative it turns out that it convenient to use

the formula

W (5) = Uy — /qu(t) u(t) dt

This formula allows us to evaluate the derivative up to including the boundary

of the circle inside which ¢ is in H! (we do not need to contract it a little).

5.2 Eigenvalues

A crucial device in the study of eigenvalue problems is the “match” function,
M ()) associated with the ODE operator —u'" + ¢ - u acting on Hge.
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Here we will in fact consider general one—parameter boundary value problems
v (z) + p(z,\) u(z) =0
u(0) =0
v (00) =0

for which we will say that —\2 is an eigenvalue iff the previous equation has a

solution for this value of A. For the case

p(:l?, )‘) = Q("E) — X

the two definitions of eigenvalue agree. Recall that our boundary condition u €

Hode Was equivalent to u(0) = u(oo) = 0, by virtue of Lemmas 5.2 and 5.3.

We define the match function then as follows:

Take any point 0 < y < oo, and consider on the one hand, ug, one solution of the
ODE which vanishes at 0, and on the other hand, u,, one solution vanishing at
00. Then, define

/

oY) * Uoo (y) — uo(y) - e (y) -
Vud@) + () - fu2 () + ()
Then, —A? is an eigenvalue iff M (\) = 0.

M\ =

In our analysis we will be considering two different “eigenvalue” problems, asso-

ciated with the functions p(x, \) given respectively by

Z ll+1
poe ) =2 Dy xe (5.6)
x x
Z 1
——l(l—; ) —Vi(z) = A* for z < xg
T x
pr(z,A) = - (5.6up)
ZkA —\? for x > x
x

They will give rise to match functions My and M™ respectively.
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The reason is that, for k¥ = k(\) as in (3.16), we have

Prny (@A) = po(z,; A) (5.7)

In fact, when the subscript &k is missing we will understand it is this p* that we
are talking about.
(5.7) will have as a consequence that M* will act as a maximal problem for My,

and it is easier to study by virtue of Lemma 5.2.

Observe that the problem associated with p* is not even a generalized eigenvalue
problem since it is not guaranteed that
Ip(z, A)
oA

and, even worse, it is not even continuous, since k() isn’t. This can be remedied

0

IN

as follows:

We will only estimates for M*(\) for a finite number of values of A, Ay > --- > A,,.

Define
kE(Ai) = k(Xig1)

Gi= -
Ai — i1

and 7_v
B\ = 200 . (o)

Recall that k()\) was defined to be the smallest integer above k(). Since the
graph of k is convex, given € > 0 we can find a differentiable function £*()\) such
that

1. k*(X\) > k()), what implies that p. (z,A) > p(z, )
2. E*(\;) = k(\;) for all 4.

3. (N < Gi+efor N1 <A< A

We then define M* to be the match function associated with p;.. The two
definitions of M* agree at those )\; and as long as
G; N+ k()\i—i-l) <
To

Ait1
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we have that % < 0, and M* will be a generalized eigenvalue problem.

The discussion then will deal with the two different cases, one in which the
previous condition is fulfilled, and thus, we are dealing with generalized eigenvalue
problems, and, two, when this conditions is not fulfilled, in which case, and

therefore, we can not use any properties of eigenvalue problems on M*.

The fact that M* is not an eigenvalue problem will give rise to certain techni-
cal complications; but M* still is an easier problem to study because the most
delicate part of the whole proof is to obtain good bounds for the solution of the
ODE.

Define the “phase” of a function u to be the point in the unit circle given by
b (o) — (@) ule) 655
\/u(a:)2 + u/(z)?
and define its angle 6,,(x) such that
P, (z) = (cos(by(z)),sin(0(z))) (5.9)
It is well known ([CL]) that if

0! (z) = cos? (0,(x)) + p(z, A) sin? (0, (z))
and therefore

Ou(z0) =0 (mod) 7 = 0., (x0) >0 (5.10)

Note that the phase is invariant under multiplication of u by a nonzero constant,
and it is only defined for functions that do not vanish to order two: since our

functions will be nonzero solutions to an ODE problem, their phase is defined.

Note also that

M(X) = det (Ryy (), Puc. (¥))
= sin (oo () — Oo(v))
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Recall the Comparison theorem for Sturm-Liouville problems.

