Number Theory, Classical Mechanics

and the Theory of Large Atoms

L. A. Seco

A non-relativistic atom of nuclear charge Z fixed at the origin, and N quantized elec-

trons at positions z; € R3 is described by the Hamiltonian

N

Z 1
Hon=S (-a, - Z)+15 ——
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which acts on the Hilbert space H of antisymmetric functions in L2(R3*"). The ground

state energy of such a system is given by

E(Z)= inf E(Z,N E(Z,N)= inf (H
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As Z goes to infinity, the energy E(Z) admits an asymptotic expansion of the form

E(Z)=—cteZ " + 2% —c, 2" + O(Z%‘a) a>0

The first term above was introduced by Thomas and Fermi in [Th], [Fe], and proved
rigorously in [LS] (See also [Li] for a review of Thomas—Fermi theory). The Z? term
was discovered by Scott in [Sc| and proved to be true in a series of papers by Hughes—
Siedentop—Weikard, in [Hul, [SW1], [SW2] and [SW3]. Its generalization to molecules
was obtained by Ivrii-Sigal ([IS]). The Z” term was obtained by Schwinger in [Sch],
and proved to be correct in [FS1], [FS2], [FS3], [FS4], [FS5], [FS6], [FS7] and [FS8].

In view of (11 — 18), it is naturally conjectured (see [Feff]) that the next term in the

energy asymptotics for E(Z) above is given by the following sum

RS 21 Lz WHDY” )
\I/Q(Z)_lzzl 1 l(l+1))_1/2 d/ru<7r/(VTF(T) -2 )+ dr
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where dist (z, Z)? — &L, V% is the Thomas—Fermi potential for an atom with charge Z

(see [Li]), which satisfies the perfect scaling condition

VTZF(T) = Z4/3V%F (Z1/3 -7')
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where we have

) =28 o (3)"

T 2
and y is the Thomas—Fermi function, solution of the Thomas—Fermi equation
3/2
" Yy (T)
y'(r)= s
y(0) =1
i () =0

Finally, ITr is the greatest integer such that ViZ (r) — (I 4 1)/r? is positive somewhere.

The book of Englert ([En]; see also references thereof) contains a discussion of oscillatory

terms in the asymptotics of E(Z).

It was proved in [FSC1] and [FSC2] that this sum ¥¢ corresponds to a sum of classical
data of a certain classical hamiltonian, which would then suggest that the expansion for

E(Z) is a trace formula which one would expect from a path integral picture.

The purpose of this paper is to describe the analysis involved in understanding the
sum Vg (Z) as a function of Z, which turns out to be an adaptation of a well-known
method in analytic number theory developed mostly by Van der Corput to understand
the number of lattice points in a large circle. We begin with a few remarks about

analytic number theory.

Number Theory

Consider sums of the form

S0 =31(5) - (A6())

where A is a large number, p is a periodic function with average 0, f is an amplitude
function which can be viewed as constant and ¢ is a smooth function which satisfies the

crucial non—degeneracy condition
|¢" (x)| > co > 0.
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Particular cases of sums of this kind give rise to two well-known problems in analytic

number theory, namely

1. f=1, u(x) = > ¢(z) = 22, In this case, S()), for X integer, corresponds
to the Gauss sums. The value of S is then known explicitly, and satisfies the

estimate

S(\) = 0()\1/2>

2. f=1, u(z) =z—[z]—3, ¢(x) = V1 — 22. In this case, S is related to the error
E()) in the lattice point problem for the circle in R2, which can is defined as
follows: take a large circle on R? of radius ), and denote by N () the number

of lattice points in Z? which fall inside this circle. Then
E(\) = N(\) —7A?
and it is an old problem in number theory to prove that
E(\) = 0(\%)

for the best posssible value of . It was observed very early, by Gauss and
Dirichlet, that one can take @ = 1 which is an obvious geometric fact, and
is also obviously satisfied by S(\). Different probabilistic approaches (as the
one by Cramer, for instance) indicate that a above will not be smaller than %
What follows is a brief historic overview of the estimates for o (see [GK] for
details).

a = 1, Gauss—Dirichlet, 1849.
. 2 =0.666.., Voronoi 1904, Hardy, 1917.
. % = 0.6600, Van der Corput 1922.
. 92 = 0.659919.., Walfisz 1927.
. 27 = 0.6585.., Nieland—Van der Corput 1928.
. 15 =0.6521.., Tichmarsh 1935.
. 13 = 0.6500, Loo Keng Hua 1942.
. 24 —0.6486.., Kolesnik—Yin Wen Lin 1962.
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. 22 =0.6481.., Kolesnik 1971.

. 218 = 0.648018.., Kolesnik 1985.

. = = 0.636636.., Iwaniec-Mozzochi 1988. Huxley 1992.

Note now that the perfect scaling condition of the Thomas—Fermi potential shows that
our sum Vg is (almost exactly) of the form S(A) as defined above, where pu(z) =
dist (z,Z)2 — L, A= Z", and

o) = [ (22 ””—)/ dr (1)

+
The proof of the non—degeneracy condition for ¢ was done in [FS8], and it has the

peculiarity that its is a computer assisted proof.

A natural question then arises: what is the level of difficulty in analysing the size of
Uqo?. Is is as simple as the analysis of the gauss sums above? Or so hard as the analysis

of the lattice point problem?.

A method devised by Van der Corput (or at least, a variant of it), in his attempts to
understand the lattice point problem provides the answer: we compute our sum using
Poisson summation, and then we expand each Fourier integral using stationary phase.
In doing this, we end up with a sum in which p is replaced by its Fourier coefficients

fi(n). If they decrease fast enough (like |n|="2

, it so happens), the sum is bounded by
A”2. In our case, w(n) ~ |n|=2, therefore, after realizing that the size of our amplitude

. . 4 4,1
function is Z ¢, we can conclude that ¥ ~ Z3%5.

Classical Mechanics

The Van der Corput method does more than merely tell us the size of ¥. A mechanical
analysis of the result given by the stationary phase expansion shows that the function ¥
is (to leading order) a sum of classical data associated to a certain classical hamiltonian,
which displays the relationship between classical and quantum mechanics reminiscent

of the Feynmann path integral representation of Schrodinger operators.

In order to explain our main result, consider a classical particle with mass %, moving
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in the negative radial potential given by —V.Z,. Such motion is planar, and we consider
the closed orbits at energy 0 which arise for angular momentum M all such orbits for a
fixed M can be obtained by rotations of each other. On each of those orbits, the particle
“oscillates” in the sense that the distance to the origin r(t) varies between 7y, (M) and
rmax(M ) and closes after passing n(M) times through, say, rmax(M). We also consider
the integer [(M), the winding number of the orbit around 0, the action S(M), the
period T'(M), and the following locally defined quantity: for a closed trajectory with
angular momentum M, and n oscillations, and given ¢ small, consider a trajectory
(not necessarily closed) with angular momentum M + ¢ which, after n(M) oscillations
between succesive rmax(M + €), misses to close by an angle 2ra s (e), where we take o

between 0 and 1. Then, we define
D(M) = lim e *ap(e)
e—0

In this classical formalism, the non-degeneracy condition ¢ (z) # 0 stated amounts to
the fact that D(M) # 0 for all closed trajectories. This means that closed trajectories
are isolated once we factor out the trivial symmetry given by the rotation group. Its
role in the proof is similar to the non-vanishing curvature of the sphere in the circle
problem.

With this notation, our main result is as follows:

Theorem 1:
Vo (Z) = ¥o(Z) + 0(Z3/2>

where
N n-M B '(Z1/3S— ) l+sign n )
w(z)=2m-2%- Y o MM pgy e RS
closed trajectories
at energy O

1

where 6 = 1 except in the case of a perfect circular trajectory, when we have 6 = 3.

Furthermore, the sum is absolutely convergent.

We now state precisely the result mentioned in the previous section for the size of ¥ (Z2)



Theorem 2: There are universal constants K (large) and ko (small but strictly posi-
tive), such that
Z0+Z d
3 4
v <k-2% [ o 52 re-2
Zo

2
whenever Z > K Z,*. Furthermore,

lim inf ‘Z—%QpQ(Z)‘ £0
Z—00
Z=1,2.3,...

The lower bound requires some extra work, and hinges on the fact that a certain number
is not zero: the relevance of the non-—vanishing of this number is analog to the non
vanishing of the L(x,1) in Dirichlet’s theorem on the number of primes in arithmetic

progressions.

It is interesting to note that the size of the error term above o (Z K 2) depends on whether
a certain number is rational or not. More precisely, let 7,2, be the radius of the circular

closed trajectory corresponding to the maximal angular momentum M, at energy 0.
Then, if

1
\/1 - §Tmax : Mmax

is rational, then the error term can be seen to be O (Z %_5>. Otherwise, specially if this
number is very well approximated by rationals (say, a Louiville number), then in general
one cannot improve the o-result. However, if in the sum over closed trajectories above

one includes also the trajectories with complex period, then the error term is always of
size O (Z% _5> .

The proofs of theorems 1 and 2 can be found in [FSC2].

The book of Gutzwiller [Gu| contains a discussion of the interplay between classical and

quantum mechanics in relation with trace formulas.
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