Theorem 5.4 (Sturm-Liouville Comparison Theorem):
Consider two ODE’s

u’ + g1-u=20
,UI/ _I_ q2 = 0
on some interval (a,b), with
72(z) > q1(z), a<z<b

Then
1. v has to vanish between any two zeros of u.
2. If 0,(a) < 0y(a), then

Ou(x) < 0,(x) for a<z<b
And this holds if g1 and g2 are Lipschitz. If they have a simple pole at a, the
lemma also holds provided u(a) = v(a) = 0.

For a proof of this see [CL].

Define 6, such that

(_>‘7 1)
Vitx

Note that ) is increasing in A.

= (cos(By), sin(6y)) (g <0\ <T) (5.11)

Lemma 5.5: Let u be any solution of
v (z) + q(z) u(z) =0
u(o0) =
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with
lim g(z) = —\?

T—r00

Then, we have
lim 0,(z) =0y (mod 27)

Tr—r00

Proof: Since g is negative for large x, v has only finitely many zeros. Assume

!
lim inf —%(2)

—a <A
e u@) ¢S

Clearly a > 0, since otherwise u cannot be zero at infinity.
This means that for {z,,} going to infinity, and for € small enough but fixed

—u/ (z) < (A — €u(xy)
for n large enough, which by continuity implies
—u (z,) < (A= )%u(zn) < (A2 = Ae)u(z,)

Since for n large enough
_ 2 Ae
q(zn) = —A" £ 5

we see that u cannot be a solution of the ODE. Doing the same for lim sup we

get the conclusion of the lemma. QP

Lemma 5.6: Let uy, and u?, be the solutions of
v’ +plz, )u=0
u(o00) =0 }
with p equal to py and p* respectively. Then

eu;o < Huoo

everywhere, where the two angles are normalized so that their limit at infinity is

equal to 0.
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Proof: Let w =60y, — 60, . The ODE that 0 satisfies implies that
w'(z) = f(z)w(z) + h(z)

with

sin(fyx ) — sin(f..,, )
Oux, — Ou

f(z) = (p(a:, A) — 1) (sin(eu;o) + sin(eum)) .

and
h(z) = (p*(z,A) — po(z, A)) sin® (O ) > 0

For x large enough, since 5 < 0y < m, we have that f > 0. This implies that

w'(xz) > 0, and thus, if for some y the statement of the lemma is false we have
that for all z > y

Ou () — Oy (x) > Oy (y) — 0u(y)
what would imply

lim 0,(z) < lim 6,-(x)

T—00 T—r00

which is not true because we are normalizing the phases to have the same limit
at infinity. QP

Let’s say that Ay > Ay > --- are the zeros of M.

Lemma 5.7: For the true eigenvalue problem associated with py as in (5.6),
if Uoo (A*, ) has strictly less that k zeros in (0,00), then

A < AT
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Proof: Assume A\; > A*. Since this is the true eigenvalue problem, we have on
the one hand

p(Ag, z) < p(\*, )
and by Lemma 5.5, for x large enough we have that
Ou., (A*, ) < 0y, (A, )

where again the angles are normalized so their limit at infinity is between 0 and
.

By the comparison theorem then
Ou. (N, 2) < 0y, (N, k) forall z

Since by Lemma 5.3 6y, (Ax,0) = 0 and it vanishes k — 1 times in (0, c0) (because
it is an eigenvalue problem), 6,_ (A\*,z) vanishes mod 7 at least k times, and

therefore uo, has to vanish at least k times, which contradicts the hypothesis of
the Lemma. QP

Lemma 5.8: Assume that \} is a zero of M* and the corresponding eigen-

function uj has at most k — 1 zeros in (0,00).
Then
Ak <AL

Proof: By Lemma 5.6 we have that
Ouce (AR @) 2 Ouz, (Mg, )

with the usual normalization. By (5.10) then 6, (A, z) vanishes mod 7 at most

k — 1 times, and by the previous Lemma then we get
A <A
as claimed. QP
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Lemma 5.9: Define
M = det (Dy,, Pu_.)

for the eigenvalue problem associated to either py or p*. Then
M(A) >0 for A> )\

where A1 s the largest zero of the problem.

In particular,it will follow from the proof that the zeros of M are bounded above.

Proof: Since M does not change sign in (A1, 00) (that’s why —\? is the smallest
eigenvalue), it is enough to prove that M(\) > 0 for X large enough.

Take v satisfying

By Lemma 5.3, v(z) = z + O(2?), what implies that 6,(0) = 0

and, for small enough v,

OSHU(x)Sg for0<z <y
Pick ug so that
ugp(0) =1
° (5.12)

Clearly 6,(0) = 0 and 6’(0) > 0, which implies that 6,,(z) > 0 for 0 < z < ¢
Lemma 5.8 (to be proved later) implies that

u(z) #0 for 0<z<Z? (5.13)
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which implies that
Ou, () >0 for 0<z<Z!
Since p(x) < Z/z, Theorem 5.4 and the previous estimates imply that
0<b,(@) <b(x)< T for 0<z<y
what means that, for y independent of A,

uo(y) >0 and ug(y) >0 (5.14)

Since M is invariant under multiplication of u by a constant, we can assume
that us(y) > 0. Take A so big that p(x) as defined in (5.6) is negative in the
range ¥y < ¢ < oo (recall that k(A\) = 1 for A large enough). This implies that
if ul_(y) > 0, use would be increasing and this would contradict the fact that it

vanishes at infinity. Therefore,

Uoo(y) > 0 and ulo(y) >0

This, with (5.14), implies
sign M =(+)-(+)—(+)- (=) >0
as claimed. @)

Lemma 5.10: Assume there is a number X such that M*(X\) > 0, u$° van-

ishes k—1 times in (Z~1,00), with k an even number, and there are A}, - - -, A1
zeros of M* bigger that or equal to A\. Assume that M* is a generalized eigenvalue
problem.
Then

AL <A
and moreover

A < A
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Proof: Assume A; > A. We know that that ux- has k — 1 zeros in (0, 00).

Also, by Lemma 5.9 we know that

d

— M* ()}, 0

i (M) <
Thus, since M*(A) > 0, then in fact A < Ap_ ;.

Since OV has k zeros in (0,00) u$° must have k + 1 zeros in (0,00), and by
hypothesis, we know that it vanishes k — 1 times in (77!, 00), what implies that
it vanishes twice in (0, Z~!) which is impossible by Lemma 5.12 (to be proved
later).

Therefore, A;, < A. This implies in particular that u3° has k — 1 zeros in (0, c0)

and by Lemma 5.8 we have also that
A <A

as claimed. Qé)

The hypothesis in the Lemma can be reversed to M*(\) < 0 and k odd, with the

same conclusions.

In view of the preceding lemmas, the match function M* will provide us with
bounds for the eigenvalues in (2.3). Let’s denote the zeros of M* by A} > A3 > ---.

We will now consider a computer bound for M*
M:R—-T
that will satisfy the property that for any representable r,
M*(r) € M(r) (5.15)

This can be implemented as follows:
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For each positive A € R our ODE problem is
u*"(z) + p*(z)u*(z) = 0
u*(0) = u*(c0) =0
where p is as (5.6up) From section 1, we have a finite set of real numbers, o >
x1 > -+- > o, > 0 such that the coefficients of the ODE are in H'[x;,x;1] for
0 <i<mn-1,and (3.8) and (3.10) say that the ODE takes the special form dealt

with in lemmas 5.2 and 5.3 around 0 and oco. Elsewhere, it takes the form dealt

with in Lemma 5.1.

As explained in the previous Chapter, we can obtain intervals that contain

u®_ (wo) and u*._(xo) and we can, therefore, give bounds for ®,«__(zp).

With the aid of Lemma 5.1, we can solve the initial value problem at zg, thus
obtaining another neighborhood of type (3.7) of H'[zq, 1] that contains u*.,
and again obtain intervals that contain ®,«__(z1).

Repeating this argument, we can obtain bounds for ®,«_ (z,,).
With the aid of Lemma 5.3, we can determine bounds for @« (z,).

Then, we define
M(A) = det (Ryso (Tn), Pur o, (T0))

where the determinant is taken in the interval arithmetic sense.

It is just clear that M*(\) € M(A) for y = zy,.

To obtain bounds on the eigenvalues, we produce heuristic (e. g. using numerical

analysis) representable numbers
AUP > 98 S AUP S Adn s L P s e s
1 1 2 2 k k

such that we believe that the true zeros A are contained in the intervals \; =
(A AP, and these intervals are small. The way this was done in the real

implementation is by applying the floating point approximation to the previous
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procedure to compute the match function, and then use numerical analysis to
“find” its zeros in an approximate way. For this, it is important to notice that,
by (2.4)
Z
Ay < ———— 5.16
" V2(n +1) (5.16)

Then compute M (AP’ %), We make the assumption that

MAP) >0 MOAP) <0 i=1,3,...

(5.17)
MOAP)Y <0 MOAP) >0 i=2,4,...

and that, in the case M* is not a generalized eigenvalue problem, we impose the

condition that k does not jump in each interval ;.

If we can prove (5.17), (5.15) and the fact that M* is continuous would prove
that each interval A; = (A¢®, A;®) contains at least one eigenvalue. If we fail to
prove this we look for other choices of )\;lp’dn.

Note that here we are not using condition (5.6) to full power, but only the fact
that

sign M (r) = sign M(r) for reR

where the sign of an interval is defined to be +1 if the interval is completely to
the right of 0, —1 if it is completely to the left and is left undefined if it contains

the value 0.

The reason why we impose condition (5.17) is because expect M to change sign
between zeros. The fact that we assume that

MANP)>0
has to do with the fact that we defined
M = det (D, Py_)

and not
M = det (®,__, Dy,)
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and with Lemma 5.9.

It is interesting to point out that to expand the phase in time does not work if
we substitute the phase by the vector (u(z),u’(z)); the reason is that interval
arithmetic estimates are far to conservative and the bounds we obtain are very
bad after a few steps. The reason why the previous algorithm in fact manages
to prove good bounds for the eigenvalues lies in the fact that the solution of this

A with a factor out front small compared to

particular ODE is of the form e
the exponential. This has as a consequence that the normalizing factor in the
phase has a contractive effect that provides stability of the bounds: that’s why

we expand from oo towards 0. In other words, if you look at the time flow
Ty (Pu(z)) = Pu(z +1)

it turns out for the particular ODE we are working with, the phases of the
eigenfunctions are almost always in the unstable manifold, and expansion of the
phase backward in time gives good answers. If the phase happened to be in
the stable manifold, the previous procedure would also if we expand forward in
time, for the same reason. In the general case that solutions to the ODE can
have significant projections in both the stable and unstable manifolds, one sided
shooting is not enough: you need to consider these two projections separately.

For this important generalization see [LR].

All this tells us that, for the maximal problem M*, there are negative eigenvalues
—\*2 with \*; € \*

iyt =1,--- k, with eigenfunctions u}; but in order to proof

that these eigenvalues are lower bounds to the eigenvalues for the true problem

(2.3) we proceed as follows:

If M* is a true eigenvalue problem, then it would suffice to prove that the solution
to the ODE corresponding to A" has k — 1 zeros in (0, 00), with & of the right

parity, in view of Lemma, 5.10.
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In the case M* is not a generalized eigenvalue problem, we need to show that u}
has k — 1 zeros in (0, 00), in view of Lemma 5.8. In order to see this, we use the

following Lemma:

Lemma 5.11: Assume
Adn. (k(,\up) + 2) > AUP . f(Am)
and that the solution of
u" () + pr(aee)42(, Aan) - u(z)u =0 } (518)
u(o0) =0
with praee)42(, A% g5 in (5.6up), has k — 1 zeros.
Then, for any AI™ < X < AP_ the solution of

u(z)” + (M - A) cu(z) =0

u(o0) =0

has at most k — 1 zeros.

Proof: Since k() is decreasing in A, the first hypothesis in the lemma simply
says that
P* (2, ) < prawe)yr2(z, AM) VA € (AT, AP)

and the rest just follows by the usual argument. Qé)

Call v™(z) the solution of (5.18), or ui?,;p . Note that u™ is the solution of one
of those ODE’s we can solve via the lemmas in the IVP section. In particular,
we know intervals that contain the values of the solution at certain points. We
will now see that under very mild conditions on the thickness of the partition
Zg,-**,Zyn, the number of zeros of u™ is essentially the same as the number of
sign changes in

um(mo)’ T um(xn)
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Lemma 5.13: Consider any solution of

u - (V(x)+l(l+1) —5+A2) w=0

2 T

on [a,b], with 0 < a < b < o0, and V decreasing.
Define

k(a,b) = % —V(a)

Then, the following holds:
1. if
b— a < max (Z_l, 7 (k(a, b)):Ll/2)
then u cannot have two zeros in [a,b].
2. Ifu(0) =0,
u#0 for O0<z<Z7!

3. Ifu(oco) =0, then

2k
u#0 for 7<a:<oo

where k is defined as in (3.15), and xq is the largest point at which V is singular.

Proof: Consider the equation

b

1
=0

vy (5.19)
v(0)=0

By Lemma 5.3 we know that
6b
v>x— 7= 2% (b < 6)

which implies that v(z) > 0 for 0 < z < 12222 Thus, if w(z) is a solution of

n Z

w' + —w=20
x
w(0) =0
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then v(z) = w(ex) is a solution of (5.19) with b = €Z; thus

12 — 2eZ
v(z) #0 for xz¢€ (0, 76)

6e/
what implies

12 — 2e¢7
fi — Z
w(z) #0 or x€ <O, 67 ) (eZ < 6)

Taking the limit as € — 0, we get

w(z) # 0 for =z¢€ (0, %)

Since p(z) > Z/x, we have that u cannot vanish in 0 < x < 2Z~1, thus proving
2.

This argument implies that « cannot vanish twice between two zeros of w any-
where, and since Z/x is decreasing, the zeros of w never get any closer than Z !,
which proves the first half in 1.

For the other statement in 1., note that

Z I(1+1
p(;c)<€—V(a)—(aL2)—A2<k(a,b) for a<z<b

If k(a,b) < 0, the distance between neighboring zeros of u is bigger that for the
solution of
v +k(a,b)-u=0 (5.20)

—k(a,b)z

which happens to be e* and has no zeros. So, u cannot vanish twice in

(a,b).

If k(a,b) > 0, then the solution of (5.20) is sin ( k(a, b)a:), whose zeros are at a
distance
—Y,
mk(a,b)

which proves 1.
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For 3., since by (3.15)

p(az:):?—)\2 for x> mg

the condition says that p is negative in the range = > x¢ and x > 2k/\. Assume
then that u(t) = 0 and, say, u/(¢) = 0; then u is positive a little to the right of ¢

and since
u'(z) = —p(z) - u(z)

u grows and cannot vanish at infinity. @)

We assume that the partition zg,---,z, introduced at the end of Chapter 3 is
fine enough so that every interval (z;, z; 1) satisfies the hypothesis of this lemma.
This can always be arranged from the start since our potential (5.6) is bounded
above.
Note that property 3. in the lemma allows us to count the number of zeros to the
right of o (which is useful if 2o happens to be less that 2k/)\); simply recall that
we know the solution is a polynomial with a non-zero factor, so we only have to
count the number of zeros of this polynomial between zy and 2k/A. Since these
zeros cannot get any closer that

) 2 —7

7 (k(20,00)); =7 (A—xo — )\2>+

we can take points at a distance less that half this amount from each other and
evaluate intervals containing the value of the polynomial at these points; make
the assumption that none of these intervals contains the value 0; then the number
of zeros of u in (z(,00) is exactly the number of sign changes of these intervals.

Note that this does not involve to solve any ODE, except at xg.

In this way, everything is reduced to counting the number of sign changes in
u™(xy), -, u™(x0)

and adding up the zeros the previous procedure gives. The following argument
takes care of the fact that we only know an interval bound to the true values of

u™ at those points.
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Lemmas 5.1 and 5.2 give us intervals {I;} that contain v™(z;). We now make

the assumption (otherwise we quit the proof) that

I;_1 <O<Ii+1
OEIi=>{ or

I,_1>0> Ii+1

in which case we remove I; from the collection. Therefore, we have a collection
of intervals {I;} all of which are always either above or below 0. Let’s now count
the number of pairs (I;, I;11) such that I; - I; 11 < 0. It is clear that every such
pair is associated with one zero of u™. Note also that there can be no more; this

can be seen as follows:
1. If I; and I;; were neighbors before we removed intervals, then

a. If I;-I; 11 < 0, because 4™ is continuous, there is one zero, and

only one, by Lemma 5.4, and this is the one we accounted for.

b. If I; - I;;1 > 0, then we are counting no zeros. Now, 4" must
have an even number of zeros in (z;41,;), and by Lemma 5.4

can have at most one. So it has no zeros in this interval.

2. If there was some interval between them that we removed, then they
have different sign, and therefore we are accounting for one zero. Let y

be the point z; corresponding to the interval we removed:

a. If u™(y) > 0, by Lemma 5.4 we have no zeros in (y, z;), and
an odd number less than two of them in (x;11,%y). So, we have

one zero in (z;y1,x;). If u™(y) < 0 argue the same way.
b. If u™(y) = 0, by Lemma 5.4 we have no other zeros either in
(zi+1,y) or in (y,x;), so again, one zero in total.
This proves that the number of zeros of u™ is the same as the number of sign

changes of the intervals {I;}, which is trivial to compute.
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It is clear that with the control we have over the solutions of ODE’s it is possible
to bound the number of zeros without using Sturm-Liouville theory, but compar-
ison theorems simplify the algorithm enormously since everything is reduced to

counting sign changes in a sequence of intervals.

With the previous procedure, given [, we can obtain lower bounds for the k

smallest eigenvalues of H! electron.
El,l < Eg’l <0< Ek,l

Recall that each eigenvalue has to be taken with multiplicity 2(2{ + 1). But
remember that what we really needed was the smallest eigenvalues among all
these E,; for all values of [ = 0,1,.... Although it is trivial to arrange this
once we know enough F,, ;, since calculating eigenvalues turns out to be quite
time—consuming, it is important to have a good procedure. One possibility is as

follows:

Chemistry predicts that for 1 < Z < 86, the eigenvalues E,,; will be ordered as

follows

Ei0<FEyg<E;1<FE30<Ey; <FEy0<FE1p2<FE3;<FE50<E;>

< FE41 < Egpo < F13< E33< F51

and transitions occur at the following values of Z

7 =2,4,10,12, 18, 20, 30, 36, 38, 48, 54, 56, 70, 86

Each E,,; corresponds to the orbital ks, kp, kd, kf,... depending on the value of
l, for k=1+n.
Since Ey,; < Ep, 141, in order to check that the chemical predictions are correct,

it is enough to do as follows:
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Given 1 < Z < 86, let Ej; ; be the largest eigenvalue corresponding to a non-
empty shell predicted by chemistry. For each [, let £, ; be the largest eigenvalue
that appears before Ej 1; let lp be the first [ such that Fp;, does not appear
before E r; then

check 1. E, ;< E, 11

check 2. E; ;< Eg,,

Occasionally, these checks will not be satisfied: electrons will arrange themselves
in shells differently from chemical predictions; in this case, we simply replace all
unknown eigenvalues by the smallest one known. In practice this only happened
for the outermost shells, which correspond to the largest eigenvalues, which hap-
pen to be very similar from each other and therefore didn’t have any noticeable

change in the results.
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Chapter 6: The Numerics

As remarked before, how good a lower bound for the energy we obtain depends on
how good a “charge density guess” we make, or equivalently, how good functions

R; we select.

Equivalently, all the parameters we need for carrying out the algorithm described
in Chapters 2—5 are given by the functions R; that; since they are chosen to
be piecewise linear, we are left with only a finite number of parameters, a =
(a1, +, ), which are essentially the numbers is (3.5). Thus, we write the
potential as V,,(z) and we write the lower bound for the energy that we obtain

with our algorithm as F (a; Z); we then have
E(a;Z) > E(Z) Vo

and in this way, the problem of finding a good lower bound is reduced to the

purely numerical problem of finding a good «. This was done as follows:

Following [HLT], we use as p(x) an empirical approximation to TF density intro-
duced in [Tj]
2
9\ 73
6(3)
AN

Ar|z] - (|:c| +(2) )
(note that [ p=1), and then fo ea h Z, take

p (x)=2Z%p (Zl/“"a:)

p(z) =
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